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Abstract

Large Language Models (LLMs) are transforming a wide range of fields, reshaping how
we search for information, communicate, and manage our everyday tasks. The backbone
of the majority of today’s LLMs is the Transformer architecture, which processes and
generates text as a sequence of tokens, where each token represents one or several char-
acters. At its core, the Transformer architecture relies on the self-attention mechanism,
which captures contextual relationships by computing pairwise interactions between all
inputs. This leads to quadratic scaling in compute and linear scaling in memory with
respect to the sequence length, as all inputs must be retained during processing. In sce-
narios with very long sequences or resource constraints, the self-attention mechanism
creates significant challenges.

In contrast, traditional recurrent neural networks (RNNs), such as Long Short-Term
Memory (LSTM), process sequences in a step-by-step manner and update a constant-
size memory at each time step. Thus, they exhibit only linear complexity with respect
to the sequence length, promising more efficient processing especially of long sequences.
However, in practice, early LSTM-based language models faced scalability challenges:
The limited memory size of LSTMs leads to inferior language modeling performance, and
their non-parallelizable memory update rule prevents full utilization of modern computing
hardware, especially during training.

This thesis demonstrates that RNN architectures can match or exceed Transformer per-
formance while offering superior efficiency, when designed with modern memory struc-
tures and hardware-aware training algorithms. Specifically, we combine the benefits of
both — RNNS5’ linear scaling with sequence length and low memory requirements, with
self-attentions’ parallel training and strong performance on natural language tasks. First,
we introduce xLSTM, a family of LSTM architectures extended with exponential gat-
ing and scalar or matrix memory structures, that performs competitively with, and in
some settings surpasses Transformer models in language modeling. Second, we develop
Tiled Flash Linear Attention (TFLA), a new kernel algorithm for linear RNNs such as
the xLSTM with matrix memory that improves utilization on modern hardware and
provides state-of-the-art training kernel runtimes, outperforming highly optimized self-
attention training kernels. Third, we build xLSTM 7B, a 7-billion-parameter LLM, that
achieves comparable performance to other similar-sized Transformer LLMs on down-
stream tasks, while providing significantly faster inference speeds and greater efficiency.
Finally, we conduct a comparative study on the scaling behavior in training and inference
of Transformers and xLSTMs to guide future model design, and show that xLSTM con-
sistently Pareto-dominate Transformer models across the evaluated settings, delivering
lower cross-entropy loss for the same compute budget.

In summary, our contributions advance the state-of-the-art of efficient LLM architectures
with the introduction of xLLSTM, a scalable recurrent architecture for language modeling;
TFLA, a kernel algorithm that improves utilization of modern hardware; open training
recipes; and large-scale comparative studies of Transformer and xLL.STM scaling behavior.
These advancements contribute to the development of scalable and cost-efficient language
models that can be deployed beyond centralized data centers, enabling privacy-preserving
and resource-efficient applications on edge devices.



Kurzfassung

Grofle Sprachmodelle (Large Language Models, LLMs) transformieren eine Vielzahl von
Anwendungsbereichen und verdndern grundlegend, wie wir Informationen suchen, kom-
munizieren und alltdgliche Aufgaben bewiltigen. Das Riickgrat der meisten heutigen
LLMs bildet die Transformer-Architektur, die Text als eine Sequenz von Tokens verar-
beitet und generiert, wobei jedes Token ein oder mehrere Zeichen reprasentiert. Im Kern
beruht die Transformer-Architektur auf dem Self-Attention-Mechanismus, der kontex-
tuelle Beziehungen erfasst, indem paarweise Interaktionen zwischen allen Eingaben be-
rechnet werden. Dies fithrt zu einer quadratischen Skalierung des Rechenaufwands und
einer linearen Skalierung des Speicherbedarfs in Abhéngigkeit von der Sequenzldnge, da
alle Eingaben wihrend der Verarbeitung vorgehalten werden miissen. In Szenarien mit
sehr langen Sequenzen oder begrenzten Ressourcen stellt der Self-Attention-Mechanismus
daher eine erhebliche Herausforderung dar.

Im Gegensatz dazu verarbeiten klassische rekurrente neuronale Netze (Recurrent Neural
Networks, RNNs), wie etwa Long Short-Term Memory (LSTM), Sequenzen schrittweise
und aktualisieren bei jedem Zeitschritt einen Speicher von konstanter Grofle. Dadurch
weisen sie lediglich eine lineare Komplexitdt in Bezug auf die Sequenzlidnge auf, was
insbesondere fiir die effiziente Verarbeitung langer Sequenzen vielversprechend ist. In
der Praxis standen jedoch frithe, auf LSTM basierende Sprachmodelle vor Skalierungs-
problemen: Die begrenzte Speicherkapazitdt von LSTMs fiithrt zu einer schwécheren
Sprachmodellierungsleistung, und ihre nicht parallelisierbare Speicheraktualisierungs-
regel verhindert die vollstdndige Ausnutzung moderner Rechenhardware, insbesondere
wahrend des Trainings.

Diese Arbeit zeigt, dass RNN-Architekturen die Leistung von Transformern erreichen
oder ubertreffen konnen und dabei eine hohere Effizienz bieten, sofern sie mit moder-
nen Speicherstrukturen und hardwarebewussten Trainingsalgorithmen entworfen werden.
Konkret kombinieren wir die Vorteile beider Ansitze — die lineare Skalierung mit der
Sequenzldnge und den geringen Speicherbedarf von RNNs mit dem parallelen Training
und der starken Leistung von Self-Attention auf natiirlichen Sprachaufgaben. Zunéchst
stellen wir das xLSTM vor, eine Familie von LSTM-Architekturen, die durch exponen-
tielle Gating-Mechanismen sowie skalare oder Matrix-Speicherstrukturen erweitert wird
und in der Sprachmodellierung mit Transformer-Modellen wettbewerbsfiahig ist oder in
bestimmten Szenarien sogar tibertrifft. Zweitens entwickeln wir Tiled Flash Linear Atten-
tion (TFLA), einen neuen Kernel-Algorithmus fiir lineare RNNs wie xLSTM mit Matrix-
Speicher, der die Auslastung moderner Hardware verbessert und Trainingslaufzeiten auf
dem Stand der Technik erreicht und dabei hochoptimierte Self-Attention-Trainingskernels
ibertrifft. Drittens entwickeln wir xLSTM 7B, ein LLM mit sieben Milliarden Parame-
tern, das auf nachgelagerten Aufgaben eine mit vergleichbar groflen Transformer-LLMs
vergleichbare Leistung erzielt, dabei jedoch deutlich schnellere Inferenzgeschwindigkei-
ten und eine hohere Effizienz bietet. Abschlieffend fiihren wir eine vergleichende Studie
zum Skalierungsverhalten von Transformern und xLSTMs wéihrend Training und Infe-
renz durch, um zukiinftige Modelldesigns zu unterstiitzen, und zeigen, dass xLSTM in
allen untersuchten Szenarien Transformer-Modelle konsistent Pareto-dominiert, indem es
bei gleichem Rechenbudget einen geringeren Cross-Entropy-Verlust erreicht.
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Zusammenfassend erweitern unsere Beitrdge den Stand der Technik effizienter LLM-
Architekturen durch die Einfithrung von xLSTM, einer skalierbaren rekurrenten Archi-
tektur fiir die Sprachmodellierung; TFLA, einem Kernel-Algorithmus zur verbesserten
Ausnutzung moderner Hardware; offenen Trainingsrezepten; sowie grofl angelegten ver-
gleichenden Studien zum Skalierungsverhalten von Transformern und xLSTMs. Diese
Fortschritte tragen zur Entwicklung skalierbarer und kosteneffizienter Sprachmodelle bei,
die iiber zentrale Rechenzentren hinaus eingesetzt werden kénnen und datenschutzwah-
rende sowie ressourceneffiziente Anwendungen auf Edge-Gerédten ermdglichen.
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Chapter 1
Introduction

1.1 Motivation

Artificial Intelligence (AI) is transforming many aspects of society, the economy, and
academic and scientific practice. In recent years, this transformation has been driven to
a large extent by Large Language Models (LLMs), which are now used across a wide
range of domains, including healthcare, education, software development, and scientific
discovery (He et al., 2025; Wang et al., 2024; Jiang et al., 2024; Zhang et al., 2025; Zheng
et al., 2025). Through their widespread availability in chat bot systems (OpenAl, 2022;
Ouyang et al., 2022), LLMs have become a primary interface to AI, changing how people
search for information, communicate, and manage everyday tasks.

However, this rapid expansion comes with significant computational and energy costs.
As LLMs become increasingly capable and integrated into our daily lives and work-
flows, the computational and energy demands of both training and inference continue to
grow (Elsworth et al., 2025; Rahman & Owen, 2024). Training requires ever greater com-
putational power as context lengths grow, models scale up, and training dataset sizes in-
crease. At the same time, inference must remain fast and affordable across cloud platforms
and edge devices. These demands highlight the need for language model architectures that
can deliver efficiency without sacrificing performance, even under resource constraints.

The backbone of most of today’s LLMs is the Transformer architecture, which processes
and generates text as a sequence of tokens, where each token consists of one or several
characters (Vaswani et al., 2017). At its core, the Transformer architecture relies on the
self-attention mechanism, which captures long-range dependencies and contextual rela-
tionships by computing pairwise interactions with all previous inputs in the sequence.
This leads to quadratic scaling in compute and linear scaling in memory with respect to
the sequence length, as all inputs must be stored in memory for the attention computa-
tion. In settings involving very long sequences or limited computational resources, such
as on edge devices, the self-attention mechanism poses substantial difficulties.

In contrast, traditional recurrent neural networks (RNNs), such as the Long Short-Term
Memory (LSTM) (Hochreiter, 1991; Hochreiter & Schmidhuber, 1997, 1996), operate
inherently sequentially and process sequences in a step-by-step manner, which results
in linear scaling in computation with the sequence length. More specifically, LSTMs
control the error and information flow using a gating mechanism that consists of in-
put, forget, and output gates. In combination, these gates maintain and update a fixed
memory state at each time step, effectively compressing the history of past inputs into a
constant-size memory. LSTMs have been successfully applied in various domains (Hochre-
iter et al., 2001, 2007; Schmidhuber, 2015), are still widely used in highly relevant ap-
plications (Nearing et al., 2024), and have even been employed for early language mod-
els (Sutskever et al., 2014; Jozefowicz et al., 2016). However, due to their sequential na-
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ture, traditional LSTMs are not parallelizable across time steps within a single training
sequence; hence, they are less efficient during training compared to Transformers, which
can process all tokens simultaneously. In addition, the limited memory size of LSTMs
leads to inferior language modeling performance. Together, these constraints hindered the
scalability of early LSTM-based language models and paved the way for the emergence
of the Transformer architecture.

The combination of LSTMs’ theoretical advantages over Transformers with self-attention
in terms of time (linear vs. quadratic) and space (constant vs. linear) complexity, along
with their practical limitations, naturally raises the question:

Can we design a language model architecture that preserves the compute and
memory scaling advantages of LSTMs while matching or surpassing Trans-
formers in both quality and efficiency?

Given the impressive capabilities and widespread adoption of today’s LLMs, building an
architecture with these properties is of high practical relevance, as well as scientific and
economic interest. A next-generation LLM with much greater efficiency at the same or
better performance could solve more complex problems in less time or significantly reduce
inference costs. Moreover, such architectures could offer solutions to high throughput use
cases in data-centers, but also enable privacy preserving or low-latency applications on
edge devices.

1.2 Approach

The aim of this thesis is to find a positive answer to the question above and, hence, to de-
sign language model architectures with superior compute and memory scaling properties
compared to existing dominant Transformer architectures.

Towards this goal, we start with the LSTM (Hochreiter, 1991; Hochreiter & Schmidhu-
ber, 1997, 1996), which introduced an additive update rule to maintain a constant-sized
memory and gating to overcome the vanishing gradient problem of RNNs (Hochreiter,
1991; Hochreiter et al., 2000; Gers et al., 2000). As a result, early language models have
benefited from the effectiveness of LSTMs in modeling long-term temporal dependencies
compared to previous RNN architectures (Sutskever et al., 2014; Jozefowicz et al., 2016).
However, in contemporary large-scale language pre-training scenarios, LSTMs have been
found to lag behind Transformers in both language modeling performance and compu-
tational efficiency (Kaplan et al., 2020; Vaswani et al., 2017).

To address this problem, this thesis introduces the Extended Long Short-Term Memory
(zLSTM), a family of recurrent language model architectures that matches or exceeds
Transformer quality while offering linear scaling in compute and constant memory, and
outlines how we address the associated research and engineering challenges towards fully
recurrent LLMs.

Recurrent language model architectures. Even before the introduction of Chat-
GPT (OpenAl, 2022; Ouyang et al., 2022), which made language models accessible to
the general public, there have been several attempts to improve the efficiency of Trans-
formers with respect to computational cost and memory footprint (Tay et al., 2022).
One prominent example is linear attention (Katharopoulos et al., 2020), which shows
that self-attention permits a recurrent formulation when the softmax is linearized by a
dot-product of kernel feature maps. On the other hand, inspired by control theory, state
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space models (Gu et al., 2022b; Gupta et al., 2022; Smith et al., 2023) fully rely on
linear recurrences (Orvieto et al., 2023) and have become popular due to their strong
performance on Long Range Arena, a benchmark for probing sequence models on both
synthetic and real-world long-context tasks (Tay et al., 2021).

However, in language modeling, these sub-quadratic-time architectures have not per-
formed as well as the default softmax-attention, due to the inability to selectively store
information in an input-dependent manner (Gu & Dao, 2024). Therefore, Mamba intro-
duces a selection mechanism to state space models that—based on the current input—
allows the model to filter out irrelevant information and remember relevant informa-
tion (Gu & Dao, 2024). It turns out that this selection mechanism serves the same
purpose as the well known gating mechanism from LSTMs, where input and forget gates
learn to control the information flow into and out of the memory cell (Hochreiter &
Schmidhuber, 1997). At the same time, it has been found that introducing a decay (Sun
et al., 2023) or (forget) gate (Yang et al., 2024) mechanism into linear attention Trans-
formers significantly improves their language modeling performance. Later, it has been
shown that selective state space models can, in fact, be viewed as a form of (gated) linear
attention through the lens of structured matrices (Dao & Gu, 2024).

From this standpoint, the data-driven gating mechanism in LSTMs can be regarded as
a unifying paradigm for recurrent language model architectures, motivating analogous
designs in state space models and linear attention variants. Therefore, in this thesis,
instead of introducing gating into existing sequence modeling primitives, we approach
the problem from the other way around: We assume gating as a given and enhance the
LSTM using the most recent methods from modern language models.

With the zLSTM (Beck et al., 2024, Section 3.1), we start with the LSTM and extend the
well-known LSTM ideas with a new exponential gating mechanism that should allow for
better information routing. We present two alternative memory cell parameterizations
and integrate them with up-to-date methods from contemporary language models. First,
we introduce the sLSTM with scalar memory cells, in which we model the non-linear
recurrence of the LSTM with block-diagonal recurrent weights to reduce computational
cost compared to dense recurrent weights; Second, we propose the mLSTM with matrix
memory cells, where we discard the recurrent weights completely, essentially making the
recurrence linear and thus enabling parallelization over multiple time steps, similar to
Transformers (see Section 3.1).

Hardware-aware algorithms. Even though RNNs and sub-quadratic architectures
have theoretical advantages in terms of scaling in computational cost and memory foot-
print, realizing these advantages as actual wall-clock runtime benefits is difficult due
to highly optimized self-attention implementations termed Flash Attention (Dao et al.,
2022; Dao, 2024; Shah et al., 2024). Therefore, to demonstrate real-world viability and
enable scaling to larger model and dataset sizes, as well as sequence lengths, we develop
hardware-aware algorithms for low-level kernel implementations of the two memory cells
of the xLLSTM.

With FlashRNN (Péppel et al., 2025), we provide hardware optimized CUDA! and Tri-
ton (Tillet et al., 2019) implementations of the sSLSTMs cells, as well as a blueprint for
traditional, non-linear RNN kernel implementations such as LSTMs or GRUs (Cho et al.,
2014a). In our benchmarks, FlashRNN kernels achieve substantial speedups over vanilla
implementations in common deep learning frameworks such as PyTorch (Paszke et al.,

Thttps://docs.nvidia.com/cuda/cuda-programming-guide/index. html
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2019) and runtimes close to those of closed-source LSTM kernels from NVIDIA (Ap-
pleyard, 2016). However, despite a considerable amount of low-level optimizations, our
FlashRNN kernels are still significantly slower than Flash Attention kernels for reason-
able sequence lengths. This highlights the need for fully sequence-parallelizable language
model architectures.

Linear RNNs, such as selective state space models and linear attention variants, allow
for parallel computation along the sequence dimension because of the linearity of the
update rule. Moreover, the linear update can be performed in chunks of multiple time
steps, where the chunk size serves as a parameter to interpolate between fully recurrent
and fully parallel computation (Sun et al., 2023; Hua et al., 2022). Yang et al. (2024)
shows that linear RNN implementations based on this chunkwise-parallel formulation
are significantly faster than optimized Flash Attention implementations. However, their
Flash Linear Attention (FLA) kernel implementations (Yang & Zhang, 2024) still do not
fully utilize modern hardware due to the hardware limited maximum chunk size, which
is below the runtime optimal chunk size (Beck et al., 2025a).

With Tiled Flash Linear Attention (TFLA) (Beck et al., 2025a, Section 3.2), we present
a kernel algorithm for linear RNNs that combines tiling along the sequence dimension as
in Flash Attention (Dao, 2024) within the chunks with the inter-chunk recurrence from
Flash Linear Attention (Yang et al., 2024). This overcomes the chunk size limitation and
demonstrates that mLSTM kernels based on TFLA outperform highly optimized Flash
Attention, linear attention, and Mamba kernels in terms of runtime, setting a new state
of the art among linear RNN kernels (see Section 3.2).

Scaling up. A key advantage of Transformer-based language models is their scaling be-
havior: Increasing model and dataset sizes leads to consistent improvements across a wide
range of tasks, enables few-shot learning, and gives rise to emergent abilities—capabilities
that are absent in smaller models and appear only beyond certain scale thresholds (Brown
et al., 2020; Chowdhery et al., 2023; Wei et al., 2022). Model sizes considered in such
large scale empirical studies and model releases often start at the 7-billion-parameter
scale, since this model size provides a strong balance between performance and cost while
also making it easier to integrate into other research or real-world applications (Touvron
et al., 2023b; Jiang et al., 2023; Chowdhery et al., 2023; Grattafiori et al., 2024). There-
fore, demonstrating that alternative RNN language model architectures perform well at
these sizes is crucial for assessing their viability as Transformer alternatives at scale.

With 2LSTM 7B (Beck et al., 2025b, Section 3.3), we introduce a 7-billion-parameter
LLM trained on 2.3-trillion tokens that combines xL.STM’s benefits inherited from RNNs
with targeted optimizations for training stability, efficiency, and fast inference. Our ex-
periments show that xLSTM 7B achieves performance on downstream tasks comparable
to other LLMs of similar size, while providing significantly faster inference speeds and
greater efficiency compared to Transformer based LLMs (see Section 3.3). These findings
indicate that xLSTM can be a viable alternative to Transformers at practically relevant
model sizes.

Scaling laws. In order to estimate how xLSTM might perform at even larger scales, we
investigate the neural scaling laws for xLSTM. In general, neural scaling laws describe an
empirical relation between performance in terms of training or validation loss and training
compute, model size, or dataset size (Hestness et al., 2017; Kaplan et al., 2020). These re-
lationships have significant practical implications: On the one hand, they are used to find
the compute-optimal allocation of model size and dataset size (Hoffmann et al., 2022). On
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the other hand, scaling laws are used to predict the outcome of training runs with very
large compute budgets from a few runs with small compute budgets (Grattafiori et al.,
2024), thereby de-risking large investments during development and guiding resource al-
location for future large-scale training efforts. In addition to guiding the future model
design of recurrent LLMs, we use scaling laws to compare two model classes: The linear-
time complexity xLSTM models with quadratic-time complexity Transformer models.

In our zLSTM scaling law study (Beck et al., 2025¢, Section 3.4), we systematically
compare the scaling behavior of xLSTM and Transformers with different approaches
across a wide range of model sizes (80M-7B) and numbers of training tokens (2B-2T).
Our findings reveal that, in typical LLM training and inference scenarios, xLSTM scales
favorably compared to Transformers, and that xLSTM models consistently Pareto-
dominate Transformer models, delivering lower cross-entropy loss for the same compute
budget (see Section 3.4).

1.3 Outline

The remainder of this thesis is structured as follows:

m Chapter 2 provides background on RNNs, Transformers, and linear RNNs that un-
derpin the main contributions of this thesis.

m Chapter 3 presents the four main publications that comprise this cumulative disser-
tation.

m Chapter 4 concludes with an overview of applications of the xLSTM in other domains
and a discussion of its limitations. We further contextualize the xLSTM within the
broader literature on efficient Transformers and provide an outlook on directions for
future work.



Chapter 2

Background

This thesis presents the Extended Long Short-Term Memory (xLSTM), a new family
of sequence model architectures primarily aimed at language modeling, though not re-
stricted to it. Consequently, it also incorporates several fundamental components from the
currently dominant Transformer architecture in language modeling, such as, for example,
feedforward and normalization layers. At its core, the xLSTM is a type of recurrent neu-
ral network (RNN) that introduces a novel gating mechanism inspired by the principles
of Long Short-Term Memory (LSTM) networks. It consists of two core components: The
sLSTM, a traditional, non-linear RNN with a scalar memory cell, and the mLSTM, a
linear RNN with a matrix memory cell.

In this chapter, we provide a concise overview of the background needed to understand
all of these technical terms and the main contributions of this thesis.

In Section 2.1, we begin with a primer on RNNs and LSTMs. We continue with the in-
troduction to the Transformer architecture and softmax attention in Section 2.2. Finally,
we provide an overview of recent linear RNNs, such as linear attention and state space
models in Section 2.3.

2.1 Recurrent Neural Networks and LSTMs

Recurrent neural networks (RNNs), developed in the 1980s (Rumelhart et al., 1986;
Jordan, 1990; Elman, 1990), are a type of neural network specialized in processing se-
quential data, i.e., multiple data points organized as a sequence of values &1, xs, ..., T
with a temporal relationship. They are typically used to detect patterns in or predict the
continuation, e.g., 11 of such sequences.

In principle, standard multilayer feedforward networks could also be applied to sequences
by choosing their input dimension according to the sequence length. However, in this case,
the network would apply a different set of weights to every time step, which is infeasible
for long sequences and prohibits generalization to variable lengths.

Instead, RNNs process the sequence with a recursive or recurrent computation that reuses
or shares their weights across every time step. Specifically, at every time step ¢, RNNs
compute an hidden state h; for every input x;. Then, in the next time step t + 1, the
recurrence is formed by combining the current hidden state h; with the next input 441
to form the new hidden state h;; 1. Through this recurrence, RNNs learn to treat h; as
a memory, storing the relevant information from all past inputs up to time ¢. Because
the hidden state h; has a fixed size, this storage is typically lossy when dealing with
sequences of arbitrary lengths. Nevertheless, in real-world use, the recurrent inductive
bias of RNNs often enables them to generalize well to long sequences of varying length.
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2.1.1 Non-linear RNNs

Given a sequence of inputs (@1, x2, ..., x7), the standard RNN computes a sequence of
hidden states (hq, ha, ..., hr) and outputs (yi,ye, ..., yr) by iterative application of the
following update rule:

>

hiy = ¢(hy), h; = Wy, x; + Ry, hy_1 + by,
Y = ¢(gt)a gt = Wy ht + by7 (22)

where x; € R% is the input vector, h; € R is the hidden state, and g, € R% is the
output vector for time step ¢t. The learnable parameters of RNNs can be decomposed into
three types. The weights W), € R% X4z and biases b;, € R% that model the input-to-
hidden, the weights W, € R%*dr and biases b, € R% that model the hidden-to-output,
and finally, the recurrent weights R, € R% > that model the hidden-to-hidden trans-
formation. () and ¢(-) are activation functions applied pointwise, where a typical
choice for 9 is the tanh, and for ¢ it is often simply the identity function. Since ¥ is a
non-linear activation function, this recurrence relation between the hidden state h; and
the previous hidden state h;_; in equation 2.1 is non-linear.

The iterative application of this update rule enables processing of long sequences of
variable lengths. However, to effectively identify patterns that involve events spread across
long time spans in the sequence, the gradient information must be able to propagate
backward to the relevant time steps. It turns out that for standard RNNs, as shown in
equation (2.1), this is often difficult in practice because of the vanishing and exploding
gradient problem (Hochreiter, 1991; Bengio et al., 1994; Hochreiter et al., 2000; Pascanu
et al., 2013).

Vanishing gradient problem. The vanishing (or exploding) gradient describes a phe-
nomenon during the training of RNNs, where the gradients either vanish (or explode)
when propagated backward over a long sequence. The root-cause of this problem is the
recurrent weight Ry component, which transports the error one step backward in time

via the Jacobian matrix
Oh;

Ohi_q
where diag(-) converts a vector into a diagonal matrix, and ¢’ indicates the derivative of
1 computed element-wise. When evaluating the long-term contributions to the gradient

= R} diag (v/(h1)), (2.3)

over k steps back using the chain rule, this Jacobian matrix is applied iteratively at every
time step:

Ohe  Ohy  Ohiy  Ohy_pa
Ohi_,  Ohy_1 Ohy_s Ohy_},

= IE[R}Tl diag (w'(ﬁt_i)) . (2.4)
i=0

To demonstrate the vanishing and exploding gradient problem, let us consider a linear re-
currence, e.g., by setting the 1 to the identity function. In this case diag (w’(ﬁt,i)) =1,

and the long term Jacobian matrix 82’” simplifies to
t—k

Ohy
Oh;_y,

k
=[IRL = (R)". (2.5)

=0

For long term error propagation, i.e., large k, the norm of the Jacobian in equation (2.5)
depends on the largest eigenvalue A; of the recurrent weight matrix Rp: We will see
vanishing gradients if A; < 1 and exploding gradients if A; > 1. One can generalize
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this result for non-linear functions by bounding the absolute values of ¢’ (z), which is no
restriction for default choices of v like tanh or sigmoid. We refer the reader to Pascanu
et al. (2013) for details.

This means that we can only maintain stable error propagation with respect to the gra-
dient norm if the largest eigenvalue A; of the recurrent weight matrix Ry, is exactly one.
However, enforcing such a constraint during training with gradient descent is difficult and
often harms the optimization dynamics. Therefore, in order to overcome the vanishing and
exploding gradient problem, several solutions have been proposed: To mitigate exploding
gradients, simply clipping the gradients element-wise by limiting the values of individual
components to a certain range (Mikolov, 2012, p. 36), or by rescaling the gradient if the
norm is above a certain threshold (Pascanu et al., 2013), has proven to be very effective.

While there have been attempts to solve the vanishing gradient problem, e.g., with regu-
larization (Pascanu et al., 2013) or better optimization techniques (Martens & Sutskever,
2011; Sutskever et al., 2011), the most successful and widely adopted approach is the Long
Short-Term Memory architecture (Hochreiter & Schmidhuber, 1997).

2.1.2 Long Short-Term Memory

The Long Short-Term Memory (LSTM) (Hochreiter, 1991; Hochreiter & Schmidhuber,
1997) introduces the constant error carousel and gating to overcome the vanishing gra-
dient problem of RNNs. The LSTM is defined by the following equations:

¢ = £ ©c1 + 1 O 2z cell state (2.6)
h; = o; OV ( ct ) , hidden state (2.7)
z = 9(2), Z=W,ax;+R, hy_1+b, cell input (2.8)
ii = o (it) iv=W; &, + R hy_1 +b; input gate (2.9)
fi = o ( t) f, = Wi @, + Re hy_1 + by forget gate (2.10)
o, = 0(0;), 0=W, ax+ Ro hy_1 + bo output gate (2.11)

where the state of the RNN at time ¢ is comprised of ¢, € R* and h; € R%, along
with the gates g; € R, including g = {z,i,f,0}. Every gate has learnable weights
Wg € R *dr and biases bg € R? that model the input-to-hidden relation, as well as
learnable recurrent weights Rg € R <" that model the hidden-to-hidden relation. ()
and ¢(+) are squashing or normalization functions, such as the tanh function, that ensure
the cell state and input remain within a certain range. All gate activation functions are
sigmoid, i.e. o(z) = 1/(1 + exp(—x)).

The constant error carousel is the additive update rule of the cell state c;—1 (green),
with the cell input z; modulated by the gates (blue) in equation (2.6). The forget gate f;
and input gate i; control this update, and the output gate o; controls the output of the
memory cell into the hidden state h;. Even though the cell state update in equation (2.6)
is linear, the overall state update is highly non-linear since the gates have non-linear
activation functions and dependencies on the previous hidden state h;_1.

Stable error flow. The core idea of the constant error carousel becomes evident when
considering the gradient flow through the memory cell state. In the additive update

rule, the Jacobian of the cell state a‘Zfil = f; only depends on the forget gate value,
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and not—as in the case of the standard RNN in Section 2.1.1—on the eigenvalues of
the recurrent weights. Therefore, the constant error carousel introduces a parallel path
to the a,a:il Jacobian, which still depends on the recurrent weights of all gates similar
to equation (2.3). Through this cell state path, the gradient can flow for long durations,
provided that the values of the forget gate f; are equal to one, or lie within an appropriate

interval close to one.

Forget gate. The goal of the LSTM, as introduced by Hochreiter (1991); Hochreiter &
Schmidhuber (1997), was to ensure constant error flow. Therefore, there was no forget
gate included; rather, it was intentionally fixed at f; = 1. Later, the forget gate was
introduced as an adaptive reset mechanism for the cell state in order to avoid indefinite
growth of the cell state when processing continuous input streams—accepting the re-
introduction of decaying or vanishing gradients (Gers et al., 2000). In order to counteract
this, Gers et al. (2000) proposed initializing the forget gate biases such that the forget gate
values are close to one. This forget gate initialization was reported to be effective across
various domains, including language modeling (Jozefowicz et al., 2015; Greff et al., 2017).
Instead of initializing all forget gate biases to a positive value, e.g. by = 1, corresponding
to forget gate values close to one due to the sigmoid activation, we found it beneficial in
our experiments to use a range of values selected equidistant from the interval [3, 6], e.g.
linspace(3, 6, steps=d},). At initialization and for fixed forget gates, this corresponds to
different decay factors for each memory cell (see Section 3.1).

Besides the introduction of the forget gate, several other gating designs have been ex-
plored; however, especially in language modeling tasks, the original LSTM design has re-
mained the most competitive and widely used architecture in practice (Jozefowicz et al.,
2015; Greff et al., 2017).

Deep LSTMs. The LSTM has also been extended in depth by stacking multiple lay-
ers (Graves et al., 2013). On speech recognition and language modeling, these Deep LSTMs
significantly improved performance, although, with two to three layers, these networks
were still relatively shallow compared to modern Transformer-based architectures (Graves
et al., 2013; Jozefowicz et al., 2016). In this thesis, we integrate the classic LSTM with con-
temporary Transformer components, including skip connections and normalization layers,
and demonstrate that this integration allows for a substantial increase in the number of
stackable layers (see Section 3.1). However, despite the greater depth, the performance of
LSTM was still significantly inferior to that of Transformers, both concerning language
modeling perplexity and computational efficiency in terms of training throughput.

2.2 Transformers

Even though RNNs and LSTMs have been very successful in language tasks, their main
limitation is their purely sequential nature, which becomes a computational bottleneck
for long sequences and large model sizes (Jozefowicz et al., 2016; Vaswani et al., 2017).

The Transformer architecture (Vaswani et al., 2017) addresses this computational bottle-
neck by completely replacing the recurrent component with the fully parallelizable atten-
tion mechanism, which enables the training of very large language models on extremely
large datasets. In addition to its computational efficiency, the attention mechanism ef-
fectively captures long-range dependencies and contextual relationships by computing
pair-wise interactions between all inputs in the sequence. Because all inputs are stored
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in memory to compute the interactions, attention can recall information from distant
inputs more reliably than recurrent architectures.

While the Transformer architecture was originally introduced for the task of machine
translation, it has since become the backbone of nearly every state-of-the-art model
in natural language processing and beyond, including vision, speech, and multi-modal
learning applications (Radford et al., 2018, 2019; Brown et al., 2020; Radford et al.,
2021; Dosovitskiy et al., 2021).

2.2.1 Attention

The core of the Transformer architecture is the attention mechanism, which models
temporal dependencies in the sequence and enables input dependent interactions between
tokens without relying on recurrent or convolutional structures. Attention processes a
sequence of input vectors (@1, 2, ..., ) with dimension dy,oqe1, stacked into a matrix
X € RT*dmedel ip parallel. In the domain of language modeling, these inputs are typically
embedding vectors that represent tokens, which consist of short words or a few characters,
or the hidden states from previous layers in the Transformer architecture.

The attention computation begins by first projecting the inputs into queries Q@ € RT*dax
keys K € RT*4ak  and values V € RT*% with

Q=XW,, K=XWj, V=XW/, (2.12)
where W, ¢ € RéakXdmodel and Wy, € R4v*dmodel are the projection weights.

Then, the hidden states of attention (hi, ho, ..., h7) stacked as a matrix H € RT*% are
computed as the weighted sum of the values (vq,vs, ..., v7) with

T

H = softmax (QK

Vg

where the softmax operation is defined as softmax(x); = exp(z;)/ ), exp(z;) and is
computed per row, and M € RT*T
the weighted average by selecting the entry to —oo. For causal (self-)attention, this mask
is a triangular matrix containing zeros on and below the diagonal and —oo above. This

+ M ) Vv, (2.13)
is a mask matrix used to exclude certain values from

ensures that the outputs h; at time ¢ depend only on past values v; up to (and including)
time step t.

Positional encoding. Since the weighted average of the values in equation (2.13) does
not encode any information about the position or order of the values in the sequence, the
positional information must be provided to the model separately, typically via positional
embeddings or encodings. The most common way to do this in current language models
is to encode relative positional information between the queries and the keys via rotary
position embeddings (Su et al., 2021).

Text generation. During training, as well as during inference, when processing long
input documents, i.e., the so-called prefill phase, the whole sequence is available, and we
compute the outputs H for all T queries in parallel with causal self-attention, as in equa-
tion (2.13). However, when generating text, i.e., predicting only the next token, we com-
pute a single output h; for the current query token g;. In this case, we can write (2.13) as

B t exp (q;kl/\/@) 4
"= ; S_rexp (g kj/ /o) v (2.14)
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Training/Prefill Generation

at step t for T steps

Memory Compute | Memory Compute | Memory Compute

Self-attention O(T-d) OT*-d)| O-d  O(t-d)
RNN and LSTM | O(T-d) O(T-d) | O(1-d) O(1-d?)

O(T-d) O(T?-d)
o(1-d) O d)

Table 2.1: Computational and memory costs for self-attention and RNNs or LSTMs for
sequence length T with head or hidden dimension d. The compute cost of self-attention
scales quadratically with sequence length, while RNNs scale linearly. In inference dur-
ing generation the memory requirements for RNNs remain constant, whereas for self-
attention they grow with sequence length.

To compute every new output h; at time step ¢, we need to compute the query, key,
and value projections from x; with (2.12), but we also require access to all previous keys
k1.:—1 and values vy.;_1. When generating multiple tokens during this generation or
decoding phase, recomputing the key and value projections at every step would be highly
inefficient and unnecessary since they remain unchanged. Therefore, at each generation
step, the key and value embeddings are appended and stored in the so-called KV-cache.
This means that during autoregressive text generation, the size of the KV-cache as well
as the computation cost grows linearly with the number of decoded tokens.

Comparison to LSTM. 1In the decoding phase, the fundamental differences between
self-attention and RNNs or LSTMs become particularly evident when considering how
past information is stored. Self-attention stores past information in its KV-cache by ap-
pending new keys and queries, while RNNs and LSTMs maintain and update a fixed
hidden state. By viewing the KV-cache as the memory state of self-attention, similar to
the memory state of RNNs and LSTMs (see also Section 4.2.2), we can directly compare
its complexity with that of RNNs in terms of memory and computational demands, in-
cluding both time and space requirements. We summarize the key differences in Table 2.1.

In training and prefill, self-attention and RNNs generally have the same memory re-
quirements. These originate from storing inputs and outputs, and with efficient imple-
mentations, the 7 x T matrix QK " does not need to be materialized in memory (Dao
et al., 2022). In terms of computational cost, self-attention scales quadratically, while
RNNSs scale linearly with sequence length. Even though RNNs require less computation,
they are still slower than self-attention in terms of wall-clock time because, on modern
hardware, the matrix multiplications of self-attention can be combined and computed in
parallel in one step, while RNNs require T' sequential computation steps.

However, during generation, the attention operation cannot be parallelized since future
tokens are not available. Instead, the outputs are computed through the iterative applica-
tion of equation (2.14). In other words, during the generation phase, self-attention must
operate in the same auto-regressive manner as traditional RNNs, with the difference that
the compute and memory costs grow linearly at each generation step, while for RNNs,
the costs remain constant. This means that, especially in inference during generation,
RNNs can be more efficient than self-attention-based Transformers.
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2.2.2 Transformer Architecture

There are three major variants of the Transformer architecture: encoder-only, decoder-
only, and encoder-decoder models. Originally, the Transformer was introduced as an
encoder-decoder architecture for the task of machine translation, where the encoder maps
the input sequence of tokens into a sequence of continuous representations, and the de-
coder generates the output tokens with access to the input tokens (Vaswani et al., 2017).
However, the encoder and decoder components are also used individually: Encoder-only
architectures power bidirectional understanding tasks and are often used in embedding
models that produce a vector embedding for documents (Devlin et al., 2019; Raffel et al.,
2023), while decoder-only architectures are used in auto-regressive language models to
generate text. Nearly all recent LLMs are built on the decoder-only variant due to its
suitability for large-scale unsupervised pretraining and generative modeling (Radford
et al., 2018, 2019; Brown et al., 2020)

At a high level, the Transformer architecture consists of two core components that “trans-
form” and combine the token embeddings along two dimensions: First, self-attention lay-
ers (see Section 2.2.1) mix the tokens along the sequence dimension T’; and second, the
feedforward layers transform each token position-wise along the embedding dimension
dmodel Of the model.

Multi-head attention. The sequence mixing layer of the Transformer architecture per-
forms the attention operation in parallel across multiple heads, i.e., projections of the
inputs. This improves hardware utilization due to increased parallelization and allows
the model to jointly attend to information from different representation subspaces.

In multi-head attention, the embedding dimension dy,04e1 0f the model is typically divided
into Ny, = dmodel/dr heads, which compute the corresponding attention outputs H @ in
parallel. Finally, the outputs H () are concatenated and transformed to form the output
of the multi-head attention layer:

MultiHeadAttention(X) = Concat(HW, ..., HWN») W (2.15)
where H® = Attention(X) is the single-head attention defined by equa-

tions (2.12) and (2.13), and Wy, € RPmedeXNndn jg the output projection weight
that mixes individual attention head outputs.

Feedforward layers. The position-wise feedforward layers in the Transformer architec-
ture operate in parallel and independently across every position in the sequence. They
modify each embedding vector by first mapping it into a higher-dimensional space, then
applying a nonlinear activation, and finally projecting it back down to its original dimen-
sionality. There have been several feedforward layer designs explored (Shazeer, 2020), and
one common variant is the gated linear unit with the Swish activation function (Chowd-
hery et al., 2023; Touvron et al., 2023a):
FFN(X) = (Swish(X W,

gate

) © XW,0) Waiim, (2.16)

where Wate, Wyp € R X dmodel are weight matrices that project the inputs into the
feedforward dimension dg,, and Wyown € R%moderXdmn are weight matrices project-
ing the feedforward activations back into the original embedding dimension. ® de-
notes element-wise multiplication and the activation function Swish(z) = x - o(x), with
o(xz) = 1/(1 + exp(—z)) being the sigmoid activation function.
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Transformer Blocks. Finally, the sequence mixing attention and token mixing feed-
forward layers are combined with normalization layers and residual skip connections (He
et al., 2015) into Transformer blocks, which are stacked to form the complete Transformer
architecture.

A conventional Transformer block Y = TransformerBlock(X) can be written as

Xattn =X + MultiHead Attention(Norm (X)),

(2.17)
Y = Xattn + FFN(Norm(Xatm)),

where the normalization layer Norm(z) is typically chosen as the RMS norm (Zhang &
Sennrich, 2019). Another common choice in equation (2.17) is to apply the normalization
layer before the input to the attention and feedforward layer, which is commonly referred
to as pre-norm block architecture (Nguyen & Salazar, 2019; Xiong et al., 2020).

This core block architecture has become a foundation for stable large-scale training and
now serves as the backbone of today’s most advanced language models. Most advances
and extensions primarily target one of the two layers: they either substitute the feedfor-
ward layers with Mixture-of-Experts layers (Fedus et al., 2022; Du et al., 2022) or intro-
duce more efficient variants of the attention mechanism (see Section 4.2.2), while largely
preserving the overall transformer block architecture and its normalization strategy.

In this thesis, we have also explored different block designs for the xLSTM (see Sec-
tion 3.1), but similarly find that this block architecture remains a robust and efficient
choice for scaling to large models and datasets (see Section 3.3).

2.3 Linear RNNs

Transformers with self-attention have replaced RNNs and LSTMs in language mod-
eling due to superior performance and scalable parallel processing of long sequences.
Today, they serve as the foundational architecture for nearly all recent language models.
Since recent applications demand ever-longer context windows for long documents,
large codebases, or multi-turn interactions with environments or users, the attention
mechanism—despite its parallel computation—creates significant challenges. These chal-
lenges arise due to the quadratic scaling of computational cost with the sequence length.
As a result, substantial work focuses on designing more efficient attention mechanisms
by lowering the computational cost or memory requirements of self-attention (Tay et al.,
2022) (see also Section 4.2.2).

Promising alternatives are linear RNNs, which retain the advantageous scaling behavior
of conventional RNNs (see Table 2.1), while enabling parallelizable state updates via
a recurrence relation that is linear with respect to the hidden state. Towards the end
of this section, we will see that there are several approaches for obtaining such linear
recurrences, each based on a distinct perspective on sequence modeling.

2.3.1 Linear Attention

Linear attention (Katharopoulos et al., 2020) lowers the computational cost of self-
attention from quadratic to linear by rewriting self-attention as a linear dot product over
kernel feature maps and exploiting the associativity of matrix multiplication. Specifically,
the core insight is to view the exponential function in the softmax in equation (2.14) as
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a similarity function and to approximate this function by a dot product of finite dimen-
sional feature maps ¢(z) as

. qz'Tkj T
sim (i, ) = exp <d> ~ 0() " o(k,). (218)
q

By inserting this approximation into equation (2.14) and making use of the associativity
of matrix products, we obtain

wr — Sies (8@ otk)) o] _ 000 (Sliok) @y, o

iy dlar) T o(k;) ola)T S o(k;)  dla) e

where C; € R%#*% is the sum of the outer products of the keys and values, and n; € R+
is the sum of all keys up to time t.

We can rewrite these sums as linear recurrences, or in other words, as RNN with two
states given by
Cy=Cy1+ d(ke)v/,
ny =ny_1 + ¢(ky),

_ CtT o(qt)

n o(qr)’
where we view C} as a matrix valued memory cell and n; as the normalizer state. The
feature map ¢(x) is defined as a non-linear activation function that is applied to each

element individually, e.g., originally ¢(x) = elu(z) + 1.

(2.20)

Gating in linear attention. Several variations of this recurrence formulation have been
explored (Tiezzi et al., 2025). Prominent examples like RetNet (Sun et al., 2023) and
Gated Linear Attention (Yang et al., 2024) omit the normalizer state and multiply the
previous cell state C;_; by a constant scalar-valued decay factor v or a data-dependent
vector-valued gate g(x;). These multiplicative factors on the previous cell state serve the
same purpose as the forget gate in the LSTM, controlling how much past information is
retained over time (see Section 2.1.2).

Chunkwise-parallel formulation. A core advantage of linear attention is the existence
of different mathematical formulations to compute the outputs, which can be exploited
in different operational modes. During generation, the outputs can be computed via the
recurrent formulation in equation (2.20), while during training, we can use the quadratic
parallel formulation similar to softmax-attention (but without applying the softmax). In
addition, since the recurrence is linear, we can also perform chunkwise-parallel compu-
tation by processing sequences in fixed-size segments or chunks (Hua et al., 2022). The
main idea is to compute the memory state only at fixed intervals or chunks in the first
step, yielding T'/L states, where T is the sequence length and L is the chunk size. Then,
in a second step, the outputs can be computed in parallel across all chunks. Since both
the parallel and the chunk-wise parallel formulations are dominated by matrix multipli-
cations, these computations can be executed efficiently on modern accelerator hardware.
We discuss this in greater depth in Section 3.2.
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2.3.2 State-Space Models

In the context of neural networks, the term state-space model typically refers to the
family of structured state-space sequence models (S4) (Gu et al., 2022b). These models
draw their inspiration from the well-established state-space formulation of linear time-
invariant (LTI) dynamical systems in control engineering (Ogata, 2010). In this setting,
linear indicates that the system can be characterized by a linear relationship in the hidden
states, while time-invariant means that the system’s properties do not vary with time.
However, even though the design of S4 and other variants is theoretically principled, we
will see that one can achieve similar performance through a series of modifications of
vanilla, non-linear RNNs from section 2.1 (Orvieto et al., 2023).

The state-space formulation of such continuous LTI systems describes the system through
a set of first-order ordinary differential equations mapping the input signal z(t) € R to
the output signal y(t) € R with the following equations!

h(t) = Ah(t) + Bz(t),  y(t) = Ch(t), (2.21)

for t > to and the initial state z(¢y). The evolution of the (hidden) state vector h(t) € RY

RY*N and the input matrix B €

RlXN

in equation (2.21) depends on the system matrix A €
RN*1. The output is computed from the state vector via the output matrix C €
If the inputs z(t) and outputs y(t) are scalar signals, as in this presentation, the system
is called single-input, single-output (SISO). The other case where x(t) and outputs y(t)

are vectors is called multi-input, multi-output (MIMO).

SSM layer. The main concept behind state-space sequence models is to make the LTI
formulation in equation (2.21) learnable by parameterizing the system matrices (A, B, C)
as trainable weights and then using this parameterized system as a single layer within
a neural network. In order to form a state-space model (SSM) layer that maps vector-
valued inputs to vector-valued outputs, the SSM layer can be viewed either as a stack
of independent SISO state-space systems (Gu et al., 2022b; Gupta et al., 2022) or as a
single MIMO (Smith et al., 2023) system.

To be applicable to discrete input sequences, the continuous SSM operating on continuous
input signals z(¢) must be discretized to operate on input sequences x; sampled at discrete
time points ¢ with a sample time or step size A € Ry (Gu et al., 2022a). There exist
several discretization rules, but a typical choice is zero-order hold discretization, which
assumes that the input 2(¢) is constant within each sampling interval. After discretization,
we can write the SSM via the recurrence

ht = th,1 +§l’t, Yy = Cht, (222)

where the A = fa(A, A) and B = fg(A, A, B) are the discrete parameters expressed
as functions of the sample time A and the continuous parameters A and B, which are
all learnable in SSM layers. This gives us a discrete linear update rule for the SSM,
which can be unrolled to compute the outputs during inference, similar to RNNs (see
Section 2.1). However, unlike conventional RNNs (and similar to linear attention), the
SSM formulation enables efficient, parallelizable representations during training when
the system matrix A has a special structure.

11n control systems literature, the state variables are typically denoted by the symbol  and the control
inputs by u. In this text, we changed the notation to align it with conventions commonly used in
deep learning and recurrent neural networks.
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Diagonalization and efficient training. When the complete sequence is accessible dur-
ing training, there are two standard approaches to efficiently parallelize the computation
of the recurrence. One strategy is to adopt a convolutional form of the SSM and lever-
age the Fast Fourier Transform (FFT) to compute the outputs efficiently (Gu et al.,
2022b; Gupta et al., 2022). An alternative is to retain the recurrent formulation while
parallelizing the recurrence computation using a parallel scan (Smith et al., 2023). Both
methods require computing powers of the discretized system matrix A € RV*N, Be-
cause this involves performing many expensive matrix multiplications, A is commonly
chosen to be diagonal, which simplifies the matrix powers to powers of the scalar diagonal
values (Gupta et al., 2022; Gu et al., 2022a; Smith et al., 2023).

SSMs are linear RNNs. The state-space models S4, DSS, and S4D (Gu et al., 2022b;
Gupta et al., 2022; Gu et al., 2022a), along with S5 (Smith et al., 2023), all arise from
different instantiations of the aforementioned design choices, such as the form of the tran-
sition matrix, the selected discretization method, or the adopted parallelization strategy.
This illustrates how state-space models emerge from the discretization of continuous LTI
systems with a special structure for the transition matrix. The resulting discrete linear
recurrence relation in equation (2.22) shows notable similarities to vanilla RNNs (see
Section 2.1.1). However, when evaluated on the Long Range Arena (LRA), a benchmark
specifically focused on assessing model quality under long-context scenarios (Tay et al.,
2021), these SSMs outperform standard RNNs as well as other efficient Transformer
variants by a large margin. This raises the question of where these performance gains
originate, despite the structural similarity to simple RNNs. Orvieto et al. (2023) show
that it is possible to design a new RNN layer that achieves similar performance to SSMs
on LRA but does not involve the discretization of LTI systems. Instead, their Linear
Recurrent Unit (LRU) layer can be obtained from standard RNNs through four main
steps: (1) linearization, i.e., removing 1 in equation (2.1) and interleaving with feedfor-
ward layers (Section 2.2.2), (2) using complex diagonal recurrent weight matrices Ry, to
enable the computation of the recurrence via parallel scans, (3) employing a stable ex-
ponential parameterization of the diagonal weights, and finally (4) adding normalization
to the hidden activations to avoid blow-up on long sequences.

Although SSMs and LRU achieve strong results on synthetic LRA tasks, their perfor-
mance in important domains such as language modeling still lags behind that of attention
by a substantial margin.

SSMs with gating. The key shortcoming of earlier SSM models, which hinders them
from effectively handling discrete, information-rich inputs like text, is that they lack
mechanisms to selectively attend to or disregard specific inputs (Gu & Dao, 2024)—a
capability that LSTMs achieve through input, forget, and output gates in the memory
cell (Hochreiter & Schmidhuber, 1997). To address this limitation Gu & Dao (2024) in-
troduce an SSM layer with a selection mechanism called Mamba, where the “continuous”
SSM parameters A, B and C depend on the current input ;. Since the “discrete” system
matrix A depends on the step time A(x;), all parameters A(x;), B(x;) and C(x;) of
the discrete SSM recurrence are input-dependent, and the recurrent state update can be
written as o -
h; = A(xi)hi—1,; + B(x)xy i,

(2.23)
Yt,i = C(wt)ht,m

where x;; and y;; denote elements of the input and output vector x; € R%modet and
y; € R¥moael respectively. As each input dimension is mapped to a state hi; € RY the
overall size of all d 040 states is N X dmodel-
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The input dependent parameters essentially make the SSM time-varying and prohibit
parallel computation through convolution during training. Therefore, Mamba uses a par-
allel scan during training, similar to S5 and LRU, and prevents the materialization of the
expanded hidden states in GPU memory to further increase efficiency. By comparing the
input-dependent recurrence of the SSM in equation (2.23) with the memory cell update
equations (2.6) and (2.7), we can identify a clear alignment between the input-dependent
SSM parameters and the LSTM gates: A(x;) takes the role of the forget gate, B(x;)
the role of the input gate, and C'(x;) serves as output gate. The remaining difference is
that in Mamba, the forget gate (corresponding to A;) and the input gates (correspond-
ing to B;) are coupled via A;, which is conceptually similar to Gated Recurrent Units
(GRUs) (Cho et al., 2014b).

SSMs and linear attention. In addition to its connections to RNNs, Mamba is also
closely related to linear attention (see Section 2.3.1). In a follow-up work Dao & Gu
(2024) show that SSMs, especially Mamba with its input dependent SSM parameters,
are connected to linear attention through the lens of structured matrix multiplications.
On a high level, one can observe this duality between Mamba in equation (2.23) and linear
attention in equation (2.20) by viewing C(z;) as the queries, B(x;) as the keys, and the
inputs a; as the values of linear attention. The cumulative product of the system matrix
A(x;) across all timesteps can be subsumed into the causal mask of linear attention,
which then becomes an input dependent decay or forget mask. We refer to Dao & Gu
(2024) for details. The advantage of this view is that Mamba-2 (Dao & Gu, 2024)—
the successor of Mamba—can now use a chunkwise-parallel formulation during training,
similar to linear attention (see Section 2.3.1). Compared to the unrolling of the recurrence
via parallel scans, the chunkwise-parallel variant involves matrix multiplications. Hence,
it can be executed even faster on modern hardware, as it leverages specialized compute
units known as tensor cores (see Section 3.2 for further details).

For a more detailed discussion of state space models and linear attention variants, we
refer the reader to the recent survey by Tiezzi et al. (2025).

A unifying view of linear RNNs. In this section, we have discussed how linear RNNs—
characterized by a fixed size memory state and a data-dependent update rule with a linear
relation to the memory state—have emerged in two lines of research as a competitive
and efficient alternative to Transformers with self-attention. In the linear attention line
of work (Section 2.3.1), linear RNNs with matrix-valued hidden states were derived by
directly linearizing softmax attention and incorporating a data-dependent decay or for-
get gate mechanism into the resulting recurrent state update rule. In the SSM line of
work (Section 2.3.2), linear sequence models were initially derived from first principles
based on continuous-time dynamical systems and control theory and were later equipped
with data-dependent selection or gating techniques to improve their quality in modeling
discrete domains such as text.

We have observed that both approaches share the same core ingredients: First, the lin-
ear update rule admits alternative formulations for training and inference that preserve
efficient recurrent inference while enabling parallelization across time during training.
Second, the integration of data-dependent gating—originally introduced in LSTMs to
mitigate vanishing gradients—has been shown to be particularly effective at improving
language modeling performance.
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This thesis. This unifying perspective highlights a gap in the recent literature on
sequence modeling architectures. While both linear attention models and state space
models have converged toward gated linear recurrent architectures—revisiting key ideas
from LSTM-—the LSTM itself has remained outside of these architectural explorations,
despite being the conceptual origin of gating. What is still missing is a renewed inves-
tigation of the original LSTM ideas—taking gating for granted—and enhancing LSTMs
with the most recent methods developed for modern language models.

This thesis aims to close this gap by developing the xLSTM family as an extension of tra-
ditional LSTMs. Building on the success of sigmoid gating in LSTM, xLLSTM introduces
exponential gating for better information routing and significantly enhances efficiency
with two novel memory structures: The sLSTM, a non-linear RNN that introduces block-
diagonal recurrent weights, still requires sequential computation but allows for more effi-
cient implementations on modern hardware, and the mLSTM, a linear RNN that utilizes
a chunkwise-parallel form during training similar to linear attention and SSMs.



Chapter 3

Selected Publications

This chapter presents the main publications comprising this cumulative thesis.
Those four publications are:

1. (Sec. 3.1) Beck et al. (2024): xLSTM: Extended Long Short-Term Mem-
ory. Advances in Neural Information Processing Systems (NeurIPS), 2024.
Maximilian Beck™, Korbinian Poéppel*, Markus Spanring, Andreas Auer, Olek-
sandra Prudnikova, Michael Kopp, Giinter Klambauer, Johannes Brandstetter, Sepp
Hochreiter.

2. (Sec. 3.2) Beck et al. (2025a): Tiled Flash Linear Attention: More Efficient
Linear RNN and xLSTM Kernels. Advances in Neural Information Process-
ing Systems (NeurIPS), 2025. Maximilian Beck, Korbinian Poppel, Phillip Lippe,
Sepp Hochreiter.

3. (Sec. 3.3) Beck et al. (2025b): xLSTM 7B: A Recurrent LLM for Fast and
Efficient Inference. International Conference on Machine Learning (ICML), 2025.
Maximilian Beck*, Korbinian Poppel*, Phillip Lippe*, Richard Kurle, Patrick M.
Blies, Giinter Klambauer, Sebastian Bock, Sepp Hochreiter.

4. (Sec. 3.4) Beck et al. (2025¢): xLSTM Scaling Laws: Competitive Performance
with Linear Time-Complexity. International Conference on Learning Represen-
tations (ICLR), 2026. Maximilian Beck, Kajetan Schweighofer, Sebastian Bock, Se-
bastian Lehner, Sepp Hochreiter.

* indicates equal contribution.

The following subsections contain the referenced manuscripts as originally published, in-
cluding their respective appendices. For each publication, we provide a brief introduction
to offer additional context.
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Additional Publications

In the course of my doctoral studies at Johannes Kepler University Linz, I collaborated
on and co-authored the following additional papers:

Poppel et al. (2025): FlashRNN: I/O-Aware Optimization of Traditional
RNNs on Modern Hardware. International Conference on Learning Representa-
tions (ICLR), 2025. Korbinian Péppel, Maximilian Beck, Sepp Hochreiter.

Alkin et al. (2025): Vision-LSTM: xLSTM as Generic Vision Backbone. In-
ternational Conference on Learning Representations (ICLR), 2025. Benedikt Alkin,
Maximilian Beck, Korbinian Poéppel, Sepp Hochreiter, Johannes Brandstetter.

Schmied et al. (2025b): A Large Recurrent Action Model: xLSTM enables
Fast Inference for Robotic Tasks. International Conference on Machine Learning
(ICML), 2025. Thomas Schmied, Thomas Adler, Vihang Patil, Maximilian Beck
Korbinian Péppel, Johannes Brandstetter, Giinter Klambauer, Razvan Pascanu, Sepp

Hochreiter.

Dinu et al. (2023): Addressing Parameter Choice Issues in Unsupervised
Domain Adaptation by Aggregation. International Conference on Learn-
ing Representations (ICLR), 2023. Marius-Constantin Dinu, Markus Holzleitner,
Maximilian Beck, Hoan Duc Nguyen, Andrea Huber, Hamid Eghbal-zadeh, Bern-

hard A. Moser, Sergei Pereverzyev, Sepp Hochreiter, Werner Zellinger.

Gauch et al. (2022): Few-Shot Learning by Dimensionality Reduction in
Gradient Space. Conference on Lifelong Learning Agents (CoLLAs), 2022. Mar-
tin Gauch, Maximilian Beck, Thomas Adler, Dmytro Kotsur, Stefan Fiel, Hamid
Eghbal-zadeh, Johannes Brandstetter, Johannes Kofler, Markus Holzleitner, Werner

Zellinger, Daniel Klotz, Sepp Hochreiter, Sebastian Lehner.

During my summer internship in 2025 in the Meta FAIR CodeGen Team in Paris, I
collaborated on and (co-)authored the following additional papers:

Beck et al. (2026): Towards Neural Debuggers. Under review at International
Conference on Machine Learning (ICML), 2026. Maximilian Beck, Jonas Gehring,
Jannik Kossen, Gabriel Synnaeve.

Cabannes et al. (2026): Short window attention enables long-term memo-
rization. International Conference on Learning Representations (ICLR), 2026. Loic
Cabannes, Maximilian Beck, Gergely Szilvasy, Matthijs Douze, Maria Lomeli, Jade

Copet, Pierre-Emmanuel Mazaré, Gabriel Synnaeve, Hervé Jégou.

FAIR CodeGen Team et al. (2025): CWM: An Open-Weights LLM for Re-
search on Code Generation with World Models. Technical Report, arXiv,
2025. FAIR CodeGen Team.
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3.1 xLSTM: Extended Long Short-Term Memory

In this publication, the main goal was to design a practical RNN alternative to the
Transformer language model architecture. At the time of starting this project in early
2023, ChatGPT (OpenAl, 2022) and the first Llama series (Touvron et al., 2023a) were
just released, marking the dawn of both the closed- and open-source LLM era. In parallel,
several large-scale LLM training efforts in academia and industry were in their inception,
but all focused fully on Transformer architectures (Brown et al., 2020; Workshop, 2023;
Zhang et al., 2022; Black et al., 2022; Chowdhery et al., 2023). Besides these efforts
to train Transformer LLMs, there was also a growing interest in applying alternative,
potentially more efficient architectures, such as convolutional neural networks, state space
models, or RNNs to language modeling (Mehta et al., 2023; Fu et al., 2023).

Initially, this work was strongly inspired by RWKV-4 (Peng et al., 2023), which was
one of the first works to demonstrate that RNNs could be on par with Transformers
in the language domain. Concurrent with this project, other works starting from linear
attention, such as RetNet (Sun et al., 2023), Gated Linear Attention (Yang et al., 2024),
or state space models like Mamba (Gu & Dao, 2024), also demonstrate similar results.

What sets the xXLSTM apart from these other works is its starting point in the LSTM
and its early focus on the expressivity of sequence models, measured by how well the
model can solve state tracking problems in formal languages (Merrill et al., 2024; Merrill
& Sabharwal, 2023; Delétang et al., 2023). Specifically, we introduce the xLSTM as a
recurrent LLM with two memory cells: The sLSTM, a non-linear RNN similar to the
original LSTM, which is more expressive and can solve state tracking problems, and the
mLSTM, a linear RNN that is sequence-parallelizable and hence more efficient for large
scale language modeling.

This paper was published as spotlight at the Conference on Neural Information Process-
ing Systems (NeurIPS) 2024. Before, the paper was published at the Long-Context Foun-
dation Models workshop and as oral at ES-FoMo II: 2nd Workshop on Efficient Systems
for Foundation Models at the International Conference of Machine Learning (ICML)
2024. Maximilian Beck and Korbinian Péppel share first authorship of this publication.

Contributions of the author Maximilian Beck (MB). Sepp Hochreiter initiated the
effort to explore LSTM-based language models. MB designed and implemented the first
xLSTM experiments and led the development of the research codebase from start to
finish. He was in charge of the large scale language modeling experiments and was involved
in every detail of the experiments. MB proposed the multi-head version (i.e., the new
memory mixing) and the output projection of the sLSTM, derived the recurrent mLSTM
formulation, and explored several normalization strategies (including the final one) of
the mLSTM. He highlighted the connection between sLSTM and mLSTM via the forget,
input, and output gates. MB suggested combining sSLSTM and mLSTM using different
blocks.

For the appendix of this publication, we direct the reader to Appendix A.
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xLSTM: Extended Long Short-Term Memory

Maximilian Beck* 1:2-3 Korbinian Péppel* !-2-3 Markus Spanring !

Andreas Auer 12 Oleksandra Prudnikova * Michael Kopp
Giinter Klambauer 22  Johannes Brandstetter '>>  Sepp Hochreiter !-23
*Equal contribution
LELLIS Unit, LIT Al Lab, Institute for Machine Learning, JKU Linz, Austria
2NXAI Lab, Linz, Austria, 3NXAI GmbH, Linz, Austria

Abstract

In the 1990s, the constant error carousel and gating were introduced as the central
ideas of the Long Short-Term Memory (LSTM). Since then, LSTMs have stood
the test of time and contributed to numerous deep learning success stories, in
particular they constituted the first Large Language Models (LLMs). However,
the advent of the Transformer technology with parallelizable self-attention at its
core marked the dawn of a new era, outpacing LSTMs at scale. We now raise a
simple question: How far do we get in language modeling when scaling LSTMs to
billions of parameters, leveraging the latest techniques from modern LLMs, but
mitigating known limitations of LSTMs? Firstly, we introduce exponential gating
with appropriate normalization and stabilization techniques. Secondly, we modify
the LSTM memory structure, obtaining: (i) SLSTM with a scalar memory, a scalar
update, and new memory mixing, (ii) mLSTM that is fully parallelizable with a
matrix memory and a covariance update rule. Integrating these LSTM extensions
into residual block backbones yields XLSTM blocks that are then residually stacked
into xXLSTM architectures. Exponential gating and modified memory structures
boost xXLSTM capabilities to perform favorably when compared to state-of-the-art
Transformers and State Space Models, both in performance and scaling.

Code available at: https://github.com/NX-AI/x1lstm

1 Introduction

The Long Short-Term Memory (LSTM) ideas (Hochreiter, 1991; Hochreiter & Schmidhuber,
1997b,a), i.e., the constant error carousel and gating, were introduced to overcome the vanishing
gradient problem of recurrent neural networks (Hochreiter, 1991; Hochreiter et al., 2000):

e = en + B oz, he = o Y(e ). (D

The constant error carousel is the additive update of the cell state c;_; (green) by cell inputs z; and
moderated by sigmoid gates (blue). The input gate i; and the forget gate f; control this update, while
the output gate o; controls the output of the memory cell, i.e. the hidden state h;. The cell state is
normalized or squashed by v and then output gating gives the hidden state.

LSTMs have been successfully applied to various domains (Hochreiter et al., 2001, 2007; Schmid-
huber, 2015), and prevailed over text generation until the dawn of Transformers in 2017 (Vaswani
et al., 2017). The effectiveness of LSTMs has been demonstrated at numerous sequence-related tasks
such as generating text (Graves, 2013; Karpathy, 2015), generating handwritings (Graves, 2013),
sequence-to-sequence translation (Sutskever et al., 2014), evaluating computer programs (Zaremba
& Sutskever, 2014), generating image captions (Karpathy & Fei-Fei, 2015; Hossain et al., 2019),
generating source code (Karpathy, 2015), rainfall-runoff modeling (Kratzert et al., 2018, 2019),

38th Conference on Neural Information Processing Systems (NeurIPS 2024).
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or hydrological models for flooding warnings (Nearing et al., 2024). In reinforcement learning,
LSTMs are the best performing sequence models, e.g., the AlphaStar model for StarCraft II (Vinyals
et al., 2017), the OpenAl Five model for Dota 2 (Karpathy, 2019), and models of the magnetic
controller for nuclear fusion (Degrave et al., 2022). LSTMs excel at learning abstractions, i.e., adeptly
extracting semantic information and storing it in their memory cells (Karpathy, 2015), which for
example became evident by number and syntax neurons (Lakretz et al., 2019), linguistic neurons (Bau
et al., 2019), and sentiment neurons (Radford et al., 2017). LSTMs are still used in highly relevant
applications (Degrave et al., 2022; Nearing et al., 2024) and have stood the test of time.

Despite their tremendous successes,
LSTMs have three main limitations:
(1) Inability to revise storage deci-
sions. We exemplify this limitation
via the Nearest Neighbor Search prob-
lem (see also Appendix D): With a ref-
erence vector given, a sequence must
be scanned sequentially for the most
similar vector in order to provide its
attached value at sequence end. The
left panel of Figure 1 shows the mean
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W xLSTM
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squared error at this task. LSTM strug-
gles to revise a stored value when a
more similar vector is found, while
our new XxLSTM remediates this limi-
tation by exponential gating. (ii) Lim-
ited storage capacities, i.e., informa-
tion must be compressed into scalar
cell states. We exemplify this limita-
tion via Rare Token Prediction. In the
right panel of Figure 1, the perplex-
ity of token prediction on Wikitext-
103 (Merity et al., 2017) is given for
partitions of different token frequency.

Figure 1: LSTM limitations. Left: Nearest Neighbor Search
problem in terms of mean squared error (MSE). Given a
reference vector, a sequence is scanned sequentially for the
most similar vector with the objective to return its attached
value at sequence end. LSTM struggles to revise a stored
value when a more similar vector is found. Our new xXLSTM
overcomes this limitation by exponential gating. Right: Rare
Token Prediction. The perplexity (PPL) of token prediction
on Wikitext-103, in partitions of token frequency. LSTM
performs worse on predicting rare tokens because of its lim-
ited storage capacities, whereas our new xLSTM solves this
problem via a matrix memory.

LSTM performs worse on rare tokens because of its limited

storage capacities. Our new XLSTM solves this problem by a matrix memory. (iii) Lack of paralleliz-
ability due to memory mixing, i.e., the hidden-hidden connections between hidden states from one
time step to the next, which enforce sequential processing.

These limitations of LSTM have paved the way for the emergence of Transformers (Vaswani et al.,
2017) in language modeling. What performances can we achieve in language modeling when
overcoming these limitations and scaling LSTMs to the size of current Large Language Models?

2 Extended Long Short-Term Memory

To overcome the LSTM limitations, Extended Long Short-Term Memory (XLSTM) introduces two
main modifications to the LSTM idea of Equation (1). Those modifications — exponential gating
and novel memory structures — enrich the LSTM family by two members: (i) the new sLSTM (see
Section 2.2) with a scalar memory, a scalar update, and memory mixing, and (ii) the new mLSTM
(see Section 2.3) with a matrix memory and a covariance (outer product) update rule, which is fully
parallelizable. Both SLSTM and mLSTM enhance the LSTM through exponential gating. To enable
parallelization, the mLSTM abandons memory mixing, i.e., the hidden-hidden recurrent connections.
Both mLSTM and sLSTM can be extended to multiple memory cells, where sSLSTM features memory
mixing across cells. Further, the SLSTM can have multiple heads without memory mixing across the
heads, but only memory mixing across cells within each head. This introduction of heads for SLSTM
together with exponential gating establishes a new way of memory mixing. For mLSTM multiple
heads and multiple cells are equivalent.

Integrating these new LSTM variants into residual block modules results in XLSTM blocks (see
Section 2.4). Residually stacking those XLSTM blocks in architectures provides xXLSTM architectures
(see Section 2.4). See Appendix Figure 6 for the xXLSTM architecture with its components.
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2.1 Review of the Long Short-Term Memory

The original LSTM idea (Hochreiter, 1991; Hochreiter & Schmidhuber, 1997b,a) introduced the
scalar memory cell as a central processing and storage unit that avoids vanishing gradients (Hochreiter,
1991; Hochreiter et al., 2000) through the constant error carousel (cell state update). The memory cell
contains three gates: input, output, and forget gate. The latter was introduced by Gers et al. (2000).
The LSTM memory cell update rules at time step ¢ are:

e = Ty e + i oz cell state  (2)
he = lop ks hy = w(ct) hidden state  (3)
2z = p(Z), % = w] ® + rhiq + b, cell input  (4)
i =0 (ft) , i = wiT x + 7rihi—1 + b input gate  (5)
fi = o }) , ft = wa x; + rehe_1 + bg forget gate  (6)
o = 0(6) 0 = woT x; + 1o hi—1 + bo output gate  (7)

The weight vectors w,, w;, wg, and w, correspond to the input weight vectors between inputs x;
and cell input, input gate, forget gate, and output gate, respectively. The weights 7., ri, r¢, and r,
correspond to the recurrent weights between hidden state h;_; and cell input, input gate, forget gate,
and output gate, respectively. b, b;, b¢, and b, are the corresponding bias terms. ¢ and v are the
cell input and hidden state activation functions (typically tanh). 1 is used to normalize or squash
the cell state, which would be unbounded otherwise. All gate activation functions are sigmoid, i.e.,
o (z) = 1/(1+exp(—z)). In later formulations, multiple scalar memory cells ¢; € R were combined
in a vector ¢; € R?, which allows the usage of recurrent weight matrices R € R%*? for each gate to
mix the cell outputs of memory cells (Greff et al., 2015), for more details see Appendix B.1. Ablation
studies showed that all components of the memory cell are crucial (Greff et al., 2015).

2.2 sLSTM

To empower LSTMs with the ability to revise storage decisions, we introduce exponential gates
(red) together with normalization and stabilization. In particular, input and forget gates can have
exponential activation functions. For normalization, we introduce a normalizer state that sums up the
product of the input gate times all future forget gates. The scalar SLSTM forward pass is:

¢ = Iy 1 + I cell state )
n = f me—1 + i normalizer state 9)
he = o he, hy = ct [ ne hidden state  (10)
2z = (%), Z = wz x: + r hi_1 + b, cell input  (11)
iy = exp (i) , L = 'wi—r xy + 1 hi—1 + b input gate  (12)
i = o (ft) OR exp (ft> , ft = w;r x; + re hi—1 + bg forget gate  (13)
o = o (), 0 = 'wOT Ty + 1o hi—1 + bo output gate  (14)

We transfer the original LSTM gating techniques, i.e., input- and/or hidden-dependent gating plus bias
term, to the new architectures. Exponential activation functions can lead to large values that cause
overflows. Therefore, we stabilize gates with an additional state m; (Milakov & Gimelshein, 2018),
see Equations (49) — (51) in the appendix.

New Memory Mixing. sLSTM can have multiple memory cells like the original LSTM (see
Appendix B.2). Multiple memory cells enable memory mixing via recurrent connections R, R;,
R, R, from hidden state vector h to memory cell input z and the gates i, f, o, respectively. A new
aspect in memory mixing is the effect of exponential gating. The new sLSTM can have multiple
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heads with memory mixing within each head but not across heads. The introduction of heads for
sLSTM together with exponential gating establishes a new way of memory mixing.

2.3 mLSTM

To enhance storage capacities of LSTMs, we increase the LSTM memory cell from a scalar ¢ € R to
a matrix C € R*? Hence, retrieval is performed via a matrix multiplication. At time ¢, we want to
store a pair of vectors, the key k, € R and the value v, € R? (we use the Transformer terminology).
Later at time ¢ + 7, the value v; should be retrieved by a query vector q;» € R?. This is the setting
of Bidirectional Associative Memories (BAMs) (Kohonen, 1972; Anderson, 1972; Nakano, 1972;
Anderson et al., 1977). The covariance update rule (Sejnowski, 1977; Dayan & Willshaw, 1991) for
storing a key-value pair is

Ct = Ct—l + v kt—r . (15)

We assume a layer-norm before projecting inputs to keys and values, therefore they have zero mean.
The covariance update rule is optimal (Dayan & Willshaw, 1991) for a maximal separability of
retrieved binary vectors, which is equivalent to a maximal signal/noise ratio. Higher separability is
possible when limiting retrieval to pairwise interactions and conceding quadratic complexity like
attention (Krotov & Hopfield, 2016, 2017; Ramsauer et al., 2021). The covariance update rule is
equivalent to Fast Weight Programmers (Schmidhuber, 1992; Schlag et al., 2021), which have later
been equipped with a constant decay rate multiplied to C;_; and a constant learning rate multiplied
to vtk; (Ba et al.,, 2016a). In this spirit, we integrate the covariance update rule into the LSTM
framework, where the forget gate corresponds to decay rate and the input gate to the learning rate,
while the output gate scales the retrieved vector.

For this matrix memory, the normalizer state is the weighted sum of key vectors, where each key
vector is weighted by the input gate and all future forget gates. Again, the normalizer state keeps
record of the strength of the gates. Since the dot product between query and normalizer state can
be close to zero, we use the absolute value of this dot product and lower bound it by a threshold
(typically 1.0) as done previously (Sun et al., 2023). The mLSTM forward pass is:

C;, = £, Ci1 + iy v k: cell state (16)
n, = f ny1 + i kg normalizer state (17)
h: = o ® hy, h, = C, q / max{‘ n: q; ‘,1} hidden state (18)
q = Wiz, + b, query input (19)
k, = %Wk x; + by key input (20)
v, = W, xy + by, value input (21)
i, = exp(it) . = w x4+ b input gate (22)
f; = a(ﬁ) OR exp <ft), ft = wa x; + bt forget gate (23)
o: = o(04) , 0 = Woxy + bo output gate (24)

mLSTM can have multiple memory cells like the original LSTM. For mLSTM, multiple heads and
multiple cells are equivalent as there is no memory mixing. In order to stabilize the exponential gates
of mLSTM, we use the same stabilization techniques as for SLSTM (see Equation 49). Since the
mLSTM has no memory mixing, this recurrence can be reformulated in a parallel version. For more
details we refer to Appendix B.3.

2.4 xLSTM Architecture

xLSTM Blocks. An xXLSTM block should non-linearly summarize the past in a high-dimensional
space to better separate different histories or contexts. Separating histories is the prerequisite to cor-
rectly predict the next sequence element such as the next token. We resort to Cover’s Theorem (Cover,
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1965), which states that in a higher dimensional space non-linearly embedded patterns can more
likely be linearly separated than in the original space. We consider two residual block architectures:
(i) A residual block with post up-projection (like Transformers), which non-linearly summarizes the
past in the original space, then linearly maps into a high-dimensional space, applies a non-linear
activation function, and linearly maps back to the original space; see Appendix Figure 7 for details.
(i1) A residual block with pre up-projection (like State Space Models), which linearly maps to a
high-dimensional space, non-linearly summarizes the past in the high-dimensional space and then
linearly maps back to the original space. See Appendix Figure 8 for more details. For an xXLSTM
block containing an sSLSTM, we mostly use the post up-projection block. For an xXLSTM block
containing an mLSTM, we use the pre up-projection block since the memory capacity becomes larger
in the high-dimensional space.

xLSTM Architecture.  An xLSTM architecture is constructed by residually stacking build-
ing blocks (Srivastava et al., 2015; He et al., 2016). We rely on the most commonly used pre-
LayerNorm (Ba et al., 2016b) residual backbones as used in contemporary Large Language Models.
See last two columns (from the left) in Figure 6.

2.5 Memory and Speed Considerations

Contrary to Transformers, XLSTM networks have a linear computation and a constant memory
complexity with respect to the sequence length. Since the xXLSTM memory is compressive, it is
well suited for industrial applications and implementations on the edge. The memory of mLSTM
does not require parameters, but is computationally expensive through its d x d matrix memory and
d x dupdate. We trade off memory capacity against computational complexity. Nevertheless, the
computations can be done in parallel on GPUs, therefore these computations have only a minor effect
on the wall clock time.

While mLSTM is parallelizable analog to FlashAttention (Dao et al., 2022; Dao, 2024) or GLA (Yang
et al., 2023), sSLSTM is not parallelizable due to the memory mixing (hidden-hidden connections).
However, we developed a fast CUDA implementation with GPU memory optimizations to the register
level which is typically less than two times slower than mLSTM.

3 Related Work

Conceptually, the closest models to xXLSTM are Retention (Sun et al., 2023), RWKYV (Peng et al.,
2023, 2024), GLA (Yang et al., 2023), HGRN2 (Qin et al., 2024) and Mamba (Gu & Dao, 2024).
These models share the concepts matrix memory and/or gating. However, in contrast to the new
sLSTM, they do not allow memory mixing. Memory mixing enables to solve state tracking problems,
and therefore LSTMs are more expressive than State Space Models (SSMs) and Transformers (Merrill
et al., 2024; Delétang et al., 2023). Other closely related work is discussed further in Appendix C.

4 Experiments

We experimentally evaluate XLSTM and compare it to existing methods with a focus on language
modeling. We investigate XLSTM’s specific capabilities on synthetic tasks in Section 4.1. In
Section 4.2, we compare the validation set perplexity of various current language modeling methods
that have been trained on 15B tokens from SlimPajama (Soboleva et al., 2023). On the same dataset,
we perform ablation studies for XLSTM. Then, we compare xXLSTM and the best performing methods
from Section 4.2 after being trained on 300B tokens from SlimPajama (Soboleva et al., 2023)
on downstream tasks, assess their scaling behavior analogous to Kaplan et al. (2020) and Brown
et al. (2020), and compare the text generation times and the maximal throughput of the xXLSTM in
Section 4.3. For all experiments, we use the notation XLSTM[a:b] for the ratio a/b of mLSTM-based
versus sSLSTM-based xLLSTM blocks. For example, xXLSTM[7:1] means that out of eight blocks,
seven are mLSTM-based blocks and one is an SLSTM-based block. For a common total block number
of 48, this translates to 6 SLSTM-based blocks and 42 mLSTM-based blocks.
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4.1 Synthetic Tasks and Long Range Arena

Firstly, we test the effectiveness of xLSTM’s new exponential gating with memory mixing on formal
languages (Delétang et al., 2023). Then, we assess the effectiveness of xLSTM’s new matrix memory
on the Multi-Query Associative Recall task (Arora et al., 2023). Finally, XLSTM’s performance at
processing long sequences in the Long Range Arena is evaluated (Tay et al., 2021).

Test of xXLSTM’s Exponential Gating with Memory Mixing. We test xXLSTM’s new exponential
gating with memory mixing, which should enable it to solve state tracking problems (Merrill
et al., 2024; Merrill & Sabharwal, 2023). We implement and extend the formal language tasks
from Delétang et al. (2023) to enable multi-length training for length extrapolation. For a detailed
description of all tasks and extended results see Appendix D.1.1. We compare XLSTM to other
methods including Transformers, State Space Models, and Recurrent Neural Networks. The accuracy
of the tested methods is evaluated on those tokens relevant to the task. The accuracy is scaled between
0 (random) and 1 (perfect). We compare 2-block architectures of the following methods on these
tasks: xLSTMJO0:1] (i.e., only sSLSTM), xLSTM[1:0] (i.e., only mLSTM), xLSTM[1:1], Llama,
Mamba, RWKY, Retention, Hyena, LSTM, and LSTM in Transformer blocks (LSTM (Block)). The
results of this experiment are shown in Figure 9. Models such as Transformers or State Space Models
without memory mixing (no state tracking) cannot solve, e.g. regular grammars like the parity task.
This result is in agreement with findings that Transformers and State Space models are fundamentally
less powerful than RNNs (Merrill et al., 2024; Merrill & Sabharwal, 2023; Delétang et al., 2023).

Test of xXLSTM’s Memory Capacities on Associative Recall Tasks. In this experiment, we test
xLSTM’s new matrix memory in terms of the memory capacity on the Multi-Query Associative
Recall task (Arora et al., 2023): For each sequence, key—value pairs are randomly chosen from
a large vocabulary, which must be memorized for later retrieval. To enhance the difficulty of the
original task, we increase the number of key-value pairs up to 256 and enlarge the context length
up to 2048, obtaining extended tests for the memory capacities of different models. We compare
2-block architectures of Llama, Mamba, RWKV-5, RWKV-6, xXLSTM[1:1] and xXLSTM[1:0]. The
models are evaluated by the accuracy at recalling the pairs. Since Transformers (e.g. Llama) have
a memory that is exponential in the coding dimension (Ramsauer et al., 2021), they constitute the
gold standard at this task. Results are shown in Figure 2. XLSTM[1:1] performs best among all
non-Transformer models, also for small models. Interestingly, the SLSTM block does not diminish
the memory capacity but rather leverages it, which becomes evident at the most difficult task with
256 key-value pairs. Additional results of Appendix D.1.2, indicate that xLSTM’s enhanced memory
canacities also allow for extranolating to contexts that are longer than those seen during training.

—0— Llama —®— Mamba —8— RWKV-5 —8— RWKV-6 —8— xLSTM[L:0] —0— xLSTM[1:1]
KV Pairs = 48 KV Pairs = 96 KV Pairs = 256
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o 13}
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32 64 128 256 512 32 64 128 256 512 32 64 128 256 512
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Figure 2: Test of memory capacities of different models at the Multi-Query Associative Recall task
with context length 2048. Each panel is dedicated to a different number of key-value pairs. The
z-axis displays the model size and the y-axis the validation accuracy.

Test of xXLSTM’s Long Context Capabilities on Long Range Arena. To assess xLSTM’s per-
formance on long sequences and large contexts, we compare different methods on the Long Range
Arena (Tay et al., 2021). xLSTM demonstrates consistent strong performance on all of the tasks,
suggesting that the XLSTM architecture is remarkably efficient in handling different aspects of long
context problems. For more details, see Appendix D.1.3.

4.2 Method Comparison and Ablation Study

To address the main question of our paper, i.e. what can our new LSTM variants achieve when scaled
up in language modelling, we train XLSTMs, Transformers, State Space Models, and other methods
on 15B tokens from SlimPajama in the same auto-regressive setting. We compare the trained models
on the validation set and perform ablation studies for the xLSTMs.
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Comparing xLLSTM to Other Methods. We train models on 15B tokens from SlimPajama (Soboleva
et al., 2023), and evaluate their perplexity on the validation set. We compare the following methods:
xLSTM, GPT-3 (Transformer) (Brown et al., 2020), Llama (Transformer) (Touvron et al., 2023),
H3 (SSM) (Fu et al., 2023), Mamba (SSM) (Gu & Dao, 2023), RWKV-4 (RNN) (Peng et al.,
2023), RWKV-5 (RNN) (Peng et al., 2024), RWKV-6 (RNN) (Peng et al., 2024), GLA (linear
Transformer) (Yang et al., 2023), HGRN2 (RNN) (Qin et al., 2024). RetNet (linear Transformer) (Sun
et al., 2023), Hyena (linear Transformer) (Poli et al., 2023), xLSTM[1:0], and xLSTM[7:1]. The
models were trained with mixed precision, for RWKV-5, RWKV-6, GLA, HGRN2, the mixed-
precision training did not utilize the PyTorch automated mixed precision (see Appendix Section D.2).
We categorize the methods into (a) Transformers, (b) State Space Models (SSMs), and (c) Recurrent
Neural Networks (RNN5s) together with linear Transformers, i.e., linear methods that substitute the
Transformer’s attention mechanism. The models match a GPT-3 model with 350M parameters in
size, i.e. embedding dim 1024 and 24 residual blocks. Only GPT-3 uses shared weights for token and
output embeddings, therefore has fewer parameters.

Table 1: Method comparison on next token prediction when trained on 15B tokens from SlimPajama.
Best validation perplexities within model classes, i.e., linear Transformers, RNNs, Transformers,
SSMs, and XLSTMs are underlined and overall best is in bold. For each model class, the best per-
forming methods are used in Section 4.3 for LLM training. xLSTMs with new memory (XLSTM[1:0]
and xLSTM[7:1]) perform best.

#Params  SlimPajama #Params  SlimPajama
Model M (15B) ppl | Model M (15B) ppl |
Hyena 435 17.59 GPT-3 356 14.26
RWKV-4 430 15.62 Llama 407 14.25
RWKV-5 456 14.25 H3 420 1823
RWKV-6 442 15.03 Mamba 423 13.70
RetNet 431 16.23 —
GLA 412 16.15 xLSTM[1:0] 409 1343
HGRN2 411 14.32 xLSTM[7:1] 408 13.48

The results in Table 1 show that xXLSTM outperforms all existing methods in validation perplexity. For
details see Appendix D.2. Figure 15 in the appendix shows the scaling behaviour for this experiment,
indicating that XLSTM will also perform favorably for larger models.

Ablation Studies. Table 1 and Figure 15 demonstrate that XLSTM achieves excellent results at
language modeling when being trained on 15B tokens from SlimPajama. To ablate the changes from
LSTM to xLSTM, we morph a vanilla LSTM architecture step-by-step into an XLSTM architecture.
Firstly, we integrate LSTM layers into pre-LayerNorm residual backbones. Secondly, we extend this
to a post up-projection block. Finally, we add exponential gating and matrix memory. The results are
shown in Appendix Table 6 (top). The ablation studies attribute the strong performance improvement
to both the exponential gating and the matrix memory. Additionally, due to the importance of gating in
RNNSs and State Space Models, we ablate different gating mechanisms. In Appendix Table 6 (bottom),
we conclude that having each gate learnable and influenced by the input has an incrementally positive
effect. Additional studies on the individual backbone components are discussed in Appendix D.2.

4.3 xLSTM as Large Language Model

Next, we increase the amount of training data to 300B tokens from SlimPajama, the same number of
tokens as used in e.g., Mamba (Gu & Dao, 2023) and Griffin (De et al., 2024). We compare xXLSTM
to RWKV-4, Llama, and Mamba — one method from each respective method class in Section 4.2.
We select RWKV-4 as RNN representative since for RWKV-5, RWKV-6 and HGRN?2 a reasonable
training precision setting (Appendix Section D.2) has been found only after the training start of the
300B token experiments (Peng et al., 2024). We train different model sizes (125M, 350M, 760M,
1.3B), test all models for length extrapolation capabilities and evaluate their performance on the
validation set, on downstream tasks, on 471 text domains of the PALOMA benchmark, and, finally,
investigate their scaling law behavior.
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Sequence Length Extrapolation. Firstly, we test the sequence length extrapolation for 1.3B-sized,
large models of xXLSTM, RWKV-4, Llama, and Mamba. All models are trained on context length
2048, and then tested for context lengths up to 16384. See Figure 3 for the results. In contrast to
other methods, XLSTM models maintain low perplexities for longer contexts.

k M

g " — Llama SlimPajama

i —— Mamba Model (300B) ppl |

o —— RWKV-4 at 16k

s 10” 5 —— XLSTM[7:1] Llama 33783

ks —— XLSTM[L:0] Mamba 14.00

= — RWKV-4 13.75

Z 10! - xLSTM[7:1] 8.92
; : . . , xLSTM[1:0] 9.01
0 2048 4096 8102 16384

Token Position

Figure 3: Sequence extrapolation in language modeling. This is a comparison of 1.3B-sized, large
models of xXLSTM, RWKV-4, Llama, and Mamba at next token prediction on the SlimPajama
validation set after training on 300B tokens from SlimPajama. Models are trained with context length
2048 (gray) and then tested for context lengths up to 16384. Left: Token perplexities evaluated at
different context lengths. In contrast to other methods, XLSTM models remain at low perplexities
for longer contexts. Right: Prediction quality when extrapolating to long context sizes in terms of
validation perplexity (PPL). xXLSTM yields the best PPL values (best in bold, second best underlined).

Table 2: Validation set perplexity and downstream tasks. Comparison of XLSTM, RWKV-4, Llama,
and Mamba on the validation set at next token prediction and on downstream tasks after training on
300B tokens from SlimPajama. Model sizes are 125M, 350M, 760M, and 1.3B. The first column
shows the methods and the second the actual number of parameters. The third column lists the
validation set perplexities, while the remaining columns show the performance on downstream tasks.
Best model per model size is depicted bold and the second best is underlined. In the vast majority of
tasks and across all model sizes XLSTM is the best method — only on the ARC task Mamba is in
some cases the best method. xXLSTM[1:0] and xLSTM[7:1] are the two best models with respect to
validation set perplexity.

#Params  SlimPajama LAMBADA LAMBADA HellaSwag PIQA ARC-E ARC-C  WinoGrande Average

Model M (300B) ppl | ppl L acc T acc acc acc T acc acc T acc T
RWKV-4 169.4 16.66 54.72 23.77 3403 66.00 4794 24.06 50.91 41.12
= Llama 162.2 15.89 39.21 31.54 3409 6545 4533 23.63 50.67 41.78
I Mamba 167.8 15.08 27.76 34.14 3647 66.76  48.86 24.40 51.14 43.63
—  xLSTM[1:0] 163.8 14.63 25.98 36.52 36.74 65.61 47.81 24.83 51.85 43.89
xLSTM[7:1] 163.7 14.60 26.59 36.08 36.75 66.87 48.32 25.26 51.70 44.16
RWKV-4 430.5 12.62 21.57 36.62 4247  69.42 54.46 25.43 51.22 46.60
= Llama 406.6 12.19 15.73 44.19 4445  69.15 5223 26.28 53.59 48.32
2 Mamba 423.1 11.64 12.83 46.24 47.55 69.70 5547 27.56 54.30 50.14
o xLSTM[1:0] 409.3 11.31 11.49 49.33 48.06 69.59 55.72 26.62 54.38 50.62
xLSTM[7:1]  408.4 11.37 12.11 47.74 47.89 7116  56.61 27.82 53.28 50.75
RWKV-4 891.0 10.55 10.98 47.43 5229 72.69 58.84 28.84 55.41 52.58
= Llama 834.1 10.60 9.90 51.41 52.16 70.95 56.48 28.75 56.67 52.74
2 Mamba 870.5 10.24 9.24 50.84 5397 71.16  60.44 29.78 56.99 53.86
=~ xLSTM[1:0] 840.4 9.86 8.09 54.78 5572 72.69 @ 62.75 32.59 58.17 56.12
xLSTM[7:1] 839.7 991 8.07 55.27 56.12 7274 61.36 29.61 56.43 55.26
RWKV-4 1515.2 9.83 9.84 49.78 5620 74.70  61.83 30.63 55.56 54.78
o Llama 1420.4 9.44 7.23 57.44 57.81 73.12  62.79 31.74 59.04 56.99
e« Mamba 14753 9.14 7.41 55.64 6045 7443  66.12 33.70 60.14 58.41
— xLSTM[1:0] 1422.6 8.89 6.86 57.83 6091 7459 6431 32.59 60.62 58.48
xLSTM[7:1]  1420.1 9.00 7.04 56.69 60.26 7492  65.11 32.34 59.27 58.10
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Validation Perplexity and Downstream Tasks. Secondly, for all model sizes, we evaluate the
performance of xXLSTM, RWKV-4, Llama, and Mamba models on the SlimPajama validation set for
next token prediction and on downstream tasks that measure common sense reasoning. The third
column of Table 2 lists the validation set perplexities of different methods. Both xXLSTM[1:0] and
xLSTM[7:1] are the best models for all model sizes with respect to the validation set perplexity. The
other columns of Table 2 provide the performance on downstream tasks. In the vast majority of tasks
and across all model sizes XLSTM is the best method — only on the ARC task Mamba is in some
cases the best method. For details see Appendix D.3.

Performance on PALOMA Language Tasks. Thirdly, for all model sizes, we test the next token
prediction performance of xXLSTM, RWKV-4, Llama, and Mamba models on PALOMA language
tasks (Magnusson et al., 2023). We measure the performance by the perplexity for next token
prediction on 571 text domains, which range from nytimes.com to r/depression on Reddit. Appendix
Table 8 shows token prediction perplexity grouped into language modeling (first seven columns) and
fine-grained domain benchmarks (last 5 columns). xXLSTM[1:0] has in 568 out of 571 (99.5%) text
domains a lower perplexity than Mamba, in 486 out of 571 (85.1%) a lower perplexity than Llama, in
570 out of 571 (99.8%) a lower perplexity than RWKV-4, see Appendix D.3.

Scaling Laws. Fourthly, we assess the power-law scaling behavior, which allows to extrapolate the
performance to larger model sizes (Kaplan et al., 2020; Brown et al., 2020). Figure 4 presents the
scaling behavior over the number of model parameters. All models share a similar scaling behavior
but with different offsets. RWKV-4 performs worst, followed by Llama and Mamba. xLSTM is better
than Mamba with a similar margin to Mamba as Mamba has to Llama. In Figure 16 in Appendix D.3
we plot the scaling behavior over the number of training FLOPs for the Llama baseline and both
XLSTM variants. For the xXLSTM variants we calculate the FLOPs for the recurrent (see Section 2
and parallel (see Appendix B.3) formulation. The scaling behavior indicates that for larger models
xLSTM will continue to perform favourable compared to Transformers and State-Space models.
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Figure 4: Scaling laws. Next token prediction perplexity of xLSTM, RWKV-4, Llama, and Mamba.
The models — with sizes 125M, 350M, 760M, and 1.3B parameters — are trained on 300B tokens
from SlimPajama. The scaling laws indicate that for larger models xXLSTM will perform well too.

Generation Times and Maximal Throughput. Finally, we measure the text generation time in
Figure 5 (left) and the maximal throughput in Figure 5 (right) for our xLSTM variants at 1.3B scale.
We compare against similar sized Mamba, Llama and RWKYV implementions from HuggingFace,
including a static key-value cache for the Llama model. At the time of the experiments, both full cache
compilation of the Transformer model and compilation of the Mamba model with torch. compile
did not work. For the text generation experiments all of the models are tested at batch size 1 and
pre-fill 16. This pre-fill should be maximally favorable for the Transformer. Figure 5 shows the
linear scaling of the XLSTM and the other recurrent models Mamba and RWKV-4 compared to the
quadratic scaling of Llama. For the decoding throughput we measure different batch sizes and prefill
for the Llama model. Figure 5 (right) shows that XLSTM can use much higher batch sizes than Llama
due to its constant memory and thus achieves the highest throughput.
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Figure 5: Generation Times and Maximal Throughput. Left: Generation times of different 1.3B
models for a pre-fill context of 16 tokens (to mitigate cache initialization). The recurrent models
(XLSTM[1:0], xLSTM[7:1], Mamba and RWKV-4) show linear behavior, whereas the Transformer
(Llama) inference/decoding time is quadratic in sequence length. Right: Token throughput for
different batch sizes on a A100-80GB GPU for 1.3B sized models. Note that the Transformer / Llama
model goes out of memory (OOM) already for small batch sizes, whereas xLSTM and Mamba can
sustain very large batch sizes. xLSTM[1:0] consistently outperforms Mamba in throughput. Beyond
batch size 2048, all models go OOM.

5 Limitations

(1) In contrast to mLSTM, memory mixing of the sSLSTM prohibits parallelizable operations, and
thus prevents a fast parallel implementation. However, we developed a fast CUDA kernel for SLSTM,
which is currently less than two times slower than the parallel mLSTM implementation. (ii) The
mLSTM CUDA kernels are not optimized, and therefore the current implementation is about four
times slower than FlashAttention or the scan used in Mamba. Faster CUDA kernels could be obtained
in the vein of FlashAttention. (iii) The matrix memory of mLSTM has high computation complexity
since d x d matrices must be processed. Still, the memory update and retrieval is parameter-free, i.e.,
parallelizable when using standard matrix operations. Thus, the wall clock time overhead due to the
complex memory is minor. (iv) The forget gate initialization must be chosen carefully. (v) Since the
matrix memory is sequence length independent, increasing the sequence length might overload the
memory for longer context sizes. Still, this does not appear to be a limitation for contexts up to 16k,
see Section 4.3. (vi) Due to the expensive computational load for LLM experiments, we did neither
fully optimize the architecture nor the hyperparameters, especially for larger XLSTM architectures.
We anticipate that an extensive optimization process is needed for XLSTM to reach its full potential.

6 Conclusion

We have partly answered our simple question: How far do we get in language modeling when scaling
LSTM to billions of parameters? So far, we can answer: “At least as far as current technologies like
Transformers or State Space Models”. We have enhanced LSTM to xLSTM by exponential gating
with memory mixing and a new memory structure. XLSTM models perform favorably on language
modeling when compared to state-of-the-art methods like Transformers and State Space Models. The
scaling laws indicate that larger XLSTM models will be serious competitors to current LLMs that are
built with the Transformer technology. xXLSTM has the potential to considerably impact other fields
like Reinforcement Learning, Time Series Prediction, or the modeling of physical systems.
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3.2 Tiled Flash Linear Attention: More Efficient Linear
Attention and xLSTM Kernels

In the experiments reported earlier in Section 3.1, we found that mixing sLSTM and
mLSTM layers did not yield better performance on natural language tasks compared
to using only mLSTM layers. This means that the mLSTM should be an essential part
of our efforts to further scale up xLSTM models. However, our then-current native Py-
Torch implementation, which relied on the parallel version of the mLSTM, was slow and
consumed substantial GPU memory, preventing us from efficiently training larger models.

In this project, the aim was to develop hardware-aware kernel algorithms and imple-
mentations for the mLSTM. In the first attempt, we started by implementing kernels in
pure CUDA for the parallel formulation of the mLSTM based on Flash Attention 2 (Dao,
2024), but this approach had several limitations. First—on the conceptual level—the scal-
ing of the parallel formulation of the mLSTM was quadratic (similar to self-attention),
and, second—on the implementation level—relying on pure CUDA C, without any higher-
level frameworks such as ThunderKittens (Spector et al., 2025) or CUTLASS (NVIDIA,
2026), makes effective use of tensor cores on GPUs difficult. As a result, our parallel
mLSTM CUDA kernels did not achieve speedups over the PyTorch native implementa-
tion but provided useful insights.

Therefore, in the second attempt, we derived the chunkwise-parallel formulation for the
mLSTM and implemented Triton (Tillet et al., 2019) kernels for this formulation, similar
to Flash Linear Attention (Yang et al., 2024). Triton is a domain specific language (DSL)
that enables GPUs kernel programming in Python and simplifies the use of tensor cores on
GPUs. These kernels achieved, for the first time, faster runtimes than optimized Flash
Attention kernels. However, in terms of memory usage, the chunkwise-parallel kernels
require significantly more GPU memory because they materialize many memory states.
Instead, the previous parallel mLSTM CUDA kernels did not use any additional GPU
memory beyond the inputs and outputs.

In this publication, we identify the chunk-size limitation as the reason for the increased
GPU memory consumption and propose Tiled Flash Linear Attention (TFLA), which
combines the insights from our first attempt, namely tiling along the sequence dimension,
with the inter chunk recurrence from our second attempt. TFLA overcomes the chunk size
limitation and demonstrates that mLSTM kernels based on TFLA outperform highly op-
timized Flash Attention and linear attention kernels. In addition, we explore other ways
to reduce kernel runtime by modifying the mLSTM gating mechanism. Specifically, we
explore replacing the exponential input gate activation function with the sigmoid activa-
tion function, with adapted input gate bias initialization to avoid the need for normalizer
states. In our experiments, we show that the mLSTM with a sigmoid input gate and
proper initialization yields faster kernel runtimes and similar performance in language
modeling compared to the exponential input gate with up to 1.4 billion parameters

This paper was published at the Conference on Neural Information Processing Systems
(NeurIPS) 2025. Before, it was published at the 2nd Workshop on Foundation Models
in the Wild and the Open Science for Foundation Models workshop at the International
Conference for Learning Representations (ICLR) 2025.

For the appendix of this publication, we direct the reader to Appendix B.
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Abstract

Linear RNNs with gating recently demonstrated competitive performance com-
pared to Transformers in language modeling. Although their linear compute
scaling in sequence length offers theoretical runtime advantages over Transform-
ers, realizing these benefits in practice requires optimized custom kernels, as
Transformers rely on the highly efficient Flash Attention kernels (Dao, 2024).
Leveraging the chunkwise-parallel formulation of linear RNNs, Flash Linear At-
tention (FLA) (Yang & Zhang, 2024) shows that linear RNN kernels are faster than
Flash Attention, by parallelizing over chunks of the input sequence. However, since
the chunk size of FLA is limited, many intermediate states must be materialized
in GPU memory. This leads to low arithmetic intensity and causes high memory
consumption and IO cost, especially for long-context pre-training. In this work, we
present Tiled Flash Linear Attention (TFLA), a novel kernel algorithm for linear
RNNgs, that enables arbitrary large chunk sizes and high arithmetic intensity by
introducing an additional level of sequence parallelization within each chunk. First,
we apply TFLA to the xLSTM with matrix memory, the mLSTM (Beck et al., 2024).
Second, we propose an mLSTM variant with sigmoid input gate and reduced com-
putation for even faster kernel runtimes at equal language modeling performance.
In our speed benchmarks, we show that our new mLSTM kernels based on TFLA
outperform highly optimized Flash Attention, Linear Attention and Mamba kernels,
setting a new state of the art for efficient long-context sequence modeling primitives.
Our code is available at: https://github.com/NX-AI/mlstm_kernels

1 Introduction

With the trend of training models of ever increasing size with large datasets on thousands of GPUs, it
becomes increasingly important to optimize the model architecture as well as its low-level implemen-
tations for modern hardware. Transformers (Vaswani et al., 2017), which are the core architecture
of nowadays state-of-the-art models are highly optimized, but the computational requirements of
self-attention scale quadratically with sequence length. This creates significant challenges for both
training and inference on long context.

Recently, recurrent alternatives with linear scaling in sequence length (Beck et al., 2024; Sun et al.,
2023; Dao & Gu, 2024; Yang et al., 2024b) promise efficiency gains, especially on long sequences and
during inference while providing competitive performance. The success of these emerging recurrent
architectures is based on two main pillars: (1) A parallel or chunkwise-parallel formulation (Sun
et al., 2023; Hua et al., 2022), which, like Attention, calculates all outputs in parallel during training,
and (2) kernel implementations that are close to or exceed training speeds of FlashAttention (Dao,
2024).

Yang et al. (2024b) show that their custom Flash Linear Attention (FLA) kernels, based on
the chunkwise-parallel formulation of linear RNNs, achieve faster runtimes than FlashAttention.

*Now at Google Deepmind.
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They accomplish this by dividing the sequence
into chunks and recurrently materializing only
the initial RNN state of each chunk in GPU
memory. Subsequently, in the parallel part they
employ one level of sequence parallelism and
compute the outputs for each chunk in parallel.
For a small chunk size and long sequences, this
leads to a large amount of intermediate states to
be stored and loaded from GPU memory, which
increases memory consumptionand decreases
arithmetic intensity. Since modern GPUs see a
faster increase in computation throughput than
memory bandwidth (Gholami et al., 2024), it
is essential to minimize large memory IO and
increase arithmetic intensity. A simple approach
would be to increase the chunk size. However,
the chunk size of FLA is limited by the physical
SRAM available on the GPU.

To solve this problem, we introduce Tiled Flash
Linear Attention (TFLA) which enables unlim-
ited chunk sizes by introducing a second level
of sequence parallelism via tiling of the ma-
trix computations in sequence dimension within
each chunk. This increases the arithmetic inten-
sity of the kernels and allows us to efficiently
balance memory consumption and IO vs. com-
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Figure 1: Tiled Flash Linear Attention (TFLA)
consists of a recurrent kernel and a parallel ker-
nel, which process the input sequence in chunks
QK V() (1% level of sequence parallelism). The
recurrent kernel materializes the memory state
Cj,_; for each chunk. The parallel kernel com-
putes the output states H® for all chunks. TFLA
uses tiling for the 3 matrix-multiplications in the
parallel kernel (2" level of sequence parallelism)
to fully utilize the hardware and to prevent materi-
alization of many memory states.

putation.

In this paper, we implement our Tiled Flash Linear Attention algorithm for the XLSTM with matrix
memory — the mLSTM (Beck et al., 2024). The mLSTM is a linear RNN that uses exponential gating
with scalar gates per head, along with an additional normalizer state for output normalization. This
gating mechanism has demonstrated competitive performance compared to Transformers and Mamba
on language modeling tasks at moderate scales. However, for comparisons at even larger scales,
efficient kernels that leverage the chunkwise-parallel formulation for the mLSTM were still missing.
In our speed benchmarks, we show that our new mLSTM kernels based on TFLA outperform highly
optimized Attention, Linear Attention and Mamba kernels.

After optimizing our kernels for the existing mLSTM computation, we seek ways to reduce kernel run-
time by targeted modifications to the mLSTM. Towards this end, we propose mLSTMsig, an mLSTM
with sigmoid input gate and reduced computation, that enables even faster kernel implementations at
no performance drops on language modeling up to 1.4B parameter scale.

Finally, motivated by the equal performance of both mLSTM variants, we perform an empirical
study inspired by transfer function analysis from control theory (Ogata, 2010) to understand their
differences and characteristics. We find that both mLSTM variants exhibit the same transfer behavior
and, moreover, our analysis suggests that the input gate biases should be initialized at larger negative
values. In extensive experiments on language modeling, we confirm that this initialization improves
training stability as well as the overall performance of mLSTM models.

To summarize, in this work, we make the following contributions: (1) We introduce Tiled Flash Linear
Attention, a new chunkwise-parallel kernel algorithm for Linear RNNs with two levels of sequence
parallelism, that enables arbitrary large chunk sizes and apply it to the mLSTM (Beck et al., 2024).
(2) We introduce mLSTMsig, a faster mLSTM variant with sigmoid input gate with no performance
losses up to 1.4B parameter scales. (3) We improve the training stability and performance of the
mLSTM through careful gate initialization guided by our empirical transfer behavior analysis.

2 mLSTM Formulations

The mLSTM cell is the fully parallelizable part of the xXLSTM (Beck et al., 2024). It has a matrix
memory and exponential gating.



3 Selected Publications 42

2.1 Recurrent Formulation

In its recurrent formulation, the mLSTM cell processes the series of input vectors x; € R? for time
stepst € {1,...,T} mapping a state (h;_1, Cy_1,nt_1, m;—1) to a successor state (h;, Cy, ny, my)
given an input ;. Here, h; € R% denotes the hidden state, C; € R%**dn denotes the cell state
responsible for long-term memory, n; € R%* denotes the normalizer state, and m; € R denotes the
max state. Together normalizer and max state control the magnitude of the exponential input gate and
ensure stability (see Appendix D.1). The recurrent mLLSTM formulation is given by the following
state update equations:

m; = max {log o(f) +me_y, It} M
C, =f£,Ci1 + i kv )
ng — ft M1 + it kt (3)

hi SAC AV 4)
max {|n] (qi/\/dgr)|,exp(—mq)}
h, = o, ® NORM(h,) ©)

The scalar forget and input gates i, f; € R are computed as f; = exp (10g cr(ft) +my_q1 — mt) and
iy = exp(ft — m;) with the pre-activations {it, ft} = 'wg—i f Te + byi £y, respectively. The vector
output gate o; € R%v is given by o; = o (6;) with the pre-activations 6; = W, x; + b, and
the sigmoid function ¢. The norm layer NORM in (5) can be either RMS norm (Zhang & Sennrich,

2019) or LayerNorm (Ba et al., 2016). Typically, multiple of these cells operate simultaneously as
parallel heads, similar to Transformers (Vaswani et al., 2017).

2.2 Chunkwise-Parallel Formulation

The chunkwise-parallel formulation is a trade-off between the parallel and the fully recurrent formu-
lation. It has a recurrent part and a (quadratic) parallel part, with an overall sub-quadratic scaling in
sequence length. Similar to the fully parallel formulation (see Appendix B.1), we assume that all
inputs are available at once. We then split the sequence of length T into N, = [T/L] chunks of
length L and use k € {1,..., N.} for the chunk index. We rearrange the input and forget gates, as
well as the queries, keys, and values into chunkwise matrices, where the chunk index becomes the

first dimension. For example, the forget gate pre-activations f ¢ RT are rearranged into a matrix

f = (f(l),f(z), s f(NC)) € RNexL where each row F = k=)Mot 1> fhm 1) Nt 25 - - - fiv,) €

R’ contains the pre-activations of the chunk k. The input gate pre-activations follow analogously.
Similarly, the queries, keys and values are rearranged into chunkwise tensors Q, K € RNe*Lxdqx
and V € RNexLxdno Here, the query matrix Q%) = (Q(k—1)N.+1>-- -+ QrN.) € RE*dax contains
the query vectors of chunk k. Keys, and values follow analogously. For notational simplicity we
drop the leading N, dimension and omit normalization layer and the output gate, i.e. consider h; as
hidden state outputs.

Chunkwise Gates. Given the logarithmic forget gates £ = ;2\\' /N/;f\\}
loga(f'(k)) € R’ and input gates i® = logexp(i(k)) € RE, t:|1234 5678
we can compute the logarithmic chunkwise gates g € R, and (,w(,w o
by,a, € RLY as g = sum (f(k)), b, = cumsum (f’(k)), and a az

a; = rev_cumsum (f(k) + i*). We refer to Appendix B.2 for more QKYV QKV"

details on the chunkwise gates. In Figure 2, we show the summed forget Figure 2: Illustration of
gates gj, contain the forget gate contribution of all forget gates within the chunkwise gates ay, by,
a chunk. The cumulative forget gate vectors by, contain the forget gate and g with chunk size
contributions from the beginning of the chunk up to the current time L = 4. Each arrow denotes
step within the current chunk. The cumulative input gate vectors a; ~an element in the gate vec-
contain the input gates for every timestep as well as the forget gate tors. See Figure 9 in Ap-
contributions from the current time step to the end of the chunk. pendix B.2 for more details.
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Inter-chunk Recurrent Contribution. The inter-chunk recurrence is given by

i
@=@@4+@@KW)VW ©6)

:
= gin + (a0 K91, ™

where g and aj, are the stabilized chunkwise gates.This recurrent part resembles the fully recurrent
formulation in Section 2.1, but instead of computing the intermediate states for every timestep ¢, we
compute them directly for every L time steps without materializing the states in between.

Intra-chunk Parallel Contribution. The recurrent part is followed by the intra-chunk parallel

contribution:
~(k —00 fort < j
b = T ®)
b — b, +1i fori > j
gk _ ( ; Q(k)K(k)T> oDW® =gk o p*) )
qk

where D*) € RL*L s the stabilized gate matrix. Compared to the fully parallel part from Ap-

pendix B.1, the quadratic cost of the matrices D®) s ¢ REXL jg greatly reduced, since the chunk
size L is typically small compared to the sequence length 7.

Output Computation. Finally, the contributions from the intra-chunk parallel part Hflﬁga are

combined with the inter-chunk recurrent part Hi(nktgr to obtain the hidden states H'¥) € RE*n for
each chunk % (see Figure 1):

_ (k) _ _
Hi(riir = (bk ® 3{17) Ck—l _ Q(k)ck—lv Hl(rﬁr)a — S(k)V(k)7 (10)
qk
B = (55, + 1Y) /b an
where hflgnm € R” is a normalization factor. Appendix B.2 and B.3 provide a detailed description of

the chunkwise-parallel forward and backward pass. Appendix F provides the FLOP and memory
operation counts for all formulations.

3 Tiled Flash Linear Attention

Flash Linear Attention (Yang et al., 2024b) introduces a fast kernel algorithm for the chunkwise
formulation for Linear Attention (cf. Section 2.2 without gates) and shows that their implementation is
faster than optimized FlashAttention (Dao, 2024). This speedup is achieved by single level sequence

parallelism, where the states C}, are first materialized in GPU memory and then the outputs H® are
computed in parallel. However, since in Flash Linear Attention the chunk size parameter determines
the tile sizes in SRAM, the maximum chunk size is limited (typically L = 64) by the physical SRAM
size of the GPU. Therefore, we have to materialize many states in HBM, where the number of states
is N. = [T'/L]. This leads to low arithmetic intensity and high GPU memory consumption, which
poses challenges especially for long-context pre-training.

We begin with a brief review of fundamentals on GPUs for writing efficient kernels in Appendix C.1.

More Efficient Kernels via Two Level Sequence Parallelism. To address the issue of limited
chunk sizes, Tiled Flash Linear Attention (TFLA) introduces two levels of sequence parallelism,
which enables fast kernels and a trade-off between memory consumption and computational efficiency
(see Figure 6). The first level is the parallelization over the chunks of the sequence, which requires
to compute and materialize intermediate states C}, in GPU High Bandwidth memory (HBM). For
this we use a recurrent kernel similar to previous work (Yang et al., 2024b). The second level is the
parallelization within each chunk, which is achieved by tiling the intra chunk attention matrix along
the chunk dimension. This second level of parallelism enables large chunk sizes and hence reduces
the memory consumption for the intermediate states as we have to store and load N, = [T/L]
intermediate states in HBM on each kernel call, where T is the sequence length and L is the chunk
size. In addition to the two levels of sequence parallelism and the naive parallelization over the batch
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and head dimensions, TFLA also parallelizes over the embedding dimension. This enables arbitrary
large head dimensions and results in a massive parallelization over five dimensions, which is crucial
for achieving high performance on modern GPUs. We analyze the theoretical runtime of our TFLA
kernels in Appendix G.

Forward Pass. We review the matrix multiplication operations of the intra-chunk parallel part of
the mLSTM in order to show how we efficiently parallelize these operations. For simplicity we omit
the the gate computations and normalization, as these do not influence the work partitioning. We also
omit the leading batch, head and chunk dimension, over which we can parallelize naively as they do
not interact with the matrix multiplication (see Table 1). In simplified form, the intra-chunk parallel
forward pass of the mLLSTM (and other linear RNNs) for a chunk & can be written as three matrix
multiplications, which we fuse into a single kernel:

T .
H®) _( ow  K® ) ve 4 oo® o,

(Lhg*dny) (Lngxdgr) (dakXLio) | (LkoXdno)  (Lpqxdgr) (dgk X?i;m) (12)
HD H
Lt
In Appendix A.2, we show that TFLA can be ~ ® dak -
applied to any linear RNN that either follows or Lol ls® 7 = 1 W Ta® Burag, | zcwr | Bua
can be reformulated into this form. In order to
parallelize the computation in (12), we introduce Bor Ban Brr
the block sizes Bth, BLkva quk: and Bdhv dhe Ly /dmv
for the attention matrix, query, key, value and B 5 |5
hidden state dimensions Ly, Ly, dgi. and dpy,  Lig| HE, R I T R W B 72 b
along which we either parallelize or accumulate 1
by using a loop inside the kernel. Bk
dpy dg dpy
In Figure 3, we show our TFLA tiling strategy @ ) .
. ] 3L Bua
for the forward pass H'*) kernel. We parallelize i | B, = Lig| | QW Ay Chpea |
across the outer sequence dimension Ly, with

Bagk

Nphg = Lng/Brhg programs, and across the
outer embedding dimension dp,, with Ngp,, = Figure 3: TFLA Intra-Chunk Tiling. We loop over
dhv/Bane programs. We loop over the inner By, and By (indicated by arrows) and paral-
dimensions Ly, and dgi, which are tiled by the lelize over 5, ,, and (indicated by dashed
block sizes B, and Bggy, respectively. lines) blocks. € denotes block-wise accumulation.

Tiled Computation. For the mLSTM we cannot simply accumulate the results of the matrix

multiplications Hl(ftr)a along the Ly, dimension and Hl(rﬁzr due to the stabilization of the exponential
input gate with the max state m;. The max state tracks the maximum of the forget and input

gates over time and is used to stabilize the exponential input gate similar to the safe softmax

computation (Milakov & Gimelshein, 2018). Since we compute the hidden state output H® in
blocks along the chunk size (i.e. time) dimension Ly,, we need to rescale during accumulation of

the block results for Hfrﬁzd and the overall results into H*) in the same way as FlashAttention (Dao,
2024). We provide details on the rescaling in Section B.2. For the backward pass there is no rescaling
necessary as we store the max states in the forward pass and reuse them in the backward pass. The

pseudocode for the forward pass of TFLA for the mLSTM is listed in Algorithm 1.

Backward Pass. The parallelization strategy for Table 1: TFLA kernel parallelization and
the backward pass of TFLA is more complex than loop dimensions. Parallelization dimensions
for the forward pass, since we need to compute three are indicated by P and loop dimensions by L.
output tensors — the gradients for the queries, keys The last column shows the first two dimen-
and values, of which each has an intra-chunk and sions of the 3D kernel launch grid. The last di-
inter-chunk part. However, in Section C.4 we show mension of all kernels is NVehunk - Vhead - Voatch-
that the individual gradients can be mapped to three
matrix multiplications similar to the forward pass. In

Kernel Lpg Liy, dgi dpy Thread Block Grid

TFLA, we then implement a separate kernel foreach ~ H® P L L P (g, 52,

gradient and use the same work partitioning asinthe s5Q®» p L P L ATSN TR
. N dak Lhq’

f(?rwarq pass but swap the loop and paralle.llzatlon SK® L P P L Ao Lpn
dimensions, accordingly. Table 1 summarizes the ok e

VB L P L P (e g

work partitioning of our TFLA kernels.
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Figure 4: Transfer behavior of the mLSTM before and after the RMS-norm layer (¢ =1e-6) for
different input and forget gate values. The color shows the gain of the mLSTM defined in (16). After
the norm layer mLSTMexp and mLSTMsig exhibit the same transfer behavior.

4 Faster mLSTM with Sigmoid Input Gate

The mLSTM with exponential gating (i.e. exponential input gate) introduced by Beck et al. (2024)
requires to compute and keep track of two additional states, the normalizer state 7, and max state my,
as we show in Appendix D.1. Both will increase kernel runtime: The normalizer must be computed
through summations, and tracking the max state throughout the tiled computation in TFLA (see
Section 3 and C.2) prevents efficient fusing of loops within the kernel (see Appendix C.3).

Additionally, our analysis in Section 4.2 suggests to initialize the input gate biases at larger negative
values (e.g. -10), such that the input gate pre-activations can grow slowly during training. We
observe that most of these values stay below O during training (see Figure 15 in Appendix E).
Therefore, we seek an alternative activation function which is similar to the exponential function
in the negative range, but bounded in the positive range. This suggests to use the sigmoid function
expl(x
1+ex§)(—z) = expé)ag)j—l’

o(x) = which converges to exp(x) for z — —oo and 1 for z — oc.

4.1 mLSTM with Sigmoid Input Gate

The sigmoid function can be computed in two ways as given above.Depending on the sign of z it can
be ensured that the argument of exp is always smaller than 0 to avoid numerical overflow. Therefore,
we do not need to control the magnitude of x externally with a max state and as a consequence also
drop the normalizer state (see Appendix D.1). This yields the mLSTM with sigmoid input gate
(henceforth referred to as mLSTMsig) in its recurrent formulation as

Ct = O'(ft) Ct71 + U(;t) kt 'U;r (13)
hy = C; (q://dyr) (14)
hi = o(6) ® NORM (Et) (15)

where the query, key, and value vectors q;, k;, v;, and the gate preactivations ft, f;, 0; remain the
same as for the mLSTM with exponential input gate (from now on referred to as mLSTMexp) in
Section 2.1. We confirm that our TFLA mLSTMsig forward kernel is over 30% faster than the
mLSTMexp forward (see Section 5.2), and show that mLSTMsig performs equally well compared to
mLSTMexp in our language modeling experiments up to 1.4B parameters (see Section 5.1).

4.2 Normalization of mLSTM and Linear RNNs

Motivated by the performance of mLSTMsig, we seek to understand the differences between mL-
STMsig and mLSTMexp empirically. To approach this, we draw inspiration from the concept of
frequency response and transfer function analysis for control systems design, where typically the
amplitude ratio or gain of output and input signals for different frequencies is considered (Ogata,
2010, Ch. 7). In our case, we analyze the transfer behavior of mLSTMsig and mLSTMexp for random

inputs g, k; and v; and different input gate and forget gate preactivations i, and f;.

We will see that the normalization layer y = NORM(x), will play a crucial role in our analysis.
The default norm layer in language modeling, the RMS norm (Zhang & Sennrich, 2019) with input
vector input vector & € R? and output vector y € R? is defined as y = RMLS(:C) ® =, where

RMS(z) = /3 Z?zl x? + ¢, with with v € R? being a learnable scale parameter. The epsilon
parameter € € R is a small constant typically set to 1e-6 to avoid division by zero.

6
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Figure 5: TFLA Kernel Runtime Benchmark for embedding dimension 4096 and 65,536 tokens on
NVIDIA H100 GPUs. In training, our TFLA kernels are faster than FlashAttention 3 for longer
sequences and over 2x faster than Mamba 2 kernels for all sequence lengths.

Transfer Behavior of the mLSTM. We analyze the transfer behavior by computing the gain of the
mLSTM cells from random inputs sampled from A/ (0, 1) to hidden states before and after the norm
layer for varying input and forget gate values. More specifically, we compute the gains Gpefore and

Gafter as . "
h NORM(h
Gbcforc = w and Gaftcr = H ( t>||max7 (16)
V¢ | max V¢ | max
where ||| max := max(|z1],...,|xq|) and we average over the time dimension. For more details

see App. D.2. In Figure 4 we observe that the transfer behavior of mLSTMsig without normalizer is
identical to mLSTMexp with normalizer and max state. Both exhibit a transition from suppressing
(G = 0) to passing (G = 1) the signal at larger negative input gate preactivation values, which could
partly explain the matching performance in our language modeling experiments.

Normalization Layers in other Gated Linear RNNs. Interestingly, almost all other gated linear
RNN variants also place a normalization layer after the RNN cell (Sun et al., 2023; Dao & Gu, 2024;
Qin et al., 2024b; Yang et al., 2024b). Often this is justified with improved training stability, but a
more thorough discussion is missing (Lieber et al., 2024). Qin et al. (2022) analyze the effect of the
norm layer after a non-gated, kernel-based linear attention layer (Katharopoulos et al., 2020) and
show that this effectively prevents unbounded gradients. We also confirm that the norm layer has a
significant impact on training stability and the gradient norm during training. In Section 5.1 we show
that initializing the input gate bias at larger negative values, as suggested by our transfer behavior
analysis in Figure 4, prevents large gradient norm variance and spikes during training. Relatedly, the
general effect of layer normalization in the Transformer architecture has been investigated in several
studies (Xiong et al., 2020; Zhu et al., 2025).

Effect of Normalization on Gating in Linear RNNs. We hypothesize that at this point the
normalization layer does not only have a stabilizing effect by controlling the magnitude of the layer
activations through rescaling, but also actively participates in the information routing or gating
mechanism of the linear RNN. For example, if the squared norm of C," q, which is controlled by
input and forget gates through C,', is smaller than the epsilon, the denominator in the NORM (x)
layer is dominated by € and the output moves towards zero (indicated by the purple area in Fig. 4).
Hence, by moving through the x-y plane in Fig. 4, the gates could learn to suppress or amplify any
input in the sequence. In Section D.2 we show additional experiments on the effect of varying the
normalization layer epsilons and different modifications of the normalizers for the mLSTM.

5 Experiments

In this section, we examine the performance of the two mLSTM variants mLSTMexp (mLSTM with
exponential input gate) and mLSTMsig (mLSTM with sigmoid input gate). We compare two kernel
algorithms: (1) 1imit_chunk: A kernel that is limited in chunk size L. (2) x1_chunk: Our Tiled
Flash Linear Attention (TFLA) kernels with unlimited chunk size. For details see Section 3. We
assess the performance of mLSTMsig compared to mLSTMexp in Section 5.1 and benchmark the
runtime of our kernels against other baselines in Section 5.2. In App. E.1 we verify the numerical
correctness of our kernels.
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5.1 Language Modeling with mLSTM

We train three different model sizes (160M, 400M, 1.4B parameters) with context lengths 4096 and
8192 on the DCLM dataset (Li et al., 2024). We include Llama?2 style Transformer models (Touvron
et al., 2023b) as reference in our comparison and describe our experiment setup, model architecture
and training recipe in Appendix E.2.

Performance in Language Modeling. We Table 2: Validation Perplexity at context length
compare mLSTMsig and mLSTMexp models 4096. EXP and SIG denote mLSTMexp and
on next-token prediction with different num- mLSTMsig. LIMIT and XL correspond to
ber of heads or head dimensions. Table 2 and 1limit_chunk and x1_chunk kernels.

Table 6 show the results for context length

. ) EXP  EXP  SIG
4096 and 8192, respectively. We find Fhat our  Size Tokens Heads | Llama jpop  yp XL
limit_chunk and x1_chunk kernels yield the
i 5 11 cal deviati 160M 198 6 21.03  21.18  21.03
same loss (up to small numerical devia ions) 12 1 2080 2103 2106 2105
fqr almgst all head dlmen510n§. For some head 1 1666 1666 16.67
dimensions, we observe gradient norm or loss  400M  24B 3 1655 1680 16.67
spikes for the x1_chunk kernels, which affect 16 | 1685 1660 16.61 16.61
the final loss. As a main result we find that 4 1331 1335 1334
mLSTMsig performs equally well compared to 4B 33B 8 1320 1322 1321
16 | 13.64 1320 13.87% 1322
mLSTMexp.

Effect of Input Gate Bias Initialization. =~ We analyze the effect of the input gate bias initialization
on training stability and performance of our mLSTM models in Appendix E.2. We observe in
Figure 12 and 13, that initializing the input gate biases to -10 effectively mitigates large gradient norm
spikes and variance during training for both mLSTMexp and mLSTMsig. We therefore conclude that
the additional input gate not only improves performance (see Table 7), but also improves training
stability, if initialized correctly.

Effect of Norm Layer Epsilon. In Appendix E.2, we investigate the effect of the norm layer
epsilon on language modeling performance for mLSTMexp. Our transfer behavior analysis in
Figure 4 suggests, that there exists an interplay between norm layer epsilon and input gate bias
initialization. We confirm this in our grid search in Figure 14 and find that the best performing
configuration is the default epsilon € =1e-6 with input gate biases initialized to -10.

5.2 Kernel Benchmark

We compare the runtime of our mLSTM limit_chunk and TFLA x1_chunk kernels with kernel
implementations of the state-of-the-art sequence modeling primitives FlashAttention (Dao, 2024;
Shah et al., 2024), Mamba (Gu & Dao, 2024; Dao & Gu, 2024) and GLA Yang et al. (2024b). In
Appendix E.3 we compare with other kernels from the Flash Linear Attention library (Yang & Zhang,
2024). We run our benchmarks on NVIDIA H100 GPUs.

Runtime Benchmark. We use the standard embedding dimension of 4096 for 7B parameter models
and adapt the head dimensions per kernel accordingly. For example for FlashAttention we use 32
heads with head dim 128 and for the mLSTM we use 16 heads with head dim 256. Following the
practice of Shah et al. (2024), we keep the number of tokens constant at 65,536 and vary sequence
length and batch size accordingly. For further details see Appendix E.3. Figure 5 shows the runtime
benchmark results for inference, i.e. forward pass only, (left) and for training, i.e. forward-backward
pass (right). Our mLSTMexp TFLA x1_chunk kernels with two level sequence parallelism is about
25% faster than our 1imit_chunk kernels. Through targeted modifications of the input gate of the
mLSTM we save computation and enable more efficient kernel implementations for the forward pass
of mLSTMsig (see Sec. 4). This yields another speedup of over 30% for the forward pass of the
mLSTMsig TFLA kernel over the mLSTMexp TFLA kernel.

In training, our TFLA kernels are faster than FlashAttention 3 for longer sequences and more than 2x
faster than Mamba 2 kernels for all sequence lengths. We perform additional runtime benchmarks
for varying head dimensions and a more in-depth comparison to the FLA (Yang et al., 2024b) and
LightningAttention2 (Qin et al., 2024a) kernels in Appendix E.3.
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effect. They decrease memory con- Figure 6: Memory vs. Runtime Trade-off of TFLA Forward-
sumption, but increase quadratic com- Backward Pass. We show the mLSTMsig for embedding
pute FLOPs. In Figure 6, we mea- dimension 4096 (8 heads with dim 512), sequence length
sure this trade-off for our mLSTMsig 8192 and batch size 8. By varying the chunk size parameter,
TFLA x1_chunk kernels. TFLA kernels can effectively balance memory vs. runtime.

5.3 Theoretical Runtime and Arithmetic Intensity

In Figure 6, we empirically observe that there exists an optimal chunk size (between 128 and 256)
at which the runtime is minimized. In Appendix G, we compute the theoretical runtime optimal
chunksize and the arithmetic intensity of TFLA depending on the chunk size by taking the FLOPs,
memory operations and hardware accelerator specification into account. We find that the theoretical
runtime optimum exceeds the empirically observed one (see Figure 21 in Appendix G.1), suggesting
that our current kernel implementations may not yet fully exploit the available performance potential.
We analyze the effect of the chunk size parameter L on runtime, FLOPs, and arithmetic intensity in
detail in Appendix F and G summarize our findings as follows:

(1) The chunk size L mediates a trade-off between runtime and GPU memory usage [Figure 6]. (2)
L determines the total compute in FLOPs: L = 1 matches the recurrent formulation, while L =T’
matches the parallel one [Figure 19]. (3) There exists an optimal chunk size L € [1, T that minimized
the total FLOP count [Equation (103), Figure 19, Figure 20]. (4) Increasing L raises the arithmetic
intensity of TFLA kernels [Equation (109), Figure 22]. (5) The chunk size determines whether the
kernel is memory-bound or compute-bound on a given hardware [Figure 23, Figure 22]. (6) FLOPs/s
alone can be misleading; the optimal chunk size should be chosen based on total runtime [Figure 24,
Figure 21]. (7) The runtime-optimal chunk size scales proportionally with the square root of the head
dimension and the accelerator’s computational intensity [Figure 25, Figure 26]. (8) Newer hardware
generations require larger chunk sizes to approach peak performance. [Figure 26, Figure 21].

6 Related Work

Tiled Flash Linear Attention (TFLA) integrates the concept of tiling along one sequence dimension
of the attention matrix for improved work partitioning (Dao, 2024) with the strategy of dividing the
sequence into chunks (Yang et al., 2024b), yielding two levels of sequence parallelism (see Figure 7).

Flash Attention. Flash Attention (Dao et al., 2022) is an I0-aware implementation of softmax
attention introduced by (Vaswani et al., 2017). It uses the idea of tiling to reduce the number of
memory reads/writes between GPU high bandwidth memory (HBM) and GPU on-chip SRAM. In this
way the quadratic attention matrix QK | is never materialized in HBM, which reduces the memory
requirement from quadratic with sequence length to linear, and significantly speeds up the kernel
due to reduced memory IO cost. However, the computation still remains quadratic with sequence
length. Flash Attention 2 (Dao, 2024) improves the work partitioning by parallelizing the attention
computation over the sequence dimension in addition to the naive parallelization over batch and head
dimension. Flash Attention 3 (Shah et al., 2024) leverages new hardware features of recent GPU
generations (e.g. NVIDIA Hopper GPUs) such as FP8 precision or exploiting asynchrony of Tensor
cores and Tensor Memory Accelerators (TMA) to speed up Flash Attention.

TFLA is 10-aware and parallelizes over one sequence dimension of the intra-chunk QK " matrix as
the second level of sequence parallelism. New hardware features will also speed up future TFLA
implementations.
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Figure 7: Tiled Flash Linear Attention (TFLA) combines Flash Linear Attention and Flash Attention 2.
Flash Attention (middle) employs tiling across the head dimensions (green & light blue), while Flash
Attention (right) uses tiling in the sequence dimension (orange & purple). Tiled Flash Linear Attention
(left) combines both tiling strategies.

Flash Linear Attention. Flash Linear Attention (FLA) (Yang et al., 2024b; Yang & Zhang, 2024)
makes use of the fact that linear attention can be interpreted as linear RNN (Katharopoulos et al.,
2020). It then leverages the chunkwise-parallel formulation of linear RNNs (Hua et al., 2022;
Sun et al., 2023) for efficient kernel implementations, that process the sequence in chunks. More
specifically, Yang et al. (2024b) propose two FLA variants: A version that materializes intermediate
states in HBM and a non-materialization version. The materialization version consists of two kernels:
The first is a recurrent kernel that materializes the first intermediate states of every chunk. The
second kernel then processes all chunks in parallel and computes the outputs within the chunks. The
non-materialization version was proposed concurrently by Qin et al. (2024a) and does not employ
parallelism over the sequence dimension, but processes the inputs sequentially in chunks.

TFLA uses the idea of chunking of the sequence for the first level of sequence parallelism.

Application of TFLA to other Linear RNNs. While TFLA is designed for efficient mLSTM
kernels (Beck et al., 2024), its formulation also extends naturally to other linear RNNs such as RetNet,
Mamba 2, and DeltaNet (Sun et al., 2023, 2024; Dao & Gu, 2024; Yang et al., 2024a). A more
detailed discussion of these extensions is provided in Appendix A.

7 Conclusion and Future Work

With Tiled Flash Linear Attention (TFLA) we introduce an algorithm for linear RNN and mLSTM
kernels with two levels of sequence parallelism. Our TFLA kernels for the mLSTM with exponential
input gate (mLSTMexp) achieve state-of-the art kernel execution speeds, while remaining flexible to
trade off GPU memory consumption and runtime. To further improve kernel runtimes, we propose
mLSTMsig, a mLSTM variant with sigmoid input gate, that reduces computation and increases speed.
Our experiments show that both mLSTM variants perform equally well on language modeling.

Although we enhance training stability through careful gate initialization informed by our empirical
transfer behavior analysis, future work could explore instabilities arising from numerical errors
in kernel implementations in greater depth. Finally, the programming techniques and hardware
features used to optimize Flash Attention (Shah et al., 2024) could also be applied to our TFLA
algorithm to approach peak performance on next-generation hardware, as suggested by our theoretical
runtime analysis. This establishes TFLA as a strong candidate for a foundational primitive in future
long-context language models.
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3.3 xLSTM 7B: A Recurrent LLM for Fast and Efficient
Inference

So far, we have developed all the requirements to further scale up xLSTM based lan-
guage models: With xLSTM (see Section 3.1), we have introduced novel language model
architectures that achieve language modeling performance on par with or better than
Transformers at small scales while offering improved efficiency in both computational
cost and memory usage. In addition, with FlashRNN (Poppel et al., 2025) and TFLA
(see Section 3.2), we have introduced hardware-aware algorithms and low-level imple-
mentations that translate these advantages into reduced wall-clock runtime.

The main goal of this publication is to demonstrate that we can build LLMs of practical
sizes with the xLSTM architecture and explore the trade-offs at this scale. Other technical
reports on large Transformer language models show that, at scale, stable convergence
and high throughput are crucial for efficient training.(Zhang et al., 2022; Black et al.,
2022; Chowdhery et al., 2023). Therefore, we outline our optimizations for efficiency
and training stability and introduce xLSTM 7B, an xLSTM based LLM with 7 billion
parameters trained on 2.3 trillion tokens. Our experiments demonstrate that xLSTM 7B
performs comparably to similarly sized Transformer models while offering significantly
faster inference speeds. In evaluating long-context tasks from RULER (Hsich et al., 2024),
we identified the main drawbacks of constant-memory LLMs on needle-in-the-haystack
retrieval tasks. While xLSTM 7B shows beneficial length extrapolation capabilities, its
overall performance on RULER still lags behind that of Transformer models. However,
we found that xLSTM 7B’s RULER performance can be substantially enhanced by fine-
tuning it on longer-context data, suggesting that future xLSTM LLMs are likely to gain
from improved long-context training strategies.

This paper was published at the International Conference on Machine Learning (ICML)
2025. Before, it was published at the 2nd Workshop on Foundation Models in the Wild
and the Open Science for Foundation Models workshop at the International Conference
for Learning Representations (ICLR) 2025. Maximilian Beck, Korbinian Péppel, and
Phillip Lippe share first authorship of this publication.

Contributions of the author Maximilian Beck (MB). MB prepared our early Py-
Torch codebase for training 7 billion parameter models and explored early architecture
candidates. MB developed and integrated the mLSTM Triton kernels into our PyTorch
and JAX codebases and proposed mixed precision recipes and input gate initializations
to improve training stability. MB suggested the final block architecture of xLSTM 7B
(i-e., moving from Mamba-style to Transformer-style mLSTM blocks). MB directed the
inference speed benchmarking experiments, wrote substantial portions of the manuscript,
and was deeply involved in all aspects of the project.

For the appendix of this publication, we direct the reader to Appendix C.
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Abstract

Recent breakthroughs in solving reasoning, math
and coding problems with Large Language Mod-
els (LLMs) have been enabled by investing sub-
stantial computation budgets at inference time.
Therefore, inference speed is one of the most crit-
ical properties of LLM architectures, and there is
a growing need for LLMs that are efficient and
fast at inference. Recently, LLMs built on the
xLSTM architecture have emerged as a powerful
alternative to Transformers, offering linear com-
pute scaling with sequence length and constant
memory usage, both highly desirable properties
for efficient inference. However, such xLSTM-
based LLMs have yet to be scaled to larger mod-
els and assessed and compared with respect to
inference speed and efficiency. In this work,
we introduce xXLSTM 7B, a 7-billion-parameter
LLM that combines xXLSTM’s architectural ben-
efits with targeted optimizations for fast and ef-
ficient inference. Our experiments demonstrate
that xLSTM 7B achieves performance on down-
stream tasks comparable to other similar-sized
LLMs, while providing significantly faster infer-
ence speeds and greater efficiency compared to
Llama- and Mamba-based LLMs. These results
establish xLSTM 7B as the fastest and most effi-
cient 7B LLM, offering a solution for tasks that re-
quire large amounts of test-time computation. Our
work highlights xLSTM’s potential as a founda-
tional architecture for methods building on heavy
use of LLM inference. Our model weights, model
code and training code are open-source.

Model: https://huggingface.co/NX-AI/xLSTM-7b
Code: https://github.com/NX-AI/xlstm and
https://github.com/NX-AI/xlstm-jax.

*Equal contribution 'NXAI GmbH, Linz, Austria 2Johannes
Kepler University, Linz, Austria *Now at Google Deepmind. Corre-
spondence to: Maximilian Beck <maximilian.beck @nx-ai.com>,
Korbinian Pdppel <korbinian.poeppel @nx-ai.com>>, Sebastian
Bock <sebastian.boeck @nx-ai.com>.

Proceedings of the 42™% International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

1. Introduction

Recent breakthroughs in test-time compute scaling have
unlocked significant improvements in solving complex rea-
soning and math problems. By sampling multiple promising
solutions, the best answers can be provided to the user or
used as training targets (Yao et al., 2023; Hao et al., 2023;
Guan et al., 2025). However, as state-of-the-art models
such as OpenAl ol1! and DeepSeek-R1 (DeepSeek-Al et al.,
2025) leverage these methods to push the capabilities of
language models to new heights, the significantly increased
computational overhead of test-time compute methods re-
quires more efficient architectures that provide greater in-
ference speeds. A promising path involves linear recurrent
neural networks with gating mechanisms, including GLA
(Yang et al., 2024b), Mamba (Gu & Dao, 2024; Dao & Gu,
2024), RWKYV (Peng et al., 2023; 2024), RetNet (Sun et al.,
2023), and xLSTM (Beck et al., 2024). Compared to Trans-
formers, these models offer a parallel mode for efficient
training (e.g. Yang et al., 2024b) and a recurrent generation
mode that both scale linearly with context length. The in-
creased compute efficiency combined with constant memory
usage during inference allows spending more compute at
test-time, but also enables running models locally on edge
devices acting as an interface to the user with fast response
times.

xLSTM has shown competitive performance compared to
alternative recurrent models and even Transformers in a
controlled experimental setting using the same data and sim-
ilar parameter counts (Beck et al., 2024). Moreover, this
architecture also excelled in other domains, such as com-
puter vision (Alkin et al., 2025), robotics (Schmied et al.,
2024), molecular biology (Schmidinger et al., 2025), and
time series (Kraus et al., 2024). However, so far, xXLSTM
has not been scaled to datasets beyond 300B tokens and
1.3B parameters. It therefore remains uncertain whether this
architecture can match the Transformer’s ability to scale
effectively with larger model sizes and extract meaningful
patterns from ever-larger datasets.

In this work, we scale the XLSTM to 7B parameters and
present our XLSTM 7B, a large language model trained on
2.3T tokens from the DCLM dataset (Li et al., 2024) with

1
https://openai.com/index/introducing-openai-ol-preview/
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context length 8192 using 128 H100 GPUs. To achieve this,
we improve and optimize the initial XLSTM architecture
from Beck et al. (2024) for optimal training efficiency and
stability, without sacrificing performance in downstream
tasks. Our new architecture fully relies on mLSTM cells
with parallel training mode to achieve maximum speed at
high language modeling performance. We further optimize
the throughput by modifying the surrounding block archi-
tecture. By operating the mLSTM in a lower dimensional
space and adding position-wise feedforward MLP layers
similar to the default Transformer blocks, we increase the
amount of compute spent for highly optimized linear layers.
Additionally, we discard components such as channel-wise
convolutions or learnable skip connections to increase the
GPU utilization during training. We find that this optimized
block architecture has a 2x to 4 x higher token throughput
compared to the previous xLSTM architecture of Beck et al.
(2024), while achieving similar performance on language
modeling. In addition to the efficiency optimizations, we
optimize the new xLSTM architecture for improved training
stability, focusing specifically on the gating mechanism of
the mLSTM cell. By introducing soft-capping for input
and forget gates and improved initializations for the input
gate we effectively mitigate high gradient norm spikes and
variance, and improve the performance of our xLSTM 7B.

In our evaluations on language downstream and long-
context tasks, xXLSTM 7B shows comparable performance
to Transformers and Mamba models of the same size, but
with our optimized block architecture it achieves the high-
est prefill and generation throughput with the lowest GPU
memory footprint on our inference efficiency benchmarks.

To summarize, in this work we present targeted modifica-
tions to the xXLSTM architecture in order to (i) improve
training and inference efficiency, and (ii) ensure training
stability at large scales. (iii) We introduce a new language
model with 7B parameters based on the XLSTM architec-
ture trained on 2.3 T tokens with 8k context length demon-
strating the highest inference speed and efficiency in our
benchmarks.

We release the pre-trained model XLSTM 7B on Hugging-
face? and provide the model implementation and training
code 3 including optimized triton kernels # for fast training
and inference.

2. Background: xLLSTM with Matrix Memory

In this section, we reassess the mLSTM (Beck et al., 2024),
on which we build our xXLSTM 7B. The mLSTM cell is
fully parallelizable, and, therefore, enables highly efficient

https://huggingface.co/NX-AI/xLSTM-7b
3https ://github.com/NX-AI/xlstm-jax
4https ://github.com/NX-AI/mlstm_kernels

large-scale model training while maintaining fast recurrent
inference with constant memory.

Generation Mode. During inference, when generating
tokens, the mLL.STM cell processes the series of input vec-
tors ¢; € R? for time steps ¢t € {1,...,7T} in a recurrent
manner, mapping a state (hi—1,Ci_1,M¢—1,ms—1) to a
successor state (h;, C, ny, my) given an input x;. Here,
h; € Riw denotes the hidden state, C; € R%k*dnv
denotes the cell state responsible for long-term memory,
n; € Rk denotes the normalizer state, and m; € R de-
notes the max state controlling the magnitude of the expo-
nential input gate.

In the recurrent mode (generation), the mLSTM cell
hy = mLSTMCell (4, hy—1,Ci—1,m—1,ms—1), (1)

is defined by the following state update equations:

my = max {loga(ﬁg) + my_1, L} , 2)
C, = £C1 + it ky 0:7 (3)
ny = fimg_1 + i ke, “4)

3 €T (ar/yT)

= ; (%)
max{|ntT (qt/,/qu)|,exp(—mt)}
ht = 0 ® NOI‘Hl( ;’l:t ) (6)
The gate activations are computed as:
fy = exp (log o () +mi-1 = my ) | %)
i, = exp(iy — my), ®)
0o = U(f)t) . (9)

The query, key, and value vectors q;, k; € R, v, € R
are computed as {qy, ki, v:} = Wi koy T8 + bigkoy-
The scalar input and forget gates i;, f; € R are computed
from the pre-activations {i,, ft} = wEi} x; + byify and
the vector output gate o; € R is computed from the
pre-activation 6, = W, x; + b, with the sigmoid func-
tion . The normalization layer Norm in (6) can be either
RMSNorm (Zhang & Sennrich, 2019) or LayerNorm (Ba
etal., 2016).

Training Mode. In training, the mLSTM cell processes a
full sequence of input vectors X € R7*< and computes the
hidden states H € R”* % for all time steps 7 in parallel.
We denote the mLSTM cell in parallel mode (training) as

H = mLSTMCell (X). (10)

Due to the linear nature of the recurrence in equations (2)-
(9), the hidden states H can be computed in chunks without
materializing the intermediate memory states (Cy, 1, my).
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SwiGLU

MLSTM

Figure 1. Sketch of the updated xLSTM Block. The lower part
is an output-gated sequence-mix layer with the mLSTM at its
core, whereas the upper part is a gated MLP (SwiGLU) as a
feature/channel-mix layer. See Fig. 8 for details.

This chunkwise-parallel form enables highly efficient train-
ing kernels, analogous to FlashLinearAttention (Yang et al.,
2024b; Yang & Zhang, 2024), surpassing the training speeds
of FlashAttention (Dao, 2024; Shah et al., 2024). For details
on the chunkwise-parallel training kernels for the mLSTM
cell, we refer to Beck et al. (2025).

Multi-Head mLSTM. Similar to multi-head attention
in Transformers (Vaswani et al., 2017), the XLSTM has
Noead = d/dp, different mLSTM cells mLSTMCell®.
The hidden states H (") of every head are then concatenated
and once again projected, resulting in the mLSTM layer

mLSTM(X) = Concat(HWY, ... HNw))y W (11)

proj»’

where H(®) = mLSTMCell”(X). We discuss key con-
siderations for choosing the number of parallel heads or in
other words the head dimension dj, in Sec. 3.1.

3. Optimized xXLSTM 7B Architecture

The emerging paradigm of increasing test-time computation
necessitates i) the development of novel architectures opti-
mized for efficient inference. Additionally, new architectures
must ii) be viable in large-scale pre-training setups, thus be
highly efficient during training, and iii) exhibit stable con-
vergence. Our xXLSTM 7B is designed to meet these three
challenges by offering an architecture that can be trained
efficiently and with stable convergence and is also highly
efficient at inference. In Sec. 3.1, we detail our optimiza-
tion of the XLSTM architecture for efficiency during both
inference and training. We then describe in Sec. 3.2 our ac-
tions to improve and ensure stable convergence for training
large XLSTM models, focusing specifically on the gating
mechanism of the mLSTM cell.

3.1. Optimizing for Efficiency

The core of the XLSTM 7B architecture, the mLSTM cell,
with its recurrent and parallel mode enable efficient infer-
ence and training. To leverage its full potential, we revisit
the design of the surrounding block structures.

Previous mLSTM Block. Similarly to other linear RNNs
like Mamba (Gu & Dao, 2024; Hua et al., 2022), the pre-
vious XLSTM architecture places the mLSTM cell com-
bined with channel-wise convolutions in between a linear
up-projection and down-projection, which is referred to as
pre up-projection block (Beck et al., 2024). These blocks
combine sequence mixing and channel mixing in one block
and are therefore stacked homogeneously without interleav-
ing position-wise feed-forward MLP layers. Although the
pre up-projection block architecture has proven competi-
tive language modeling performance for the xXLSTM up to
1.4B parameters, it comes with a substantial trade-off in
computational efficiency for the following reasons:

1. Within the pre up-projection block, the mLLSTM oper-
ates in a significantly higher dimension than the em-
bedding dimension of the model. This leads to a sub-
stantially higher computational cost and GPU memory
usage for the mLSTM operation.

2. Omitting position-wise feed-forward MLP layers re-
sults in a decreased proportion of highly efficient linear
layer FLOPs in the model.

3. The previous xLLSTM architecture uses several addi-
tional components such as learnable skip connections,
channel-wise convolutions, and small (block-diagonal)
projection layers to compute queries, keys and val-
ues. Without custom kernel fusion, these small opera-
tions result in multiple short kernel calls on the GPU,
which cannot effectively utilize tensor cores® and, con-
sequently, significantly reduce GPU utilization.

4. Previously, the input and forget gate pre-activations
were computed from concatenated query, key and value
projections. In a large-scale tensor-parallel training
setup this requires an additional all-reduce operation
per mLSTM block, which increases the overall com-
munication cost.

These limitations prevent efficient scaling of the xXLSTM
architecture as introduced by Beck et al. (2024) beyond 1.4B
parameters. To scale the XLSTM to even larger model sizes,
we optimize the mLSTM block for maximal efficiency by
addressing these four limitations.

Optimizing the mLSTM Block. To begin, we operate
the mLSTM cell in the models’ embedding dimension, in-

STensor cores are specialized compute units that accelerate
matrix multiplications on GPUs.
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stead of a higher dimensional space and place position-wise
feed-forward MLP layers after each mLSTM layer. This
modification increases the proportion of highly optimized
linear layer (i.e. matrix multiplication) FLOPs and reduces
the computation cost of the mLSTM operation (see App. E
for details on the FLOP computation). The significantly
reduced GPU memory usage enables larger batch sizes dur-
ing training, which also increases training efficiency. The
result is the default dense Transformer block configuration
referred to as post up-projection block by Beck et al. (2024):

z =z + mLSTM (Norm(m)),

z + MLP (Norm(z)),

(12a)
(12b)

Yy

where « is the input to the block, z is the intermediate
output of the mLSTM layer defined in (11), and y is the
block output. The MLP is a SwiGLU (Shazeer, 2020) (see
Fig. 1).

Moreover, we discard operations like the channel-wise con-
volution and the learnable skip-connection, and replace the
block-wise query, key and value projections by dense linear
layers. This again increases linear layer FLOPs and ensures
effective usage of tensor cores within the mLSTM layer.

Finally, we ensure that the gate pre-activations for every
head are computed independently as outlined in (11). This
allows us to apply the model parallelization strategies opti-
mized for Transformers with self-attention (Shoeybi et al.,
2020) to our xLSTM 7B architecture and therefore minimize
additional communication cost.

These optimizations result in our optimized mLSTM block
described in Fig. 1 and Fig. 8 in the appendix, of which we
stack 32 in our XLSTM 7B architecture. We observe that our
optimizations achieve a 3.5x speedup in training for 1.4B
models, with a slight trade-off in validation perplexity that
can be mitigated by a few more training steps (see Tab. 2).
Although the modified block structure reduces the size of
the mLSTM cell memory states C, we find that it does not
compromise the language modeling quality of our model.

Optimizing the Memory Capacity. The overall memory
capacity of the xXLSTM, i.e. the amount of information that
can be stored from an input sequence, is related to the phys-
ical size of its memory cell states C' of shape dgi X dps
in GPU memory. By choosing either the number of heads
or the head dimension dj,, the other is given by the rela-
tion to the embedding dimension d = #heads X dj,. For
the XLSTM 7B we set dg, = dp,,/2 similar to Sun et al.
(2023). We can then compute the total memory state size by
#blocks x #heads x dgi X dp, X 4 bytes, assuming that the
state is stored in £1oat 32 format. In Tab. 3 we show the
memory state size for different number of heads as well as
their trade-offs with language modeling performance and
training efficiency. We use a larger memory state size and

a slightly longer train step time to make sure the model is
not constrained by a lack of memory. We elaborate further
on this in Sec. 5. We choose 8 heads with head dimension
dp, = 512 for xLSTM 7B.

Fused Generation Kernels for the mLSTM Cell. Dur-
ing autoregressive generation, the hidden state outputs of the
mLSTM cell are computed, with its recurrent formulation
given by (1) — (9). The recurrent formulation consists of a
combination of an outer-product, dot-products and several
pointwise operations, which translates to individual con-
secutive GPU kernels. Since each kernel loads its inputs
from and stores its outputs to GPU memory, this increases
the amount of slow memory operations. To ensure that
intermediate results of equations (2)—(5) are not unneces-
sarily transferred to GPU memory, but instead remain on
the GPU’s compute chips, we write fused GPU kernels for
the mLSTM generation mode. This results in significantly
faster generation as shown in speed benchmarks in Sec. 5.2.

3.2. Optimizing for Stability

We find that the previous XLSTM architecture at the 7B
parameter scale often becomes unstable in early stages of
training. In particular, we noticed that training at higher
learning rates leads to large spikes in the gradient magnitude
and loss value, similar to reports from previous works on
Mamba-based models (Lieber et al., 2024; Dao & Gu, 2024,
Zuo et al., 2024). We further observed and attribute these
spikes to very large outlier features, i.e. individual feature
values that are significantly larger than the average feature
value (He et al.). We address these stability issues by (i) the
use of RMSNorm instead of LayerNorm, (ii) soft-capping of
the input and forget gates, and (iii) a negative initialization
of the input gate bias.

Pre-Norm with RMSNorm. Many works report that re-
placing the LayerNorm by RMSNorm at the input of each
layer (e.g. in the pre-norm setting (Xiong et al., 2020))
improves training stability for Transformers (OLMo et al.,
2025; Touvron et al., 2023; Gemma Team, 2024a; Yang
et al., 2024a) and Mamba models (Zuo et al., 2024). Our
experiments in App. C.2, Fig. 9 confirm that this also ap-
plies to the pre-norm normalization layers in (12) in our
xLSTM architecture. Therefore, we replace the LayerNorm
by RMSNorm in our xLSTM architecture.

Gate Soft-Capping. To reduce potential large outlier fea-
tures and related loss spikes, we apply soft-capping to the
input and forget gate pre-activations i; and f,, such that their
values stay between —a and a for a specific cap value a. We
cap the gates using a = 15 with the function

softcap, (x) = a - tanh(x/a). (13)

In Sec. 5.3 and App. Sec. C.2, we confirm that this sig-
nificantly improves the stability and performance of our



3 Selected Publications 60

xLSTM-7B
Maximum (over 50 steps) = —— Mean (over 50 steps)
3.01 1 103<
2.81 102<
@ £
S 22
g,2.6~ 2 g 10!
F 2.4 5
O 100< [} | | iy N 1 | L
2.21 10-1 i l..l.. N w
0 100 200 300 400 500 0 100 200 300 400 500
Step x103 Step x103

Figure 2. Loss and Gradient Norm during Pretraining of xLSTM 7B. We show the mean and maximum value over 50 steps. Our enhanced
architecture and initialization enable stable pretraining of XLSTM 7B, exhibiting only two brief loss spikes early in training, both of which
were rapidly recovered.

Table 1. Model Performance on Huggingface Leaderboard v2. 1 indicates larger values are better.

MODEL BBH1T MMLU-PROT MATHT MUSR?T GPQA1{1 IFEVALT AVERAGE T
TRANSFORMERS

Llama-3.1-8B 0.465 0.325 0.042 0.379 0.312 0.125 0.275
Llama-2-7B-hf 0.349 0.186 0.013 0.363 0.269 0.264 0.241
OLMo-7B-hf 0.330 0.118 0.010 0.357 0.257 0.280 0.225
Gemma-7B 0.426 0.293 0.061 0.408 0.295 0.272 0.292
Ministral-8B-Instruct-2410 0.496 0.350 0.151 0.430 0.319 0.322 0.345
Bloom-7B1 0.311 0.111 0.000 0.354 0.264 0.138 0.196
Gpt-j-6B 0.321 0.125 0.009 0.363 0.261 0.250 0.222
Pythia-6.9B 0.326 0.116 0.006 0.355 0.270 0.232 0.217
Qwen2.5-7B 0.541 0.435 0.165 0.446 0.329 0.359 0.379
Gemma-2-9B 0.543 0.414 0.117 0.453 0.334 0.217 0.346
DCLM-7B 0.426 0.312 0.030 0.392 0.303 0.228 0.282
TRANSFORMER-RECURRENT HYBRIDS

Zamba2-7B 0.489 0.319 0.114 0.402 0.318 0.375 0.336
RECURRENT MODELS

Falcon-Mamba-7B (pre-decay) 0.373 0.177 0.024 0.387 0.275 0.252 0.248
Falcon-Mamba-7B 0.429 0.229 0.039 0.412 0.299 0.335 0.290
MambaCodestral-7B (v0.1) 0.405 0.191 0.023 0.359 0.266 0.322 0.261
RKWV-v5-Eagle-7B 0.325 0.121 0.007 0.322 0.243 0.266 0.214
RWKYV-v6-Finch-7B 0.342 0.154 0.014 0.338 0.265 0.264 0.230
xLSTM 7B 0.381 0.242 0.036 0.379 0.280 0.244 0.260
xLSTM 7B LCTX 0.390 0.252 0.040 0.374 0.253 0.234 0.257
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xLSTM architecture. Additionally, we apply soft-capping
with ¢ = 30 to the final layer logits, similar to Gemma
Team (2024b).

Negative Input Gate Bias Initialization. We observe that
early on in training our xXLSTM models experience large
gradient norm spikes, which affect the final performance of
our model (see Fig. 11 in App. C.2). Initializing the input
gate at large negative values (e.g. -10) effectively mitigates
these gradient norm spikes and improves performance. We
analyze the impact of the input gate further in Sec. 5.3.

In summary, our optimizations enable a remarkably stable
pre-training of xXLSTM 7B, as we show in Figure 2.

We outline the detailed block architecture of our xLSTM 7B
in Appendix A and our training recipe in Appendix B.

4. Related Work

Although the largest language models to date have predomi-
nantly relied on Transformer-based architectures, recurrent
LLMs and hybrid models have recently gained traction as
alternative architectures due to their enhanced efficiency in
processing long contexts. Many recent efforts have targeted
the 7B parameter scale (or nearby), striking a balance be-
tween model capacity and resource constraints. Griffin (De
et al., 2024) is one of the first hybrid recurrent models that
was trained with up to 14B parameters. Later, the same
architecture was used to train RecurrentGemma with 9B pa-
rameters (Botev et al., 2024). The Griffin architecture uses
a 1D temporal convolution of size 4 before the sequence
mixing part, similar to H3 (Fu et al., 2023) and Mamba
(Gu & Dao, 2024), but the hidden state is vector valued
with independent updates per each (scalar) dimension. In
contrast, Eagle-7B (Peng et al., 2024) builds on the RWKV
architecture and uses a matrix-valued hidden state similar
to linear attention and gated linear attention (Katharopoulos
et al., 2020; Yang et al., 2024b).

Among the Mamba models at the 7B parameter scale, Wal-
effe et al. (2024) provided the first comparative analysis
of Mamba 1, Mamba 2, and a hybrid Mamba architecture.
In their experiments, the performance of both Mamba 1
and Mamba 2 significantly lagged behind Transformers,
while the hybrid architecture was shown to surpass the
performance of Transformers. Aligned with this finding,
several new hybrid Mamba architectures have been pro-
posed, including Samba (3.8B) (Ren et al., 2024), Zamba
(7B) (Glorioso et al., 2024), and the 12B parameter mixture-
of-experts-model Jamba (Lieber et al., 2024). More re-
cently, FalconMamba (Zuo et al., 2024) based on Mamba 1
and Codestral Mamba (Mistral Al Team, 2024) based on
Mamba 2 have shown that a purely recurrent architecture
is capable of exceeding the performance of both hybrid
Mamba models and Transformers.

5. Experiments
5.1. Language Modeling Performance

Huggingface Leaderboard. We start by benchmarking
xLSTM 7B against state-of-the-art Transformer and recur-
rent LLMs on the 7B parameter scale. To this end, we
evaluate the performance on the Open LLM Leaderboard v2
using the LM Evaluation Harness (Gao et al., 2024; Fourrier
et al., 2024). The results are summarized in Tab. 1, show-
ing that XLSTM 7B ranks in the mid-range among 7B-scale
models, several of which benefited from substantially larger
training datasets. We believe that with a larger and better
curated training dataset, including a greater emphasis on
math and code data in earlier training phases, xXLSTM 7B
could match the performance of the strongest 7B models.

Long-Context Evaluation and Fine-Tuning. To evalu-
ate long-context capabilities, we use the RULER bench-
mark (Hsieh et al., 2024), which consists of a set of syn-
thetic needle-in-a-haystack, question-answering and vari-
able tracking tasks, with varying context length from 4K
to 131K tokens. For this benchmark, we consider both our
standard XLSTM 7B and a long-context version (xXLSTM 7B
LCTX), where we replace the standard cool-down phase
described in App. B with a long-context variant. For the
long-context cool-down phase, we add long-context data
(see App. Tab. 5) to the training corpus and train the model
with a context length of 32K, while adjusting the batch size
to maintain the number of tokens per batch. We compare
to Llama 2 7B (not long-context fine-tuned) and Llama 3.1
8B (long-context fine-tuned up to 131K tokens) as Trans-
former baselines, CodestralMamba and FalconMamba as
State Space Model baselines, and RWKV-5/6 as additional
RNN baselines.

The results on RULER are shown in Fig. 3. As expected,
Llama 3 provides the strongest baseline, since it is heavily
fine-tuned on very long contexts and with a more advanced
and optimized approach (Grattafiori et al., 2024). On the
other hand, Llama 2 fails entirely for context lengths be-
yond 4k, for which it has not been trained. For xLSTM 7B,
the long-context cool-down stage in pre-training largely im-
proves long-context capabilities, resulting in competitive
performance compared to state-space models and outper-
forming RWKV-5/6. Notably, the long-context xLSTM 7B
achieves 20% average accuracy at a context length 131k,
although it was trained only with a context length up to 32k
during the cool-down phase. This is particularly remarkable
given that, unlike Transformers with a growing KV cache,
xLSTM 7B must store information from the entire sequence
in a fixed-size memory with limited capacity (see Tab. 3).
We assume that XLSTM 7B’s performance could be pushed
further by explicitly training on even longer sequences and
with a more advanced fine-tuning protocol as it was used in
the training of Llama 3 (Grattafiori et al., 2024).
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Figure 3. RULER results of xXLSTM 7B in comparison to Trans-
fomers (with and without long context finetuning) and State Space
Models, with and without medium context cooldown.

In Sec. 5.3, we further investigate the effect of the memory
state size and the input gate on the long context capabilities
of xXLSTM 7B.

5.2. Speed Benchmarks

The constant memory size and linear compute scaling with
context length of our xXLSTM architecture enable highly ef-
ficient generative inference in large scale-inference serving
environments as well as local inference running on edge
devices.

We focus on the local single user inference setting, which
is common when models are deployed on edge devices.
Therefore, we benchmark generative inference with our
xLSTM 7B model on a single NVIDIA H100 GPU with
batch size 1, unless specified otherwise. We compare
our xXLSTM 7B to Llama 2 and Llama 3 models as Trans-
former baselines and Falcon Mamba (Mamba 1 architec-
ture) and Codestral Mamba (Mamba 2 architecture) as
Mamba baselines. We use model implementations from
Huggingface transformers library and optimize each with
torch.compile ® and PyTorch CUDA Graphs (Nguyen
et al., 2021). In Appendix D, we additionally compare our
optimized Huggingface xLSTM 7B to Llama?2, Llama3, Fal-
con Mamba and Codestral Mamba in the vLLM (Kwon
et al., 2023) inference framework.

Generation Throughput. The generation throughput
measures the generation speed in tokens per second at vary-
ing prefill lengths, i.e., varying length of documents the
model gets to read before it starts to generate text. In Fig. 4,
we observe that due to the quadratic scaling with input con-
text length of the attention mechanism, the speed at which

6
https://github.com/huggingface/transformers
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Figure 4. Throughput for generating 100 tokens with batch size 1
at varying prefill lengths.

the Transformer models can generate text significantly drops
for longer prefill lengths. In contrast, recurrent architectures
with constant cost per generated token have a constant gen-
eration speed independent of the input context length.

We find that xLSTM 7B is about 50% faster in text gener-
ation than Mamba, which we attribute mostly to our opti-
mized block design (see Sec. 3), and even faster than Llama-
based Transformer models with a similar block design at
prefill length 0.

Generation Time and Memory Consumption. We mea-
sure the token generation time and GPU memory usage
(without pre-fill) for different generation lengths. Fig. 5
(left) demonstrates the linear scaling of recurrent models
vs. the quadratic scaling of Transformers in compute (run-
time), while Fig. 5 (right) shows the constant memory size
of recurrent models compared to the linear growth of the
Transformer KV-cache. Since Llama 3 uses grouped query
attention (Ainslie et al., 2023) the memory usage grows
slower compared to Llama 2, which uses default multi-head
attention.

With our optimized block design, we operate the mLSTM
in a lower dimensional space. This results in a significantly
lower memory footprint (Fig. 5 (right)) and lower generation
times (Fig. 5 (left)) of our xLSTM 7B model compared to
the Mamba models.

Time To First Token. In applications, where the language
model operates as interface to the user (potentially on edge
devices), it is important to have short response times. In
Fig. 6, we measure this response time or latency as the time
the model takes to generate 1 or 100 token after consuming
varying prefill lengths. Our xXLSTM 7B achieves the fastest
response times for all prefill lengths.
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Figure 5. Time and GPU memory used for generation of a single
sequence of varying lengths for generation without prefill.
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Figure 6. Time to first (1) token and time to first 100 tokens at
varying prefill lengths for batch size 1.

Prefill Throughput. Finally, we measure the prefill
throughput in tokens per second for 65,536 tokens at varying
batch size and context length. Due to the quadratic scaling
with context length, the throughput of the Llama models
decreases with longer contexts. In contrast, our XLSTM 7B
achieves the highest throughput (about 70% higher than
Codestral Mamba) independent of the context length.

5.3. Ablation Studies

Finally, we validate our design choices to optimize the train-
ing stability and efficiency of our XLSTM 7B architecture.

Pre-Up vs. Post-Up Projection Block. We compare the
pre-up projection block architecture against our optimized
mLSTM block in terms of validation perplexity and training
step time for three model sizes. For both block architec-
tures, we apply gate soft-capping and the input gate bias
initialization described in Sec. 3. The results in Tab. 2 show
only a slight performance difference in terms of validation
perplexity at the largest model size. However, the 3.5x
speedup in training step time confirms our choice for the

BS=32
CTX=2048

BS=16 BS=8 BS=4 BS=2
CTX=4096 CTX=8192 CTX=16384 CTX=32768

Tokens

Figure 7. Prefill throughput varying batch size and context length.

post-up projection block in XLSTM 7B, deviating from the
pre-up projection of Mamba (Gu & Dao, 2024; Dao & Gu,
2024) and the previous xXLSTM architecture (Beck et al.,
2024).

Memory State Size. The memory state size as well as
the training step time is directly influenced by the number
of heads (see Sec. 3.1 and Tab. 3). In this experiment we
investigate how the memory state size affects the perfor-
mance of the xXLSTM in validation perplexity, on down-
stream tasks as well as on long context tasks. To do so,
we train XLSTM models with 7B parameters and different
number of heads on 160B tokens of our pre-training dataset.
In our evaluations in perplexity (Tab. 3) and on downstream
tasks (Tab. 7 and 8), we find that the performance remains
stable across different the number of heads, i.e., memory
state sizes, with a slight improvement for more heads (e.g.
16). In contrast, our long context evaluation in Fig. 13 sug-
gests that at very long contexts 4 and 8 heads (i.e., larger
memory states) seem to perform better. While this is in line
with our intuition that larger memory state size corresponds
to better long-context capabilities, we believe that an even
larger study (e.g., training on more tokens) than our ablation
at 7B parameters and 160B tokens would be necessary to
fully explore this connection.

Norm Layer Types. Our update on the xLSTM block
architecture has two normalization layers, a pre-norm at the
block entry and a head-wise norm layer after the mLSTM
cell. In this ablation, we test the effect of the types of these
normalization layers on training stability and performance,
with LayerNorm (Ba et al., 2016) and RMSNorm (Zhang
& Sennrich, 2019) as the options. In Fig. 9 in App. C.2 we
confirm that, for the pre-norm the RMSNorm type has a
strong stabilizing effect, whereas for the mL.STM cell state
norm there is no impact on stability and performance.
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Table 2. Comparison between the previous XxLSTM architec-
ture (Beck et al., 2024) and our XLSTM 7B architecture in terms of
step time and perplexity for different number of parameters. Mod-
els of size 160M and 400M use batch size 128 distributed over 16
GPUgs, and 1.4B parameter models use batch size 256 (32 GPUs).
For the 7B parameter model, our new architecture uses batch size
512 (128 GPUs), whereas the previous architecture uses only batch
size 256 (128 GPUs) because of the architecture’s increased GPU
memory requirements. Due to the expensive computational costs,
we only compute the token throughput and did not fully train the
7B parameter models for this ablation.

1/ ] indicates larger / smaller values are better.

MODEL THROUGHPUT T SPEEDUPT PPL| A PPL
1K TOKENS/SEC

160M  PREVIOUS 76.20 20.43

OURS 225.99 x2.97 21.34  +0.91
400M  PREVIOUS 28.13 15.26

OURS 102.40 x3.64 15.74  +0.48
1.4B PREVIOUS 10.57 12.46

OURS 37.03 x3.50 12.68 +0.22
7B PREVIOUS 3.46

OURS 9.15 x 2.64

Table 3. Head dimension ablation for a 7B parameter xXLSTM
model with 32 blocks, embedding dimension 4096 and training
context length 8192. KV Cache in Tokens shows how many tokens
in a similar sized Transformer correspond to our state size. FLOPs
forward are the mLSTM cell forward FLOPs for a full sequence.
} indicates smaller values are better.

Total Memory KV Cache = FLOPs Val Train Step
#Heads  dp, State in MB in Tokens  forward + PPL + Time in s +
4 1024 268.4 256 7.6el1 9.58 3.97
8 512 134.2 128 4.1el0 9.52 3.63
16 256 67.1 64 2.4el10 9.52 3.51
32 128 33.6 32 1.5e10 9.55 341

Soft-capping. Soft-capping (Eq. (13)) of the output logits
and the input and forget gate pre-activations, is important for
training stability. In Fig. 10 of the appendix, we visualize
the validation loss and gradient norms during training on
160B tokens with and without soft-capping. The run without
soft-capping shows a higher variance in the gradient norms
and an overall worse validation loss.

Input Gate. We initialize the input gate with larger negative
values (e.g. -10) to mitigate large gradient norm spikes and
variance (see Sec. 3.2). This suggests that the input gate
is important for the performance of the xXLSTM architec-
ture. Therefore, in App. C.2 we test the effect of having
the input gate non-trainable. We compare a version with
fixed input gate at one (i.e. setting weights and biases to
zero) with a version, where the input gate bias is fixed at
our low default initialization value of -10. We find that,
while the learnable input gate only slightly improves perfor-
mance of our xLSTM over the fixed input gate versions on
our standard downstream tasks (App. C.2, Tab. 7 and 8), it
significantly improves performance on long-context evalua-
tions (App. C.2, Fig. 13).

6. Conclusion

In this work, we demonstrate how our targeted modifica-
tions enable the XLSTM architecture to scale to models with
7B parameters, trained on 2.3 T tokens. By switching to a
post-up-projection structure, gate soft-capping and proper
initialization, we largely improve training stability and to-
ken throughput, making the xXLSTM the fastest RNN-based
architecture at the 7B scale, while competitive in perfor-
mance with Transformers and other recurrent models. We
believe that xXLSTM’s very high decoding speeds in combi-
nation with its good performance highlight its potential as
foundational architecture for methods investing substantial
compute at inference time.

Impact Statement

This paper presents a novel architecture for fast and effi-
cient language modeling, reducing computational costs and
energy consumption without sacrificing performance. By
making high-quality language models more accessible, our
approach helps bridge the digital divide, enabling equitable
Al deployment in low-resource settings. Additionally, the
efficiency gains contribute to environmental sustainability
by lowering the carbon footprint of large-scale NLP systems.
However, there might be both positive and negative societal
impacts. We are aware of the risks, but believe that our and
the overall advancements in the field of machine learning
technology provide a net benefit to society and the world.
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3.4 xLSTM Scaling Laws: Competitive Performance with
Linear Time-Complexity

With xLSTM 7B (see Section 3.3), we have demonstrated that recurrent language mod-
els based on the xLLSTM architecture perform comparably to the dominant Transformer
architecture, while achieving much higher training and inference efficiency at produc-
tion level scale. However, the design choices for xLSTM 7B were mainly guided by our
own internal experiments at a small scale and scaling law studies on the Transformer
architecture in the literature. This motivates a deeper investigation into optimal scaling
strategies for xLSTMs. In particular, we systematically characterize the scaling behaviors
and tradeoffs of linear-time complexity xLSTM models and quadratic-time complexity
Transformer models. Our study reveals that in the overtraining regime, i.e., very high
token to parameter ratios, the loss of xLSTM follows consistent power laws similar to
those of Transformers, and that the compute optimal xLSTM model size is larger than
that of Transformers. Notably, when comparing loss vs. compute in terms of FLOPs, we
find that xLSTM models consistently Pareto-dominate Transformer models, delivering
lower cross-entropy loss for the same compute budget.

This paper was published at the International Conference of Learning Representations
(ICLR) 2026. Before, it was published at the Rethinking AI: Efficiency, Frugality, and
Sustainability workshop at FurlPS 2025.

For the appendix of this publication, we direct the reader to Appendix D.
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ABSTRACT

Scaling laws play a central role in the success of Large Language Models (LLMs),
enabling the prediction of model performance relative to compute budgets prior
to training. While Transformers have been the dominant architecture, recent al-
ternatives such as xXLSTM offer linear complexity with respect to context length
while remaining competitive in the billion-parameter regime. We conduct a com-
parative investigation on the scaling behavior of Transformers and XLSTM along
the following lines, providing insights to guide future model design and deploy-
ment. First, we study the scaling behavior for XLSTM in compute-optimal and
over-training regimes using both IsoFLOP and parametric fit approaches on a
wide range of model sizes (80M-7B) and number of training tokens (2B-2T). !
Second, we examine the dependence of optimal model sizes on context length,
a pivotal aspect that was largely ignored in previous work. Finally, we analyze
inference-time scaling characteristics. Our findings reveal that in typical LLM
training and inference scenarios, XLSTM scales favorably compared to Transform-
ers. Notably, XLSTM models consistently Pareto-dominate Transformer models,
delivering lower cross-entropy loss for the same compute budget.

1 INTRODUCTION

Scaling up models sizes and training data sets enables the recently observed rapidly advancing
capabilities of Large Language Models (LLMs). As a result the computational expenses associated
to training and inference of state-of-the-art LLMs results are dramatically growing. The goal of
predicting the achievable performance with a specified architecture and computational resources
resulted in the recent exploration in LLM scaling laws, i.e. the quantitative relationships between
LLM performance metrics and the corresponding computational resources. The works of Kaplan
et al. (2020); Hoffmann et al. (2022) showed that these scaling laws take the form of power laws
which hold over several orders of magnitude in terms of model sizes and the number of pre-training
tokens. These insights provided practical guidance in the design of recent frontier models (Achiam
et al., 2023; Grattafiori et al., 2024; DeepSeek-Al, 2024a).

Recent works (Sardana et al., 2024; Gadre et al., 2024) rightfully argue that these scaling laws
are nevertheless limited by their neglect of inference costs. Consequently, these works focus on
performance investigations on models that are trained in the so-called over-training regime, i.e. on
more tokens than would be optimal in terms of pre-taining compute. Importantly, these works and
subsequent ones focus on Transformer architectures (Vaswani et al., 2017). In these architectures,
the attention mechanism inflicts computational costs during training and inference that are quadratic
in terms of context length. Besides the associated economic and ecological costs, this quadratic
scaling is prohibitive for a large range of application areas in which models are deployed on de-
vices with limitations on available memory, energy, or allowable TFTT. Even on GPUs that are
dedicated to LLMs this scaling property of Transformers represents a limitation in task that require

!The code and data to reproduce our analyzes and figures is available at:
https://github.com/NX-AI/xlstm_scaling_laws
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Figure 1: XLSTM scaling laws: Validation loss over training compute. Left: xXLSTM is pareto-
dominant over dense multi-head Transformers in terms of loss. For a fixed FLOP budget, XLSTM
models are better. For a fixed validation loss, XLSTM models require less FLOPs. Right: Parametric
fit of the loss surface L(N, D) as a function of model size N and dataset size D.

very long contexts, like reasoning (Muennighoff et al., 2025). Consequently, the development of
LLM architectures that mitigate the attention mechanism is an active area of research (Gu & Dao,
2024; Beck et al., 2024; Lieber et al., 2024). While these architectures were demonstrated to be
scalable into the billion-parameter regime (Zuo et al., 2024; Beck et al., 2025b), there is so far no
systematic comparison between linear complexity LLM architectures, i.e. LLMs that scale linearly
in computational costs with respect to context lengths, and transformer-based LLMs with quadratic
complexity.

This work presents a systematic comparison of the scaling laws of performance-optimized xXLSTM
architectures (Beck et al., 2025b;a) and dense multi-head self-attention Transformer architectures
(Touvron et al., 2023). Our investigations of XLSTM and Transformer models are guided by the
following research questions:

e Training: Which architecture can be trained more efficiently in terms of computational resources
and how do they scale in the practically relevant overtaining regime?

* Context length: How does the striking difference between xLSTM and Transformers—Ilinear
versus quadratic context length dependency—impact scaling laws and the resulting pre-training
and inference performances?

* Inference: How does the inference speed in terms of time to first token (prefill) and step time
(generation) scale for XLSTM and Transformer under different context lengths and model sizes?

Our investigation shows, that xXLSTM models Pareto-dominate Transformer models in the com-
pute-loss trade-off (Fig. 1), enabling models that are both better and cheaper. We find that, for a
given training compute budget, compute-optimal XLSTM models are larger (Fig. 4), i.e. have more
parameters, than compute-optimal Transformer models. During inference, XLSTMs are faster than
same-sized Transformers (Fig. 6), and their performance advantage grows with context length due to
Transformers’ quadratic time complexity.

2 PRELIMINARIES

We begin with a background on scaling laws and a definition of the training regimes considered in
this work (Sec. 2.1). We next present approaches for scaling law fitting used in this study (Sec. 2.2).

2.1 BACKGROUND ON SCALING LAWS

Scaling laws for large language models predict the cross-entropy loss L as a function of the compute C
used for model training in FLOPs. The compute C' for training increases with larger model size
measured in number of model parameters N and larger dataset size in number of training tokens D.
Hence, we assume C' is a function of N and D. Depending on how the total compute budget
is distributed between increasing the model size and enlarging the dataset, training is typically
characterized as either being in a compute-optimal or in an over-training regime.
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Compute-optimal training. Hoffmann et al. (2022) establish the notion of compute-optimal training,
which refers to the optimal choice of N and D for a given compute budget H according to the
constrained optimization problem:

N*(H),D*(H) = argmin L(N, D). €Y
N,D s.t. C(N,D)=H

The optimal N* and D* can be obtained by sweeping over IV, D for each compute budget. Hoffmann
et al. (2022) find that for increasing computation budgets, N* and D* scale roughly proportionally.
Assuming this proportionality, there exists a compute-optimal token per parameter ratio M* =
D*/N* for a fixed model class and training distribution.

Over-training. The compute-optimal allocation D*, N* only accounts for compute costs during
training. However, during inference larger models incur a higher inference compute cost. Taking
this into account, Sardana et al. (2024) argue that, once inference costs are considered, it can be
preferable to train smaller models on larger datasets. The resulting values for D and N, with a higher
than compute-optimal token per parameter ratios M > M™ is generally referred to as over-training
regime (Gadre et al., 2024).

Calculating compute costs. Previous works on transformer scaling laws commonly approximate
compute costs with C'(N, D) = 6 ND FLOPs (Kaplan et al., 2020; Hoffmann et al., 2022; Gadre
et al., 2024; Sardana et al., 2024). This approximation ignores the FLOPs associated to the atten-
tion mechanism and covers only the feed-forward network contributions. Recently, several works
(DeepSeek-Al, 2024a; Busbridge et al., 2025; Li et al., 2025) pointed out that this approximation is
not justified for sufficiently large context lengths and models. For the purpose of this work, this ap-
proximation is even less suitable since it neglects entirely the difference between linear and quadratic
time-complexity models. Hence, we adopt a more precise calculation of C(N, D) as provided in
Appendix B.3 that accurately captures the differences in computational complexity between model
classes.

2.2 FITTING SCALING LAWS

Scaling laws are obtained by fitting the dependence of the model’s training or validation loss on the
model size and the number of training tokens with power laws. Two commonly used procedures for
extracting parametric scaling laws for the loss L, depending on N and/or D are the parametric fit
approach and the IsoFLOP approach, which are introduced in Hoffmann et al. (2022) as the third
and second approach, respectively.

Parametric fit approach. Assuming that the loss L follows a power law in model parameters N and
training tokens D, the parametric fit approach estimates the observed cross-entropy loss as:

L(N,D)=E+ (AN~ 4+ BD™#), 2)

where E, A, B, «, 3, and -y are task-specific positive parameters. The constant term E accounts
for an irreducible loss component, while the second term captures the model-specific predictive
performance. While Hoffmann et al. (2022) set v = 1, we follow the practice from Busbridge et al.
(2025) and treat ~y as fit parameter.

A robust estimation of the scaling parameters for (2) requires data from diverse training strategies,
including non-compute optimal token-to-parameter ratios. Therefore, Hoffmann et al. (2022) include
data from two training strategies: (i) The number of training tokens is varied for a fixed set of models.
(i1) Model size and training tokens are both varied subject to a total compute constraint.

IsoFLOP approach. For the [soFLOP approach a set of compute budgets H is defined and for each
budget the values of N and D are varied such that the constraint C'(N, D) = H is fulfilled. Following
Hoffmann et al. (2022), a second-order polynomial is fitted to each of the resulting IsoFLOP profiles.
The minimum of each fit corresponds to the loss-optimal number of model parameters N*(H) and
training tokens D*(H) for the given compute budget H. In order to predict these quantities, we use
individual power laws of the forms

N*(H)y=A'-H®* and D*(H)=B'-H', 3)

where we fit the exponents a, b and coefficients A’, B’ from the data.
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Figure 2: Dataset of training runs for our scaling law study. The dataset contains training runs for the
XxLSTM and the Transformer architecture, with two configurations each: IsoFLOP and Token/Param.

3 TRAINING SCALING BEHAVIOR

In this section, we conduct a comparative study of the scaling behavior of XLSTM and Transformer
models along multiple axes. First, we explore the pareto frontier of performance in terms of loss
and training compute in Section 3.2. Second, we study the scaling in the over-training regime with
large token to parameter ratios in Section 3.3. Finally, we determine the compute-optimal model and
dataset sizes in Section 3.4 and their dependence on the context length in Section 3.5. We begin with
the introduction of our experimental setup in Section 3.1.

3.1 EXPERIMENTAL SETUP

To systematically study scaling behavior, we collect a large dataset of training runs across two model
classes (Transformer and xXLSTM) and multiple training configurations. The following describes the
architectures, training recipe, and dataset of training runs used in our scaling law study.

Model architectures: Transformer and xXLSTM. Following previous scaling law studies (Porian
et al., 2024; Gadre et al., 2024), we use the dense multi-head attention decoder-only Llama-2
architecture (Touvron et al., 2023) for our Transformer models. For the XLSTM models, we consider
the architecture of the recently proposed xXLSTM 7B model (Beck et al., 2025b). The xXLSTM-7B
architecture is built entirely on mLSTM cells with parallel training mode applied within the model’s
embedding dimension. Similar to the Transformer, it alternates mLSTM layers with position-wise
feedforward MLP layers. The crucial distinction between the two architectures lies in the sequence-
mixing mechanism: self-attention with quadratic time-complexity in Transformer versus recurrent
mLSTM dynamics with linear time-complexity in xLSTM.

Training recipe and data. For both model classes we use the same training recipe derived from the
xLSTM 7B training recipe (Beck et al., 2025b). The recipe uses the AdamW optimizer (5; = 0.99,
B2 = 0.95, € = 10~%), weight decay 0.1 and gradient clipping norm 0.5. The learning rate scheduler
has three stages, linear warm-up, cosine decay to 10% of the peak learning rate, and linear cool-down.
For varying compute budgets, we scale the steps in the second stage while the first and third remain
fixed. Further details are given in Appendix A.1. The overall number of training steps is determined
by the FLOP budget or token-to-parameter ratio of the specific experiment. As training dataset,
we use DCLM-BASELINE, a collection of high-quality filtered web documents (Li et al., 2024),
tokenized with the GPT-NeoX tokenizer (Black et al., 2022) into sequences of length 8192, unless
specified otherwise. We use grain?” to prepare batches with sequence packing, particularly first-fit
packing, which avoids splitting, but adds padding tokens.

Dataset of training runs. Using the above defined architecture and training recipe, we produce a
large dataset of training runs for our scaling law study totaling 640 individual runs (292 for Llama,
348 for XLSTM). The dataset contains model sizes ranging from 80M to 7B parameters trained with
compute budgets ranging from 2.8 x 10*8 to 8.5 x 1022 FLOPs on 2B to 2T tokens. This amounts
to a total compute budget spent for this dataset of 3.2 x 1022 FLOPs. Our dataset is divided in
into runs from two different training configurations: IsoFLOP and Token/Param. For the IsoFLOP
configuration, we vary model parameters and training tokens subject to fixed compute budgets for

2https://google-grain.readthedocs.io ( FirstFitPackIterDataset)
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Figure 3: Power law fits to loss over training compute with increasing token-to-parameter
(Token/Param) ratios M. We fit power laws of the form in L(C') = A - C~" and observe that—
similar to Transformer—the exponents 7 of xLSTM remain constant even for large M, indicated by
the parallel lines in the log-log plot.

three different context lengths. In the Token/Param configuration, we vary the number of training
tokens for a set of fixed model sizes. We show our dataset as { N, D, C'} points in Figure 2. XLSTM’s
linear scaling preserves training tokens with longer contexts (overlapping IsoFLOP points), whereas
Transformer’s quadratic scaling reduces them.

3.2 Loss vs. COMPUTE: XLSTM 1S PARETO-DOMINANT

We begin our study with the question: Given a fixed training compute budget, which
model architecture performs better (in terms of cross-entropy loss)? To answer this ques-
tion, we define a grid of model and dataset sizes with pre-defined token-to-parameter ratios of
[22, 44,110,220, 550, 1100, 2200] and train Transformer and xLSTM models for each point in the
grid. This forms the Token/Param subset in our dataset of training runs (see Sec. 3.1). We then use
our FLOP calculations in Appendix B.3 and plot validation loss over FLOPs in a log-log plot in
Figure 1.

Pareto-frontier. In Figure 1 (left), we visualize the Pareto frontier by connecting the data points for
xLSTM and Transformer. We find that XLSTM is strictly dominant over Transformers across the
almost five orders of magnitude of compute encompassed by our data. In other words, for a fixed
FLOP budget, xLSTM models are better and for a fixed validation loss, they require less FLOPs.

Parametric loss surface fit. In Figure 1 (right), we fit a parametric loss surface E(N ,D) to
our Token/Param data. We find that our fit of the loss surface provides a reliable description of
performance of Transformer and XLSTM models for a given size even far in the over-training
regime, i.e. far right to the pareto front. Following the practice of Busbridge et al. (2025), we find
that including the parameter v in the model of ﬁ(N , D) improves the fit quality (see Fig. 8 in the
Appendix). We provide additional details on our parametric fits in Appendix A.2.

3.3 XLSTM IN THE OVERTRAINING REGIME: CONSISTENT POWER LAW EXPONENTS

Our parametric i(N , D) fit predicts, that model quality in terms of loss improves when N or D is
increased. Hoffmann et al. (2022) have found that for Transformers, the optimal token-to-parameter
ratio M* = D*/N* that yields the minimal loss under a compute constraint is approximately 22.
However, training runs with this ratio yield rather large models that are expensive and slow during
inference (Sardana et al., 2024). Consequently, it is common practice to train smaller models in an
overtraining regime, i.e., with token-to-parameter ratios far exceeding the compute-optimal M*. It
is thus of practical importance to demonstrate that the loss of new model architectures continues to
improve with increasing amounts of data.

Power-law exponents in over-training. Gadre et al. (2024) have found that Transformers scale
reliably in this over-training regime, indicated by constant exponents 7, when fitting a power law of
the form ﬁ(C ) = A - C~" for different fixed token-per-parameter ratios M. Therefore, we perform a
similar analysis and fit power laws Ii(C ) to our Token/Param training runs. In Figure 3 and Tab. 3
we find that — similar to Transformer — the exponents 7 of XLSTM remain constant even for large
M, indicated by the parallel lines in the log-log plot. This observation is relevant because it implies
that small, inference-optimized XLSTM models can be trained on large datasets while still achieving
consistent improvements in loss.
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Figure 4: Varying model size and tokens with a fixed compute budget (IsoFLOP). Left: IsoFLOP
profiles for varying number of model parameters with a marker at the minimum N* of the fitted
polynomial. Right: Power-law fit N*(H) = A’ - H* for the compute optimal number of model
parameters. Our setup reproduces the power-law exponent a for Transformers established in Porian
et al. (2024). The compute-optimal model size of xXLSTMs is larger than for Transformers.

3.4 COMPUTE-OPTIMAL XLSTM MODELS ARE LARGER

In this section, we aim to determine the compute-optimal model size N* and dataset size D* for
the XLSTM and Transformer models. However, so far, we have performed our scaling analyses on
training configurations with preset model sizes and a set of token-per-parameter ratios M, which
do not allow us to determine N* and D* directly. Therefore, for this analysis, we use the IsoFLOP
training configuration, where we vary the number of model parameters and training tokens subject
to a set of fixed compute budgets H. For each compute budget, we plot the loss over the model
parameters /N and number of training tokens D and fit second-order polynomials to determine the
optimal N*(H) and D*(H ) for each compute budget H. Using these optima, we then fit power laws

as described in Section 2.2 to obtain the functional forms for N*(H) and D*(H) (see Eq. (3)).

Compute-optimal model size. In Figure 4 (left) we show the IsoFLOP profiles for variable model size
and (right) the corresponding power-law fits for the optimal model size for XLSTM and Transformer.
Our results show that for a given compute budget, XLSTM consistently attains a lower validation loss
than Transformer, which is in line with the findings in Section 3.2. Moreover, we find that for a given
compute budget, the corresponding compute-optimal XLSTM models have more parameters than the
corresponding Transformer models; see Figure 4 (left and right). Note that our power-law exponent a
for the Transformer matches the one found by Porian et al. (2024); see App. A.4 for details.

Compute-optimal dataset size. Analogous results are shown in Figure 9 in the appendix for the
number of training tokens of compute-optimal models. We find that compute-optimal xLSTM and
Transformer models are trained on a similar number of training tokens D (H). In Appendix E, we
show the estimated optimal training FLOPs and training tokens for various model sizes.

Universality of the relation between compute-optimal performance and model size. The compute-
optimal models in Figure 4 (left) fall close to a single shared line for the Transformer and xXLSTM
models. This suggests that for compute-optimal models, there is a universal relationship between
performance and model size for xXLSTM and Transformer models. From this perspective, the fact
that compute-optimal xXLSTM models are larger for a given compute budget can be regarded as a
heuristic explanation for the superior performance of XLSTM. The reason why xXLSTMs can be larger
is the reduced computational complexity of their recurrent sequence-mixing operation compared to
the self-attention operation in Transformers. As this main operation is cheaper, more compute can be
allocated to the rest of the model, e.g. increased number of layers or embedding dimension.

3.5 COMPUTE-OPTIMAL XLSTM MODEL SIZE REMAINS STABLE ACROSS CONTEXT LENGTHS

The main difference between the model architectures in this study is their scaling in FLOPs with
context length: Transformers scale quadratically, due to the self-attention, while XLSTMs scale
linearly. This implies that, in Transformers, an increasing fraction of compute is devoted to attention
as sequence length grows, whereas in XLSTMs the recurrent updates consume only a modest portion
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Figure 5: Left: IsoFLOP curves as a function of model parameters at 3 different context lengths.
Right: Plot of the power-law fits for the compute optimal number of parameters dependent on the
compute budget N*(H). Colors indicate compute budget and marker types indicate the model types.
The compute optimal model size for Transformers gets smaller for larger context lengths, while the
compute optimal model size for XLSTM remains similar across context lengths.

of the total compute. In this section, we investigate, therefore, the impact of the context length
on compute-optimal model and dataset sizes. We add experiments with context lengths 2048 and
16384 in the IsoFLOP training configuration and then fit the power-laws to each context length for
both models, analogously to Section 3.4. We note that the losses are not directly comparable across
different context lengths since we use sequence packing for the construction of our training and
validation datasets. Hence, for larger context lengths, longer documents can be packed into a batch,
effectively changing the data distribution.

Context length & compute-optimality. In Figure 5 we show the IsoFLOP profiles for varying model
sizes and three different context lengths and compute budgets, including their power-law fits N* (H)
in the rightmost plot. We observe that with increasing context lengths the compute-optimal model
size of Transformers drops significantly, while for XLSTM it drops only mildly. These results suggest
that for Transformers, a growing fraction of compute is consumed by attention operations as sequence
length increases, whereas in xXLSTMs most FLOPs remain allocated to depth and hidden dimensions.
In Figure 10 in Appendix A.5 we show the corresponding IsoFLOP profiles and power-law fits
D+ (H) for the optimal number of training tokens. We observe similar trends as for the model size:
The compute-optimal number of training tokens decreases markedly with larger context length for
Transformer models and for xXLSTM it slightly increases.

4 INFERENCE SCALING BEHAVIOR

The scaling laws analysis in Section 3 is motivated by the goal of the optimal design of pre-training
runs for LLMs. However, these considerations neglect inference efficiency. When deploying LLMs at
large scale, inference costs and performance are critical aspects. Hence Pope et al. (2023) investigate
the inference efficiency of transformer-based LLMs in terms of three criteria: compute, latency, and
throughput. More recently Sardana et al. (2024) provided a scaling law analysis of Transformers
that extend the pre-training compute optimality consideration (Eq. (1)) to also account for inference
compute. This work presents an even more comprehensive analysis in terms of the attainable latency,
i.e., time to first token, and the step time during generation. We complement our empirical findings
with a quantitative model of a lower bound on time to first token and step time, using the detailed
calculation of FLOPs (App. B.3) and MemOps (App. B.4) for both model architectures.

Inference stages. Typically, large-scale LLM inference is split into the prefill and the generation
stage (Austin et al., 2025; Pope et al., 2023; DeepSeek-Al, 2024b). In the prefill stage the LLMs
process the prompt, compute the logits for the first token to be generated, and store the intermediate
internal representations of the prompt, i.e. the KV cache for Transformer models or the mLSTM cell
states for xLSTM. In the generation stage a token is sampled according to the logits and then the
internal representations of the previous tokens in the context window are updated to account for the
new token. The generation procedure is repeated for a certain budget or until the end-of-sequence
token is sampled. In the following, we investigate the prefill and generation performances separately.
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Figure 6: Scaling of TTFT (left) and step time (right) as a function of prefill length (1-16k) for
different model sizes, with a batchsize of one.

Inference runtime metrics. For the prefill stage, the key performance metric is the time to first
token (TTFT). Prefill speed is primarily determined by how well the model can maintain a low
TTFT while handling large batch sizes and long input sequences. During the generation stage, the
key performance metric is the step time, i.e. how long it takes to obtain the next token given the
current (potentially batched) sequence. For Transformers, the quadratic complexity of the attention
mechanism with respect to the prefill length (App. B.3.3) implies that TTFT is expected to scale
quadratically in terms of the prefill length. In terms of step time we expect linear scaling with respect
to the prefill length, as each decoding step involves attention over the entire KV cache. For xLSTMs,
in contrast, we expect linear scaling of TTFT and step time that is independent of the prefill length.

4.1 EMPIRICAL INFERENCE RUNTIMES

We consider the same model architectures as in the Token/Param configuration (see Tab. 19 and
20). We utilize the implementation of XLSTM and Transformers models available through the
transformers library (Wolf et al., 2020) and optimize runtimes using torch.compile and
torch.cuda.graph. The TTFT is measured as the time needed for generating a single token
under a given batch size and prefill length (i.e., the context length). The step time is measured by
generating a sequence of 100 tokens, subtracting the TTFT and dividing by the sequence length. We
measure the average TTFT and step time over four repetitions after two warm-up iterations.

Figure 6 presents TTFT (left) and step time (right) measurements for both architectures at matched
model sizes as a function of prefill length (1-16k). At short prefills, the two model classes exhibit
comparable TTFTs, while at longer prefills xLSTMs consistently achieve lower values. For 16k
prefill, xLSTM has 30-50% lower TTFT for the same model size. This difference reflects the expected
scaling: quadratically for Transformers and linearly for XLSTMs. A similar trend is observed for the
step time. At small prefills, both architectures perform comparably. As the prefill length increases,
the Transformer step time degrades due to the rising cost of attention over longer KV caches. In
contrast, XLSTM step time is independent of prefill length, resulting in consistently higher throughput
across all evaluated model sizes and prefill lengths. For 16k prefill, the largest xLSTM has a lower
step time than the smallest Transformer we considered. In summary, when matched in model size,
xLSTMs outperform Transformer models on all inference speed metrics considered.

4.2 MODELING INFERENCE RUNTIMES

In our analysis, the inference processes are characterized by the associated number of floating point
operations FLOPs,g, and the number of memory operations Bytes, ., ,1,, measured in bytes that are
read or written. We provide calculations of these two quantities for XLSTM and for Transformers in
Appendix B. Importantly, these calculations capture the difference between XLSTM and Transformers
in the dependence of FLOPs,q, and Bytes, ., .4, 00 the context length 7'. Based on these calculated
quantities, we model the runtimes associated with the floating point and memory operations as:

FLOPSalgO +e Bytesmem,algo

TFLOPs,algo = 5 T mem,algo = B €, (4)
eff

Q eff
where « . is the effective rate of FLOPs/s, (3. is the effective rate of Bytes/s, and € is a constant
overhead when running the inference processes on the GPU. Depending on the model type, model
size, prefill length, batch size and inference stage (prefill or generate), either 7gLops,algo OF 7 mem,algo 18
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the dominant contributor to the runtime. We outline in Appendix C.1 how this is determined based
on the roofline model. Using empirical runtime measurements, we then fit one of the two models
depending on which one is expected to yield the dominant runtime contribution. Each fit corresponds
to a specific model type, size, and inference stage, and is evaluated over varying batch sizes and
prefill lengths. As evidenced by the fits to empirical TTFT (App. C.2) and step time measurements
(App. C.3), our model provides an accurate description of the observed inference runtimes for both
architectures and explains the empirically observed runtimes in Figure 6.

5 RELATED WORK

Modeling scaling behavior with parameters and data. The empirical scaling behavior of Deep
Learning models w.r.t the size of their model parameters and training data has been actively researched
(Hestness et al., 2017; Rosenfeld et al., 2020; Henighan et al., 2020; Alabdulmohsin et al., 2022;
Caballero et al., 2023). Such scaling laws have been demonstrated across many tasks and data
modalities (Tan & Le, 2019; Ghorbani et al., 2022; Zhai et al., 2022; Abnar et al., 2022; Ardalani
et al., 2022; Gao et al., 2023) However, beginning with Kaplan et al. (2020) and Hoffmann et al.
(2022), the main objective has been guidance on how to optimally scale Large Language Models
with Transformers. Follow-up work investigated the data constrained setting (Muennighoff et al.,
2023), the effect of data pruning (Sorscher et al., 2022), extreme token per parameter ratios (Gadre
et al., 2024). Furthermore, replication efforts regarding the scaling laws established in Kaplan et al.
(2020) and Hoffmann et al. (2022) have been performed in order to reconcile their findings (Besiroglu
et al., 2024; Pearce & Song, 2024; Porian et al., 2024). Critical practical considerations such as
specific architectures and hyperparameters on the resulting scaling laws have been investigated
(McLeish et al., 2025). The recent survey Li et al. (2025) gives a comprehensive overview and
give practical guidelines in establishing scaling laws. Scaling laws have also been investigated
theoretically, providing justification for the functional forms used in practice (Amari et al., 1992;
Amari, 1993; Seung et al., 1992; Amari & Murata, 1993; Cortes et al., 1993; Yarotsky, 2018; Liang
et al., 2020; Sharma & Kaplan, 2022; Hutter, 2021; Bahri et al., 2024).

Incorporating inference characteristics into scaling laws. Multiple studies seek to include infer-
ence characteristics such as the time-to-first-token (latency) and the time-per-token (throughput) into
their considerations on model scaling. Sardana et al. (2024) propose to incorporate inference costs
into scaling laws for an expected inference compute demand. Gadre et al. (2024) investigate scaling
laws in training regimes with high token/parameter ratios, much higher than “Chinchilla-optimal”,
which incurs higher inference speeds due to smaller models. Bian et al. (2025) devise inference-aware
scaling laws, focusing on obtaining the most inference efficient model for a certain performance.
Paliotta et al. (2025) show, that under fixed time budget during inference, distilling Transformers into
linear time-complexity Mamba models leads to higher performance on reasoning tasks, as their faster
inference speeds allow for better scaling with inference compute.

Other scaling behaviors. Beyond scaling behavior with model parameters and training data, other
scaling behaviors have been investigated. Hernandez et al. (2021) considers scaling laws for transfer
learning. Clark et al. (2022) and Abnar et al. (2025) investigate scaling laws for routed language
models, such as the widely considered Mixture-of-Experts method (Shazeer et al., 2017). Scaling
inference compute is a major consideration for LLM reasoning models (OpenAl, 2024). For example
Snell et al. (2025); Brown et al. (2024); Muennighoff et al. (2025) demonstrated such scaling behavior
with additional inference tokens. Kumar et al. (2025) devise precision-aware scaling laws, investi-
gating the tradeoffs between precision, parameters and data. Tao et al. (2024) suggest the vocabulary
size as additional parameter when scaling language models. Busbridge et al. (2025) investigate
scaling laws for distilled models based on the compute budget allocation between teacher and student.
Zhao et al. (2025) reconcile the smooth improvements predicted by scaling laws with the reported
sudden emergent capabilities of LLMs at scale through distributional scaling laws. Chen et al. (2025)
introduce parallel scaling laws, where compute is scaled by using a single set of model parameters
in parallel with different learnable input transformations and output aggregation. Related to our
work, Xiong et al. (2024) and Shi et al. (2025) investigate the scaling behavior of transformer models
w.r.t. their context length. Springer et al. (2025) show that overtrained models are harder to fine-tune.

Closest to our work are Shen et al. (2024) and Poli et al. (2024). Shen et al. (2024) demonstrate scaling
behavior of their considered linear time-complexity architectures that is on par with Transformers.
Poli et al. (2024) shows, that hybrids between linear time-complexity and transformer models can
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improve upon Transformers. Contrary, our work shows that the xLSTM linear time-complexity
architecture outscales Transformers for language modeling.

6 LIMITATIONS AND FUTURE WORK

The main focus of this work is a comparative study of the training scaling behavior of Transformer
and xLSTM architectures in terms of cross-entropy loss. We do not consider the impact of different
training data distributions, nor do we investigate scaling behavior on other downstream tasks; instead,
we build on the findings of related work on these aspects (Sardana et al., 2024; Gadre et al., 2024;
Porian et al., 2024). Similarly, our empirical inference runtime scaling is designed to capture the
fundamental differences in computational complexity with respect to sequence length between
Transformers and xXLSTM. Therefore, we adopt a fair and controlled comparative setup, focusing on
single-GPU experiments rather than exhaustive inference optimizations.

Future work could extend the scaling comparisons to Mixture-of-Expert or hybrid architectures
combining attention and XLSTM, explore diverse data distributions, include additional downstream
and long-context tasks, and investigate inference runtimes in production scale multi-GPU regimes to
provide further insights into efficient sequence modeling.

7 CONCLUSION

Our study provides a systematic comparison of scaling behaviors between XLSTM and Transformer
architectures. We show that xXLSTMs are Pareto-dominant in training loss versus compute, maintain
consistent power-law exponents in the overtraining regime, and scale more efficiently with context
length due to their linear complexity. While our results suggest a universal relationship between
performance and model size that applies to both compute-optimal Transformers and xLSTM models,
we find that compute-optimal xLSTM models are larger than their Transformer counterparts and that
the compute-optimal model size of xLSTM:s is robust to variations in context length. During inference,
xLSTM models achieve lower time to first tokens and generation step times than Transformer models
of the same size. These results are well explained by our runtime model, which is grounded in
theoretical FLOP and memory operation calculations and shows close agreement with the empirical
data. Throughout all experiments, we find that the advantages of XLSTM grow with context length,
both for training and inference characteristics, positioning xXLSTM as a promising and scalable
architecture for future language models.

REPRODUCIBILITY STATEMENT

We release the code to reproduce our experiments, the datasets of training runs as well as results
for inference publicly upon acceptance to facilitate future research in this direction. The datasets of
training runs have been obtained using the publicly available xLSTM 7B training repository (https:
//github.com/NX-AI/x1stm-jax) using the model configurations stated in Appendix D.
Inference results have been obtained using the publicly available benchmarking pipeline for efficient
xLSTM kernels (https://github.com/NX-AI/mlstm_kernels), more specifically, the
model benchmarks, not those for individual kernels.
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Chapter 4

Conclusion

The widespread deployment of large language models (LLMs) across diverse sectors of
society demands for ongoing advancements in both computational and cost-efficiency.
Motivated by the favorable linear scaling of LSTMs compared to the quadratic scaling
of Transformers in computational cost with sequence length, we revisited original LSTM
ideas in the domain of modern language models. Our goal was to challenge the prevalent
dominance of the Transformer architecture by designing new LSTM architectures using
the tools from modern language modeling.

Contributions. To this end, the contributions of this thesis span several layers of
language model development: In terms of architecture design, this thesis enhanced the
LSTM to xLSTM by incorporating exponential gating and new memory structures. On
the systems level, we proposed Tiled Flash Linear Attention (TFLA), a new kernel algo-
rithm for the class of linear RNNs that improves the utilization of modern hardware and
achieves state-of-the-art training kernel runtimes for the xLSTM with matrix memory
(mLSTM). Lastly, on the scaling of new language model architectures, we built xLSTM
7B, a competitive 7-billion-parameter language model with faster inference speeds, and
performed a large scale study of xLSTM’s scaling laws. Our findings reveal that, in
typical LLM training and inference scenarios, xLSTM scales favorably compared to
Transformers. Taken together, these contributions establish that recurrent architectures
based on LSTM ideas can be first-class language models when co-designed with modern
memory structures and hardware-aware training algorithms.

In the remainder of this section, we outline remaining limitations (Section 4.1), contex-
tualize the xLSTM in the broader literature (Section 4.2), and point towards directions
for future research (Section 4.3). We close by revisiting the initial research question of
this thesis (Section 4.4).

4.1 Limitations

This thesis develops and systematically analyzes the xLSTM as a step toward more
efficient language model architectures. Several limitations nonetheless remain, suggesting
clear avenues for future work.

Limited memory size. The main efficiency advantage, as well as the linear time-
complexity of RNNs, stems from their constant sized memory, which stores the
information in the input sequence in compressed form. By design, the information
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compression in recurrent language models with gating' is lossy, which can be observed
empirically in recall tasks (Arora et al., 2024a). In our experiments with xLSTM 7B,
we observed a similar trend: While xLSTM 7B shows beneficial length extrapolation
capabilities, its overall performance on needle-in-the-haystack-like recall tasks still lags
behind that of Transformer models (see Section 3.3). This suggests that there exists a
trade-off between an LLMs memory state size, which is often directly linked to inference
efficiency, and their recall abilities (Arora et al., 2024b). One simple remedy to recover
Transformers’ recall abilities in practice is to mix attention and RNN layers within one
model (MiniMax et al., 2025; Kimi Team et al., 2025; Qwen Team, 2025). However, this
reintroduces quadratic time complexity, but only for a small number of layers, and hence
has a reduced effect on end-to-end runtime.

Model scale. The size of xLSTM language models built within the scope of this thesis
is limited to 7 billion parameters. While this size still remains important in the open-
source ecosystem, the size of open frontier models has grown beyond several hundred
billion parameters (DeepSeek-Al, 2025b; Yang et al., 2025; Kimi Team, 2025). Building
even larger xLSTM models in combination with Mixture-of-Expert layers (Fedus et al.,
2022; Du et al., 2022) remains future work. However, even though frontier model sizes are
growing, there seems to be a trend towards smaller models targeted for on-device usage,
which offers interesting application scenarios for recurrent LLMs such as xLSTM (Amini
et al., 2025; Lacombe et al., 2025; Gemma Team, 2025).

Ecosystem maturity. While this thesis demonstrates the competitiveness of xLSTM
as a base language model architecture, its practical deployment is currently con-
strained by limited ecosystem support. Most production-grade inference engines—such as
vLLM (Kwon et al., 2023), SGLang (Zheng et al., 2024), or llama.cpp (ggml-org, 2025)—
are designed and deeply optimized for Transformer-style attention, and only recently
began to support recurrent alternatives with custom memory structures (vLLM Team
at IBM, 2025; SGLang Team, 2025). As a result, key optimizations for efficient serving,
batching, and low-latency decoding that are standard for Transformers are not readily
available for xLSTM. Therefore, in the controlled inference benchmarks in this thesis
(Sections 3.3 and 3.4), we compared optimized PyTorch Transformer and xLSTM im-
plementations from HuggingFace?. The lack of high-throughput inference engine support
also affects the development of so-called reasoning models based on the xLSTM architec-
ture. Reasoning models (OpenAl, 2024; DeepSeek-Al, 2025a) are trained with reinforce-
ment learning (RL) to produce thinking traces before responding, thereby solving more
complex problems in science, coding, and math. An essential element of these RL training
pipelines is fast online text generation, typically implemented via common inference en-
gines. Consequently, in this thesis, we did not develop reasoning-oriented xLSTM models
nor conduct RL-based fine-tuning. Closing this gap will require broader ecosystem adop-
tion, including support for xLSTM in common inference engines, training frameworks,
and RL pipelines, which, in turn, would enable a direct comparison between recurrent and
Transformer-based reasoning models under comparable training and serving conditions.

In LSTM, the information loss due to memory resets is explicitly designed through a forgetting mecha-
nism (Gers et al., 2000). Note that the original LSTM actually did not have a forget gate (Hochreiter,
1991; Hochreiter & Schmidhuber, 1997).

2https://huggingface.co/NX-AI/XLSTM-7b
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4.2 Applications and Broader Design Space

Besides its application as an efficient language model, the xLSTM is a general sequence
model with applications in various other domains. In this section, we provide an overview
of these applications of the xLSTM (Section 4.2.1) and position the xLSTM within the
broader literature on efficient attention mechanisms for LLMs (Section 4.2.2).

4.2.1 Applications of xLSTM

xLSTM’s advantage in its efficient processing of long sequences transfers across differ-
ent domains and can even unlock domain-specific use cases with tight computational
constraints.

Vision. When xLLSTM is adopted as a generic vision backbone, its linear scaling in
sequence length leads to a better performance to compute ratio and enables efficient
processing of higher resolution images (Alkin et al., 2025; Huang & Hu, 2024). In the
field of remote sensing, these properties turn out to be crucial when segmenting (Zhu
et al., 2024), classifying (Roy et al., 2025), or detecting changes (Wu et al., 2025) in
high resolution satellite imagery. Similarly, in medical imaging, xLSTM advances the
segmentation of biomedical images in both 2D and 3D (Chen et al., 2024).

Robotics. When used as a backbone for action generation policies, xLSTM may fa-
cilitate local deployment on mobile robots due to its low computational and memory
constraints. In this case, xXLSTM can serve as the backbone of Decision Transformer-
style action models (Schmied et al., 2025a), where xLSTM is trained to predict the next
action given a sequence of previous states and returns-to-go, or as the backbone of multi-
modal imitation learning policies with language and image (Jia et al., 2025a), as well as
point cloud inputs (Jia et al., 2025Db).

Timeseries. In the domain of time series modeling, traditional LSTMs have proven
highly effective and are widely used in practice (Nearing et al., 2024). xLSTM extends
these capabilities with new gating techniques and memory structures. Especially the
scalar memory cell (SLSTM), which inherits the recurrent weights—and hence its state-
tracking capabilites—from the traditional LSTM, shows beneficial time series modeling
capabilities and has been adopted in several sLSTM-based time series models (Kraus
et al., 2025; Kong et al., 2025). In addition, xLSTM time series models (Alharthi &
Mahmood, 2024) have been explored in special use cases such as, for example, stock price
prediction (Fan et al., 2024), multi-variate time series anomaly detection (Faber et al.,
2025), or traffic flow forecasting (Huang et al., 2025). Recently, in the emerging field of
time series foundation models, sSLSTM has shown strong performance as a backbone for
the time series foundation model TiRex (Auer et al., 2025b), which is trained on a large set
of diverse time series to enable zero-shot forecasting or classification (Auer et al., 2025a).

Others. There is even a wide range of other domains outside these categories in which
xLSTM has been applied. For example, it has been used for modeling biological and
chemical sequences (Schmidinger et al., 2025), predicting vehicle trajectories (Chugh
et al., 2025), learning general-purpose audio representations (Yadav et al., 2025), en-
coding bytes in byte-level language models (Minixhofer et al., 2025), or even detecting
gravitational waves (Wang et al., 2025a).

Collectively, these applications show that xLSTM is not a language-specific architecture
but rather a general sequence model with favorable efficiency—performance trade-offs.
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4.2.2 xLSTM in the Broader Design Space of Efficient LLMs

Throughout this thesis, and most explicitly in Section 4.1, we have observed that the
constant size of the memory state in fully recurrent LLMs is a primary driver of their
favorable compute and memory efficiency, but it comes at the cost of precise recall of
arbitrary information from long contexts. Besides fully recurrent LLMs, such as xLL.STM,
numerous other techniques aim to improve the efficiency of Transformer-based language
models by exploring similar trade-offs between memory capacity, computational cost,
and recall ability. A unifying way to relate these approaches is to consider the internal
memory representation that LLMs maintain in order to process and generate text, and to
view this—analogously to the hidden state of RNNs—as the model’s memory state. For
the standard Transformer architecture with self-attention, this memory state takes the
form of a growing buffer of past key and value vectors, commonly referred to as the K'V-
cache, which is typically allocated as a four-dimensional tensor with axes corresponding
to (1) number of layers, (2) context size, i.e. the number of tokens in the sequence, (3)
number of heads for the keys and values, and (4) the dimension of the heads.

Following this memory state abstraction, we categorize a range of efficient attention
mechanisms and architecture designs across these axes and place xLSTM within this
broader design space. In particular, we organize methods along the axes by which they
reduce the size of the memory state.

Number and type of layers. There are several architectural designs that change the
type of memory state across the layers, with the aim of reducing the overall size. One
example of such designs is hybrid model architectures that alternate in specific ratios be-
tween different attention window sizes, often referred to as local-global attention (Gemma
Team, 2025; FAIR CodeGen Team et al., 2025), between full-attention and linear RNN
layers (Kimi Team et al., 2025; Qwen Team, 2025), or even between local attention and
linear RNN layers (De et al., 2024). Instead of alternating memory state types, some
methods also share the KV-cache (Sun et al., 2024) or the memory state of a linear
RNN (Ren et al., 2025) among several layers. When considering hybrid architectures
with xLSTM layers (Cabannes et al., 2026), they fall into this category.

Context size. Since the number of tokens in the sequence is the dimension along which
the computational cost of attention grows quadratically, many studies seek to minimize
the overhead associated with this dimension. A straightforward way to reduce this dimen-
sionality—and thus the computational cost—is to restrict attention to a narrow sliding
window or to a predefined attention pattern while discarding all other tokens (Beltagy
et al., 2020), except for the initial input tokens, which are commonly known as atten-
tion sinks in such streaming setups (Xiao et al., 2024b). Instead of imposing structural
constraints on the attention pattern, another line of work aims to train sparse atten-
tion mechanisms that attend only to relevant tokens. Typically, these methods segment
the sequence into blocks and select relevant blocks by computing the block-wise impor-
tance or affinity scores for the current token (Yuan et al., 2025; Lu et al., 2025). Other
training-free methods extend the context window of LLMs during inference by storing
distant tokens in the sequence in additional memory units and then looking up relevant
token-groups just before the attention computation (Xiao et al., 2024a; Fountas et al.,
2025). In contrast, recurrent LLMs iteratively compress and overwrite historical infor-
mation within a fixed-size memory state by means of a learned gating mechanism. From
the perspective of the KV-cache, the state size of these recurrent LLMs corresponds to
a narrow sliding window, yet with substantially better length extrapolation capabilities
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(see Section 3.3). Consequently, the xLSTM introduced in this thesis can be understood
as one specific method for constraining the effective memory size, thereby improving the
computational efficiency of contemporary LLM architectures.

Number of KV-heads. Typically, the attention function is performed in parallel across
several different projections—so called heads—of the queries, keys, and values. In stan-
dard multi-head self-attention (Vaswani et al., 2017), every query head has a correspond-
ing key and value head pair. However, in order to reduce the KV-cache size and speed
up inference, one key-value head pair can also be shared across all query heads in multi-
query attention (Shazeer, 2019), or across several query heads in grouped-query attention
(GQA) (Ainslie et al., 2023). GQA has been shown to deliver such consistent improve-
ments in efficiency and performance that it has effectively become the de facto standard
for current language model architectures (Touvron et al., 2023b; Grattafiori et al., 2024;
OpenAl et al., 2025; FAIR CodeGen Team et al., 2025).

Head dimension. Instead of dividing the key and value heads into groups and storing
them in the KV-cache, Multi-Latent Attention (MLA) jointly compresses key and value
heads into a single latent vector with a low compression dimension (DeepSeek-Al, 2024).
This effectively supports efficient inference by reducing the KV-cache to the size of GQA
with only about two groups. Since its introduction, MLA has seen rapid adoption in
several open-source LLMs (DeepSeek-AI, 2025b; Kimi Team, 2025).

Empirical studies have shown that using fewer heads (i.e., larger head dimensions) com-
pared to Transformers yields better performance for linear RNNs, including xLSTM (Sun
et al., 2023; Yang et al., 2024; Beck et al., 2025b). However, while fewer heads with
larger head dimensions increase the size of the hidden states, the overall memory size
still corresponds to that of a relatively small sliding window (see Section 3.3). Thus, the
primary source of memory savings in recurrent LLMs is the compression of information
along the sequence length dimension.

4.3 Future Work

Beyond the limitations discussed above, this thesis motivates a broader set of research
directions toward new architectures, new memory mechanisms, and more capable agentic
systems.

Architecture and memory design. One promising direction is to push the frontier
of cost-efficient LLM architectures by further exploring hybrid designs that combine the
complementary strengths of recurrent models and attention-based mechanisms. Rather
than viewing recurrent and attention-based approaches as competing paradigms, a
unifying view that treats both as instances of memory compression and sparse selection
may lead to new architectures with more principled trade-offs between efficiency and
recall abilities. Beyond efficiency, an important open question is how to equip LLMs
with better internal memory mechanisms. In particular, architectures that learn how to
store, index, and retrieve facts from an internal neural long-term memory could enable
better reasoning over long contexts. Recent work on embedding-based and conditional
lookup mechanisms shows that additional memory modules can serve as an effective way
to increase knowledge capacity and sparsity in LLMs (Sadhukhan et al., 2026; Cheng
et al., 2026). Combining such ideas with the xLSTM could fill the gap between recurrent
memory and the unbounded size of KV-caches in Transformers, potentially yielding
models that combine strong recall with linear-time complexity.
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Systems and hardware-aware design. Over the past years, a continuing trend in the
evolution of modern hardware accelerators is that the speed of compute units is growing
much faster than the memory or interconnect bandwidth (Gholami et al., 2024). Hence,
for high-performance kernels, it becomes increasingly important to overlap computation
with memory operations within a single GPU or with communication across multiple
GPUs. To support this, recent GPU generations are equipped with new hardware fea-
tures that allow for better asynchronous data movement, such as copy engines or tensor
memory accelerators (TMA) (Sul et al., 2025; Luo et al., 2025b). This increase in hard-
ware complexity and concurrency makes it difficult to develop new kernel algorithms
directly in low-level CUDA C++. Therefore, to reduce development effort and ensure
performance portability across hardware architectures, new kernel algorithms should use
appropriate abstractions or domain-specific languages (Tillet et al., 2019; Spector et al.,
2025).

The development of TFLA (see Section 3.2) in this thesis demonstrates that the combi-
nation of I/O-aware algorithm design and the correct level of abstraction is critical for
realizing the theoretical efficiency benefits of recurrent architectures in practice. In the fu-
ture, domain-specific languages for GPU kernel programming will continue to evolve, with
ongoing trends offering a better integration in high level frameworks (PyTorch Team at
Meta, 2025) and better support for new hardware features, e.g., warp specialization (Ren
et al., 2026).

Beyond enabling further efficiency optimizations, these advancements offer new oppor-
tunities for architectural exploration, allowing researchers to prototype and evaluate se-
quence modeling designs that make effective use of the latest accelerator capabilities.
In this context, a promising direction is the development of recurrent architectures and
sequence modeling primitives that map natively to multi-GPU and distributed settings,
extending hardware-aware design beyond single-device execution (Sul et al., 2025), for ex-
ample, via sequence-parallel xXLSTM layers that distribute different subsequences across
GPUs. More generally, this suggests a co-evolution of model architectures and kernel ab-
stractions, in which new sequence modeling primitives are designed in combination with
emerging DSL features and abstractions.

Architectures for agentic systems. Beyond their use as chat-bots, a growing trend is
to embed large language models into agentic systems that can autonomously solve multi-
step, long-horizon tasks. In these workflows, LLMs are wrapped with agent harnesses that
define how LLMs access tools, search the web, or execute self-generated code (Wang et al.,
2025b; Luo et al., 2025a). That means that instead of generating conversational text,
LLMs now produce and execute actions in real or simulated environments. In these cases,
small and efficient language models such as xLSTM could provide a more economical
alternative to large Transformer-based LLMs (Belcak et al., 2025). As efficient backbones
with access to external tools, xLSTM models could support local, on-device agentic
inference with lower latency, reduced cost, and better privacy control. Beyond the direct
application of xLSTM models in such frameworks, the recurrent paradigm may also guide
the design of future agentic architectures. In these new agentic systems, LLMs produce
long trajectories of tool and environment interactions, where the model must maintain
and evolve a persistent internal state to generate the next actions. From this perspective,
LLMs are becoming stateful computation engines, and recurrent architectures, with their
explicit memory states and incremental update rules, provide a natural inductive bias
for such settings. Therefore, instead of treating recurrence solely as an efficient way to
process long sequences, future architectures may adopt recurrent principles as a design
choice for stateful, agentic Al systems.
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4.4 Closing Note

To conclude, we are now in a position to give a positive answer to our initial question:

Can we design a language model architecture that preserves the compute and
memory scaling advantages of LSTMs while matching or surpassing Trans-
formers in both quality and efficiency?

In this thesis, we have revisited language modeling with LSTMs and demonstrated,
through the development of xLSTM, that modernized recurrent architectures can serve
as competitive and efficient language models.

During our exploration of the design space of LSTMs for language modeling, this thesis
has contributed across the full stack, from algorithmic improvements to hardware-aware
implementations and large-scale training setups. We hope that our findings and insights
will continue to inspire future research and practical advancements in efficient language
modeling. More generally, this thesis suggests that LSTM ideas remain important design
principles for modern sequence models when combined with appropriate memory struc-
tures and hardware-aware training algorithms. As language models continue to move
beyond centralized data centers into resource-constrained and privacy-sensitive applica-
tions, efficient architectures such as xLSTM may play an increasingly important role in
both research and practice. Ultimately, we view xLSTM not as a final answer but as a
step towards the design of scalable and efficient architectures for the next generation of
large language models.
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A Broader Impacts

Our work introduces novel LSTM architectures that perform favorably compared to Transformers
or State Space Models on language modeling. As our novel LSTM models are inherently recurrent
and demonstrably extrapolate well to large contexts, they have the potential for near constant scaling
at inference. This compares to linear scaling in the context length for Transformer architectures,
representing a vast potential in energy and emission savings when deploying such models to real
world applications. Thus, in an ever more connected, data-rich world with ubiquitous compute, our
work has the potential to increase general accessibility of state-of-the-art machine learning models
whilst making them more environmentally sustainable.

However, any novel machine learning technique that has the potential to impact real world applications
can be used for harm, not just for good. Our models with their beneficial inference economics and
their ability to extrapolate to large contexts at no overhead could be used, for example, to generate
and spread disinformation on a grander scale. Moreover, savings in energy and emissions afforded by
deploying our novel XLSTM models might be outweighed by an increase in demand for such models,
leading to an overall increase in energy consumption and environmentally harmful emissions. Whilst
our work focuses on new, more efficient Language Model architectures, it does not directly address
the issues of fairness and bias of such models.

B Extended Long Short-Term Memory

LSTM Memory Cells xXLSTM Blocks XLSTM
Memory Cells SLSTM i
- Constant Error Carousel + Exponential Gating
- Sigmoid Gating | + New Memory Mixing
- Recurrent Inference
- Recurrent Training

I,
N,

ce = fic1 + iz

he = os9(ee)
mMLSTM
. . O O
+ Exponential Gating & 8
—» + Matrix Memory m m
+ Parallel Training
+ Covariance Update Rule
\ 7

Figure 6: The extended LSTM (xXLSTM) family. From left to right: 1. The original LSTM memory
cell with constant error carousel and gating. 2. New sLSTM and mLSTM memory cells that introduce
exponential gating. SLSTM offers a new memory mixing technique. mLSTM is fully parallelizable
with a novel matrix memory cell state and new covariance update rule. 3. mLSTM and sLSTM in
residual blocks yield xLSTM blocks. 4. Stacked xLSTM blocks give an XLSTM architecture.
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B.1 Vanilla Long Short-Term Memory Formulation: Vector Notation

The vanilla LSTM memory cell update rules (Greff et al., 2015) at time step ¢ extend the scalar cell
state formulation to a vector of cell states:

¢, = f O e + 1 Oz cell state  (25)
hi = o; @hy, h, = w(ct) hidden state  (26)
zr = ¢(Z) , zZt = Wyx + R, hy_1 + b, cell input  (27)
iy = o (It) , it = Wix; + Rihi{—1 + b; input gate  (28)
fi =0 (Nt) , f't = Wrxy + Rehy_1 + bg forget gate  (29)
o = 0(04) , 0 = Woxy + Rohy_1 + bg output gate  (30)

The matrices W, W;, Wk, and W, correspond to the input weights between inputs x; and cell
input, input gate, forget gate, and output gate, respectively. The matrices R., R;, Ry, and R,
correspond to the recurrent weights between hidden state h;_; and cell input, input gate, forget gate,
and output gate, respectively. b, b;, b, and b, are the corresponding bias vectors. ¢ and 1) are the
cell input and hidden state activation functions (typically tanh). v is used to normalize or squash the
cell state, which would be unbounded otherwise.

B.2 sLSTM

Similar to the LSTM in Section B.1, also the SLSTM can be vectorized to multiple cells:

¢ = £ O + it Oz cell state (31)
ng, = £ © ny_1 + i normalizer state (32)
h; = o @ﬁt, il,t = ¢ © nt_1 hidden state (33)
z = ©(Z), zZi = Woaxy + R, hy_1 + b, cell input (34)
i, — exp (it) , i, = Wiz, + Rihoy + b; input gate (35)
f; = exp (f't> OR o (f’t> , f't = Wraxy + Rehy_1 + be forget gate (36)
o, = o(0) o, = Woxy + Rohi_1 + by output gate (37)

Here, the cell input activation function ¢ is tanh, the hidden state activation function is the identity.
 helps stabilizing the recurrence.
Considering external gradient contribution (56’“ from subsequent layers and recurrent gradient contri-

bution 5R from gradients from future states ﬂowmg over the cell interaction matrix R, we obtain the
recursive backward pass of sSLSTM, where ¢, indicates gradients with respect to parameter / internal
variable a:
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On, = 057+ oF

ey s = £ ®6e, + 0im1OM_1 ' Obp, ,

Ony, y = 5 O0p, — 011 O @nt__Ql O Oh,_,
0, = f{0ci 100, + f{On 10,

6 = 1,02 O, + i} ®dn,

0z, = 1t ©¢'(2) ©de,
5, = 0,0 ¢, On; ' @ op,

by = Y, Wy
ge{f.i,z,0}
5;271 = Z R;‘;ét
ge{f.i,z,0}
51—;g = th*légt’
t

T

T
§ :wtégt ?
t

g e {i,f,z, 0}

ge {i,f,z,0}
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(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)

(46)

(47)

(48)

with the derivatives of the respective gate activation function i}, = exp’(i;) = exp(i;) = i;, 0} =
0'(6), and f; = o’(f;) or f] = f; depending on the forget gate activation. ¢’(z) is the derivative of
the cell input activation function ¢(z).

The matrices R, R;, R, R, are block-diagonal which is analogous to multiple heads in the
mLSTM. This way, the parameters reduce to d?/(Np,), where N}, is the number of heads, limiting the
cell interactions to individual heads. This parameter efficient formulation of cell interactions together
with the exponential gating is called the new memory mixing. Finally, to stabilize the backward
pass, we clip the magnitude of & ,Ii to 10, as a means to prohibit exploding gradients for long context

lengths.

sLSTM Stabilized Version. The stabilized version of SLSTM introduces a new stabilizer state m ,

applied as:

E
|

—
-~

= max (10g( fi ) + me—1 ,log( i ))

= (o= () - ) - B - )

fi = exp (log(ft)—O— Mi_1 — mt)

stabilizer state
stabil. input gate

stabil. forget gate

(49)
(50)

(D

We show that replacing f; by f; and i, by i} in the forward pass does neither change the output of the
whole network nor the derivatives of the loss with respect to the parameters.

The stabilization state m has no gradient, and hence does not influence the other gradients. We

(s)

re-define c{*) and n{*

Ct

uz

as stabilized cell and normalizer states:

s ()

n{ exp ( my )
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Inserting Equation 49 into Equation 8 yields:

= o g = (54)
exp (log (fr) + me—1 — my ) cgi)l + exp (log (ir) — M ) 2t o
a exp (log (fr) + me—1 — my ) ngi)l + exp (log (ir) — my ) 6
_exp <log (fy) + my—q ) cii)l + exp (log (ir)) 2 56)
- exp (log (fy) + my—1 ) nﬁ)l + exp (log (i)
_exp (log (f)) ce—1 + exp (log (it?) 2 57)
exp (log (fr)) n¢—1 + exp (log (i)
_ hematbz g (58)

fing_1 +1i¢

Therefore, since the loss solely depends on h;, there’s no dependency on m;, and consequently,
no gradient exists for this stabilization state. Note that m; can be chosen arbitrarily. We choose
my = max (log (f;) + m_1, log (i;)), which stabilizes the exponential function. One can even find
my, such that the normalizer state n; can be eliminated, but this version was experimentally found to
be numerically unstable in the backward pass.

B.3 mLSTM

Throughout this section, 1 € RT denotes a column vector of ones and 17 € RY*T 3 row vector of
ones, where 7' is the dimension of this vector space.

Recurrent mLSTM Backward Pass. The recurrent formulation of the mLSTM cell in Equation 16
yields the following backward pass recurrence, where J,, indicates gradients with respect to parameter
or internal variable a and 6;’1’? denotes gradients from subsequent layers:

8 =0 O 8 (59)

Qt715,171 60)
max {|n;_q:—1|,1}

T AT 5.
qt—1Ct—15ht,1

5Ct—1 = ft(sct +

On, , = fi0n, — Q(n)_1q:-1) g1 (61)
max{|n:_1qt_1|,1}2 ( -t )
0y, = itk 6, (62)
o, =it (v 6c, +0,,) (63)
C,s; q/ C,s;
Oq, = L LR 0 (n]g)n (64)
max{’nt (It|a1} max{|ntht’,1}
boe= Y, W], (65)
g€{q,k,v}
Sy, = > _ by, , g€ {akvy  (66)
t
5b9 = Z(;Qt ’ ge {qa ka U} (67)
t
5, = (17 (Cro1 ©66,)1+17 (i1 ©6n,)) ¥ (ﬂ) (68)
0, = (17 ((vik() ©60,) 1+ 17 (ke © 6n,)) exp (ir) 69)
567: = ilt ® 0'/ (6t) ® 5ht (70)
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and Q (z) =0 (2 — 1) — © (—z — 1), O (2) being the Heaviside step function. y (z) is either o’ (z)
or exp (z), depending on the forget gate activation.

Parallel mLSTM Forward Pass. The mLSTM recurrence in Equations (16-24) can be reformulated
in a parallel form, which is used to speed up training. After training we can still use the recurrent
formulation for fast text generation.

Instead of processing each input x; € R? at time step ¢ sequentially, the parallel version processes
all timesteps of a full sequence X € R”7*< at once, where T is the sequence length and d is the
head dimension. We present the forward pass of the mLSTM for a single head and drop the head
dimension for simplicity.

Let f € R” be the forget gate pre-activations and i e RT be the input gate pre-activations for a full
sequence. We construct the forget gate activation matrix F € RT*T by
0 fori < j
F,j = 1 . fori = , 71)
[lijiao (fk) fori > j

and the input gate pre-activation matrix I € R7*7 by

) o
Iij={9 ore=J (72)
ij fori>j

By applying the elementwise exponential input gate activation function naively, we obtain the
unstabilized gate activation matrix D € RT*7T as

D =F o exp(l). (73)

In order to avoid overflow due to the exponential function we apply the same stabilization as in the
recurrent SLSTM, see Equation 49. In the parallel formulation of the mLSTM we get a numerically
stable gate activation matrix D’ € RT*7 by taking the logarithm of D element-wise and subtracting
the row-wise maximum value of D from each element:

D = logD = log (F ® exp(i)) =logF +1 74)
D’ = exp(D — max D) (75)

Given the queries, keys and values Q, K,V € RT*4 for a full sequence we can compute all hidden
pre-activation states H € R7*4 in parallel for the un-stabilized version by

~ C ~ KT
H=CV, with C= = , andC:Q oD. (76)
max{| > ;_; Cil, 1} Vd
Note that we extract the ﬁ factor for K explicitly here and further on. For the stabilized version
this yields
. é/ - KT
H=CV, with C= ——, and C':Q oD, (77)

max{| Z]-T:1 é{j\, exp(—max D)} Vd

where for both versions the hidden pre-activation states H are identical.

With the output gate pre-activations O € RT*4 we can compute the hidden states H € R7*¢ for all

timesteps by applying the output gate in parallel for each timestep element-wise:
H=0(0)0H. (78)

This gives the parallel forward pass of the mLSTM for a full input sequence X € R7*¢,
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Parallel mLSTM Backward Pass. We present the backward pass of the mLSTM for the stabilized
version only. For completeness we summarize the forward pass in the stabilized version before we
present the backward pass.

Given the forget gate matrix F € RT*7 the logarithm of the forget gate matrix F = log F € RT*T,

and the input gate matrix I € RT*7 as introduced above, together with the queries, keys and values
Q, K,V € RT*4, we can write the forward pass of the mLSTM in the stabilized version as:

D=F+I (79)
m = max ]5”- , row-wise maximum (80)
j
D' = exp(ﬁ -m1") (81)
~ QKT /
C' = ®D 82
N (82)
T ~ ~
b= Z c,=C'1, row-wise sum (83)
j=1
n = max{|b|,exp(—m)} (84)
C=Co((n'1") (85)
H=CV (86)

With this forward pass we can compute the gradients J,, for all intermediate and input variables to the
mLSTM forward pass in the backward pass. We denote the gradient with respect to variable a as d,.

Given the output gradient 65 € RT*4 we can compute the backward pass for the intermediate
gradients as:

5& =Vl @87

bn=—(C'0(n217) 0 dc) 1 (88)
——((¢'0c)1) on (89)
o 1 if || > exp(—m)

Op = sign (n) © 0n © {0 otherwise ©0)
bg = (n'17)odc, column-wise broadcast 1)
(%,’b =1 5; , column-wise broadcast 92)

0 = 0g ¢ +0¢ B (93)
QK'

pr = ——— @45, 94

D \/a C ( )

55 = exp(D —m) ®dp =D’ © opy (95)

We do not compute the gradients for m as they cancel out (see the proof in the recurrent SLSTM).

With these intermediate gradients the gradients for the logarithmic forget gate matrix df € RTXT,

the input gate matrix 51 € R7*7T, and the queries, keys and values g, 0k, v € RT*? are given by
OF = 0p (96)

o1 = 0 o7

K

bg=(D'0dz) — 98

Q ( (o] ) Vd (98)

bk = (D' @) 2 (99)

Vd
sv =C g (100)
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Having computed the gradients for the logarithmic forget gate matrix dg, we can compute the
. . T
gradients for the forget gate pre-activations &z = [d7 , 07 , ..., 0z, | € R”.

Recall the logarithmic forget gate matrix F = log F is computed by

—00 forv < j
. 0 fori=j
Fij =logFi; = D h—ji1logo (fk) =Y ket fi, fori>j - (101)
\w—/
::fk

With the substitution f = log o*(f' ) we compute the gradients for the logarithmic forget gate activations

0= [66,,0¢, 0 0:, ] € RTas
k—1 T
5= > (0r),,; » (102)
j=1i=k
&, =o(— 1) 6, (103)
where the last equation makes use of the following:
d _
3 (loga(@) = = (1 +exp(—2)) " -exp(=2) - (~1)
__exp(=x) 1 (104)
1+exp(—z) 1+exp(x)
~ ()

oy ]T € RT as the

Finally, we compute the input gate pre-activations’ gradients §; = [& o s

. . . 11 ’ ’{2 ’
column-wise sum over the rows of the input gate matrix dr:

T
&= (o) (105)

i=k

This completes the backward pass of the parallel mLSTM for a full input sequence X € RT*¢,
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B.4 Detailed Block Structure

\
‘ =

SLSTM

REEE

Figure 7: Schematic representation of an SLSTM Block — post up-projection: Embedded in a pre-
LayerNorm residual structure, the input is optionally passed through a causal convolution of window
size 4 that includes a Swish activation for input and forget gates. Then, for all input, forget and output
gates i, f, o, and the cell update z the input is fed through a block-diagonal linear layer with four
diagonal blocks or “heads”. These diagonal blocks coincide with the recurrent gate pre-activations
from the last hidden state, which corresponds to an SLSTM with four heads depicted with the circular
arrows. The resulting hidden state goes through a GroupNorm layer (Wu & He, 2018) — a head-wise
LayerNorm for each of the four heads. Finally, the output is up- and down-projected using a gated
MLP, with GeLU activation function and projection factor 4/3 to match parameters.
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Figure 8: Schematic representation of an mLSTM block — pre up-projection: Embedded in a pre-
LayerNorm residual structure, the input is up-projected first with projection factor 2, once for an
externalized output gate and once as input for the mLSTM cells. The mLSTM cell input is dimension-
wise causally convoluted (kernel size 4), before entering a learnable skip connection. We obtain
input ¢ and k via block-diagonal projection matrices of block size 4. The values v are fed directly,
skipping the convolution part. After the mLSTM sequence mixing, outputs are normalized via
GroupNorm (Wu & He, 2018) — a head-wise layer norm for each of the four heads. Finally, the
learnable skip input is added and the result is gated component-wise with the external output gate.
The output is down-projected.
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C Extended Related Work

Linear Attention. Several methods have been suggested to overcome the quadratic complexity
in terms of context length of the Transformer and make attention linear in the context length. The
Synthesizer learns synthetic attention weights without token—token interactions (Tay et al., 2020).
Linformer realizes self-attention by a low-rank matrix and even linearly approximates it (Wang
et al., 2020). Linear Transformer linearizes the attention mechanism (Katharopoulos et al., 2020).
Performer linearly approximates the attention softmax by positive orthogonal random features
approach (Choromanski et al., 2021). Attention has been replaced by fast long convolutions in the
Structured Global Convolution (SGConv) (Li et al., 2022) and the Hyena Hierarchy (Poli et al., 2023).

State Space Models. Recently, State Space Models (SSMs) became very popular since they are
linear in the context length and show promising performance compared to Transformers. One of the
first proposed models was Structured State Space sequence model (S4) (Gu et al., 2021), followed by
Diagonal State Space (DSS) model (Gupta et al., 2022), Gated State Space (GSS) models (Mehta
et al., 2022), S5 model (Smith et al., 2022), Bidirectional Gated SSM (BiGS) (Wang et al., 2022), H3
model (Fu et al., 2023), and Mamba (Gu & Dao, 2023).

Recurrent Neural Networks. Recurrent Neural Networks (RNNs) have been suggested to replace
Transformer and attention due to their linearity in the context length. RNNs with Deep Linear
Recurrent Units (LRUs) showed promising results for language modeling (Orvieto et al., 2023; De
et al., 2024), as did Hierarchically Gated Linear RNN (HGRN) (Qin et al., 2023) and HGRN2 (Qin
et al., 2024). A well-known RNN approach to large language modeling is RWKV (Peng et al., 2023,
2024), showcasing competitive performance to Transformers.

Gating. One of the key ideas of LSTM is gating, which was rediscovered and reinterpreted in many
recent approaches. Gating was used in HGRN (Qin et al., 2023), HGRN2 (Qin et al., 2024), Gated
Linear Attention (GLA) (Yang et al., 2023), Gated State Space (GSS) models (Mehta et al., 2022),
Bidirectional Gated SSM (BiGS) (Wang et al., 2022), Moving Average Equipped Gated Attention
(MEGA) (Ma et al., 2022), RWKYV (Peng et al., 2023), and Mamba (Gu & Dao, 2023).

Covariance Update Rule. To enhance storage capacities, we equipped the mLSTM cell with
a matrix memory with a covariance update rule. Other methods which build on such an update
mechanism are Fast Weight Programmers (Schmidhuber, 1992; Schlag et al., 2021), RWKV-5 and
RWKYV-6 (Peng et al., 2024), Retention (Sun et al., 2023), Linear Transformer (Katharopoulos et al.,
2020), and HGRN2 (Qin et al., 2024).

Most Related. Conceptually the closest models to xXLSTM are Retention (Sun et al., 2023),
RWKYV (Peng et al., 2023, 2024), and HGRN2 (Qin et al., 2024). These models share the con-
cepts matrix memory and/or gating. However, in contrast to the new sLSTM, these approaches do
not allow memory mixing. Memory mixing enables to solve state tracking problems, and therefore
LSTMs are more expressive than State Space Models (SSMs) and Transformers (Merrill et al., 2024;
Delétang et al., 2023). State tracking is required to evaluate code or to track entities in a long narrative.

Residually Stacking Architectures. Like almost all contemporary large deep learning models,
xLSTM architectures are constructed by residually stacking building blocks (Srivastava et al., 2015;
He et al., 2016). This construction enabled deep convolutional networks (He et al., 2016) and
Transformers (Vaswani et al., 2017). Transformers are the ultimate force behind Large Language
Models (LLMs) like GPT-3 (Brown et al., 2020), ChatGPT (Schulman et al., 2022), GPT-4 (Achiam
et al., 2023), Megatron-LM (Shoeybi et al., 2019), Gopher (Rae et al., 2021), ERNIE 3.0 Titan (Wang
et al.,, 2021), GLaM (Du et al., 2021), Chinese M6 (Lin et al., 2021), mutilingual AlexaTM
20B (Soltan et al., 2022), OPT (Zhang et al., 2022), Chinchilla (Hoffmann et al., 2022), BLOOM (Scao
et al.,, 2022), GLM-130B (Zeng et al., 2022), LaMDA (Thoppilan et al., 2022), PaLM (Chowdhery
et al., 2022), Llama (Touvron et al., 2023), Gemini (Google, 2023; Reid et al., 2024).
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D Experiments

Training Setup. For all experiments, we use Python' 3.11 with PyTorch 2.2.0?, and CUDA 12.1°.
We developed and trained all our models and baselines over the course of three months on a cluster
with 128 nodes of eight NVIDIA A100 GPUs each. More than 95% of this compute were used for
the Language Modeling experiments in sections 4.2 and 4.3.

Nearest Neighbor Search Task. For this auxiliary task, we use randomly sampled feature vectors
of dimension 2 and unit norm. The attached value is a uniformly distributed random number from
[0, 1], leading to inputs vectors of dimension 3. The first feature vector serves as search key, with the
first value being ignored. Then the model has to predict the value of the nearest neighbor so far in the
sequence. We train on 8192 sequences of context length up to 64 (uniformly sampled) and validate
on 8192 different samples. All models have two blocks and embedding dimension 128. We use a
dropout of 0.1, 10% linear warm-up steps and cosine decay to le-7 for 100k total training steps. We
sweep over learning rates le-4, le-3, le-2, le-1 and 5 seeds each. The reported values in Figure 1 are
mean values for the best learning rate and 99% confidence intervals. Note that LSTM requires very
high learning rates, whereas Transformers (Llama) perform best at the smallest learning rate. The
xLSTMIJO:1] reaches similar performance across all learning rates.

Wikitext-103 Rare Token Prediction. For this exemplary experiment on rare token prediction, we
trained 125M-sized models on Wikitext-103 (Merity et al., 2017). All models have an embedding
dimension of 768 in a post up-projection structure of 12 residual blocks. The Transformer model
(Llama) uses Multi-Head Attention, for what is called LSTM the Multi-Head Attention is replaced by
an LSTM and the xXLSTM[1:0] contains mLSTM layers with matrix memory. Models were trained
with maximum learning rate 1e-3, 4k steps linear warm-up and cosine decay for in total 50k steps,
using a batch size of 256 and context length of 512. We use the validation perplexity as a stopping
criterion and evaluate on the test set.

D.1 Synthetic Tasks and Long Range Arena
D.1.1 Test of xXLSTM’s Exponential Gating with Memory Mixing.

We evaluate xXLSTM on a suite of formal language tasks to test its exponential gating and memory
mixing mechanism. Formal languages provide a framework to probe the generalization capabilities of
models. They allow to specifically test different expressivity levels, e.g. along the Chomsky hierarchy.
Typical language model architectures do not necessarily fit perfectly in these hierarchies (Delé-
tang et al., 2023) — nevertheless these languages allow to illustrate differences in generalization
expressivity between different architectures. Our evaluation tasks are based on Delétang et al. (2023).

Experiment Setup. The different formal language tasks in the experiment (see individual tasks
description below) encompass different levels of the Chomsky hierarchy as well as additional counting
and memory-focused tasks. We use different lengths per sample, which allows us to validate in a
length extrapolation setting. We train on a varying task length up to 40. The evaluation is done for
task lengths between 40 and 256 as we are only interested in the “task generalization capabilities of
the models.

In all experiments, we use two blocks (or layers for the pure LSTM) for all models. We compare
Llama, Mamba, Retention, Hyena, RWKV-4, RWKV-5, RWKV-6, LSTM, xLSTM[0:1], xLSTM[1:0]
and xXLSTM[1:1]. The sLSTM block is used without a convolution and with normal weight initializa-
tion. LSTM (Block) refers to an architecture where a vanilla LSTM is used instead of self-attention
inside a Transformer block.

All models are trained with 3 different learning rates (le-2, le-3, le-4), each with two seeds.
Batch size is 256 — cosine annealing (min Ir: 1e-5) with 10% warm-up steps is applied. We use
AdamW (Loshchilov & Hutter, 2019) (81 = 0.9, S2 = 0.99) and a weight decay of 0.1 for training.
In each experiment we train for 100k steps — the samples are generated randomly, however, all
experiments are trained and evaluated on the same samples.

'https://python.org
*https://pytorch.org
*https://docs.nvidia.com/cuda/archive/12.1.0/
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Figure 9: Supplementary results given by scaled accuracy of different models at solving formal
language tasks. Tasks are grouped by the Chomsky hierarchy.
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LSTM g8 0.17 0.25 0.15 0.18
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Figure 10: Supplementary results given by scaled accuracy of different models at solving formal
language tasks. Tasks are grouped by the Chomsky hierarchy.

Additional Formal Language Results. Figure 9 and Figure 10 showcase supplementary results of
the formal language tasks. The former extends the results with additional models. The latter details
tasks where no model attained a minimum scaled accuracy of 0.3. Although no model achieves
proper extrapolation of the task to a larger context length, XLSTM performs best among the evaluated
models.

Individual Task Description. The majority of tasks are based on Delétang et al. (2023). We
provide the vocabulary size |V'| and the random accuracy $,.q,,q (for accuracy scaling), used in the
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evaluation. As we evaluate different task lengths each task has a padding token which is used to pad
the sequence to the given context length. In Listing 1 there is an example for each task.

Bucket Sort Given a string of tokens of a sorted alphabet, compute the sorted string.
1

‘V' = 11 Srand — m

Cycle Nav Given a string of “movement tokens” (41, —1, STAY) compute the end position

of the agent with start position 0. The position must be computed modulo the maximum

position.

‘V| =9 Spa = W‘%él

Even Pairs Given a binary string of a and b tokens, compute whether the number of ab and
ba is even. This task can be solved by checking if the first and last token of the string are
equal.

[V|=3 Swna=0.5

Majority Given a string of tokens, compute the token that occurred most often in the
sequence.

1
‘V| =64 Srand = V-1

Majority Count Given a string of tokens of an ordered alphabet. Compute the count of
the token that occurred most often in the sequence. If the count exceeds the vocab size, the
highest vocab token should be outputted.

‘V| =04  Spnd = M%l

Missing Duplicate Given a string of tokens. The string is repeated but one of the tokens is
masked in the repetmon Output the token that is masked.

‘V| =11 Srand — |V\ 3

Mod Arithmetic (w/o Brackets) Calculate the result — modulo the max number — of the
arithmetic operations in the context. The maximum number is the vocabulary size minus the
number of special tokens (+,-,*,=, [PAD]).

‘V| =10 Spn = |V\ 5

Mod Arithmetic (w Brackets) Calculate the result — modulo the maximum number — of
the arithmetic operations in the context. The maximum number is vocabulary size minus the
number of special tokens (+,-,%,=,(,), [PAD])).

‘V| =12 Srand — |V\ -

Odds First An string of tokens ¢1, to, t3, ...t, is given. Output all tokens with and odd index
(t1,t3, ...) then the token with an even index (¢, t4,..) . Apart from that keep the ordering of
the initial string.

‘V| = 12 Stand — W‘%Q

Parity Given a binary string of a and b tokens, compute if the number of °s is even. If
the number is even output a otherwise b. This is equivalent to sequentially calculating the
half-adder sum.
[V|=3 Swna=0.5
Repetition Given a string of tokens — repeat it.

1
‘V' = ].2 Srand — m
Reverse String Given a string of tokens — repeat it in reverse order.
‘V| =12 Srand = W‘%Q

Stack Manipulation An initial stack content is given, followed by a sequence of push and
pop operations. Compute the stack content after the operations
‘V| =11 Srand — W

Set Given a string of tokens, compute the ordered set of the tokens. Keep the ordering so
that tokens that occurred first are also outputted first.
‘V| = 128 Srand — ‘Vl%Z
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* Solve Equation Given is an equation with the operators {+,-,*,=,(,)}, number, and an
unknown variable x. Compute the value of the variable modulo the max number. The
maximum number is vocabulary size minus the number of special tokens (+,-,*,=,(,), [PAD],
[ACT)).

‘V| =14 Srand = |V\179

Bucket Sort
Sequence: 1486111468
Cycle Nav
Sequence: STAY +1 -1 +1 STAY +1 +1 +1 -1 P3
Even Pairs
Sequence: a bbaababaa
Majority
Sequence: 1764381721
Majority Count
Sequence: 1764481722
Missing Duplicate
Sequence: 4 8 6 2 5 4 8 6 2 [MIS] 5
Mod Arithmetic (w/o Braces)
Sequence: 0 - 4 + 0 - 2 = 4 [PAD]
Mod Arithmetic (w Braces)
Sequence: ( ( (2) *x-2)-(-4-2)) =2

Odds First

Sequence: 27 326 9 [ACT] 2367 29
Parity:

Sequence: abbaabab
Repetition

Sequence: 2 4 8 6 2 [ACT] 2 4 8 6 2
Reverse String
Sequence: 2 4 8 6 2 [ACT] 2 6 8 4 2
Stack Manipulation
Sequence: ST1 ST1 ST3 POP POP PS3 PS3 [ACT] ST1 ST3 ST3
Set
Sequence: 8 6 6 3 545 3 [ACT] 86 35 4
Solve Equation:
Sequence: ( ( (2+0) +-x) - (1)) =2 [ACT] 2

Listing 1: Examples of the formal language tasks. Red tokens are evaluated for loss and accuracy
metrics, but are padded for the input. The tokens are illustrated in a way that allows easy semantic
interpretation for the given task — hence, some tokens are represented by multiple characters.

D.1.2 Test of xLSTM’s Memory Capacities on Associative Recall Tasks.

We test the memory capacity of xLSTM with the Multi-Query Associative Recall task proposed by
Arora et al. (2023). Figure 11 illustrates the basic task setup.

Why Multi-Query Associative Recall for Memory Tests of LLM Architectures. Associative
Recall (AR), the ability to retrieve a specific value (information) associated with a given key (infor-
mation), constitutes a key capability for LLM to perform well (Poli et al., 2024; Arora et al., 2023;
Olsson et al., 2022). Especially its quality of in-context learning seems to be strongly connected to
this capability (Olsson et al., 2022). Arora et al. (2023) attribute performance gaps between early
non-Transformer and Transformer language models specifically to performance gaps in associative
recall. They argue that prior AR evaluations fall short of capturing these differences and propose
MQAR, which can show the AR performance differences that translate to performance differences
in language modeling performance. Hence, MQAR is especially suitable to analyze the memory
capacity of LLM. Transformer (e.g. Llama) models can be seen as the gold standard for this task as
their memory is exponential in the coding dimension (Ramsauer et al., 2021).
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Experiment Setup. There are two relevant variables that determine different experimental setups.
(1) Context Length (CL): Length of the sequence of one sample — this influences the distances
between the key-value definition and the recall. (2) Number Key-Value Pairs (KV): Influences how
many key-value pairs the model needs to keep track of. The vocabulary size is always 8192.

In all experiments, we use two blocks (or layers for the pure LSTM) for all models. LSTM (Block)
model refers to an architecture where a vanilla LSTM is used instead of self-attention inside a
Transformer block.

For each task setup, we train each model with 4 different learning rates (batch size > 24: {le-2,
2.15e-3, 4.6e-4, le-4}, batch size 24: {le-3, 2.2e-4, Se-5, 1e-5}). The batch size (BS) changes
depending on the context length (CL) (CL=64/128: BS=512; CL=256: BS=256; CL=756: BS=128;
CL=1024: BS=96; CL=2048: BS=24). We vary the embedding dimension (Model Dim) between
different experiments — different numbers of heads are used accordingly. For each experiment, we
generate 100,000 training samples (validation: 3,000 samples) and train for 64 epochs. We apply
cosine annealing (min Ir: le-4 and le-5) with 10% warm-up steps. We use AdamW (Loshchilov &
Hutter, 2019) and a weight decay of 0.1 for training.

We conduct three different experiments:

* MQAR-Experiment 1 evaluates, in the same fashion as Arora et al. (2023), a vari-
ety of models (Llama, Mamba, Mamba (noWT) - i.e. without weight tying, Reten-
tion, Hyena, H3, RWKV-4, RWKV-5, RWKV-6, LSTM, LSTM (Block), xXLSTM[0:1],
xLSTM[1:0] and xXLSTM[1:1]) on increasing task difficulty by increasing the context length
and number of key-value pairs simultaneously. We benchmark three parameter settings:
CL,KV={(64,4),(128,8),(256,16)}.

* MQAR-Experiment 2 increases the task difficulty notably and goes beyond previous
evaluations on this task. We individually scale the context length (CL={756, 1024, 2048})
and the key-value pairs (KV={48, 96, 256}) and evaluate all combinations. This experiment
especially probes the memory capacity because the number of key-value pairs is high.
To reduce the computational burden we only evaluate models that perform flawlessly in
Experiment 1 — additionally we evaluate Transformer only in the hardest setting (CL=2048)
as sanity check, because no performance decrease is expected.

* MQAR-Experiment 3 analyzes whether the AR capability learned on a certain context
length extrapolates to bigger context lengths. For each KV setting of Experiment 2, we use
the models (we select the 3 biggest model dimensions) trained on CL=2048 and evaluate
bigger context lengths (CL={4096, 6144, 8§192}).

Extended Results. The result of Experiment 1 can be found in Figure 12. In accordance to the
results of Arora et al. (2023). H3, Hyena, RWKV-4 fail to solve the task with a smaller model
dimension. In contrast, xXLSTM[1:1], xLSTM[1:0], Mamba, RWKV-5 and RWKV-6 are able to solve
these settings for all model dimensions. The comparison of XLSTM[0:1] with both original LSTM
variants indicates that the exponential gating mechanism improves the AR capabilities of the model.
However, both fall short because of the reduced memory capacity compared to xLSTM[1:1] and
xLSTM[1:0].

The results of Experiment 2 are presented in Figure 13. Scaling the context length has a low impact
on the performance of the models. However, while XLSTM[1:1] and xLSTM[1:0] show no clear
decay, both RWKYV variants slightly, but consistently lose performance with increasing context
lengths. The varying number of key-value pairs, which mainly probes the memory capacity of the
non-Transformer models, has a more notable impact across all models. RWKV-5 seems to outperform
RWKV-6. The latter fails to learn the task at all in some KV=256 settings. Overall XLSTM[1:1] is the
best-performing non-Transformer model — suggesting that it provides enhanced memory capacity,
also in long contexts.

Figure 14 shows the extrapolation results from Experiment 3. For XLSTM[1:1], xLSTM[1:0], and
Mamba the model performance does not change in the extrapolation setting. The RWKV models
(especially RWKVS5) degrade slightly with increasing context length. xLSTM[1:1] performs best, as
it maintains its superior performance of Experiment 2.

“The keys are distributed on the “evaluation part” of the sequence given a power-law distribution. This is
motivated by similar structures in natural language text.
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Target | NN N0 NN NN I N I I IO I O O I I
Input. . . . . .

KV=4/CL=18

Figure 11: Illustration of the MQAR task. Color pairs represent key-value pairs (keys have darker
shade). The first part of the sequence defines the key-value pairs for the respective sample. After that,
the keys appear randomly according to a power law distribution *. Grey tokens in the input sequence
represent a zero token. The “target” sequence contains the value after the respective key appearance
— the rest of the tokens are ignored for the accuracy and loss calculation. The model must predict the
value tokens given the respective key.

D.1.3 Test of xLSTM’s Long Range Capabilities on the Long Range Arena.

We assess the performance of XLSTM across tasks in the Long Range Arena benchmark (Tay et al.,
2021), examining its ability to effectively handle longer context lengths and diverse data types.

Our experiments on Long Range Arena benchmark are composed of five tasks:

» Retrieval: The task is to predict if two documents have a citation link. The dataset of text
documents is derived from the ACL Anthology Network (Radev et al., 2009).

ListOps: This is a set of modular arithmetic tasks including brackets and lists of numbers,
using the operations MIN, MAX, MEDIAN and SUMMOD (modular sum). A particular example
is: [MAX 4 3 [MIN 2 3] 1 0 [MEDIAN 1 58 9, 2]] —»5

* Image: This task is based on a version of the CIFAR dataset (Krizhevsky, 2009), where
images are transformed to a sequence of pixels and this sequence has to be classified into the
usual CIFAR classes. We test both a gray-scale (G-Image) and RGB (RGB-Image) version
of this dataset, as Orvieto et al. (2023) uses colored images contrary to the standard setup.

 Pathfinder: The input for this task is a 32x32 gray-scale image, given as pixel sequence,
with two dots and several curved lines on it. The task is to predict if the two dots are
connected by any of the lines (Linsley et al., 2018).

We omit the Text classification task (Maas et al., 2011), as the language modeling experiments already
test this kind of data, and the Pathfinder-X version of Pathfinder.

Experiment Setup. The architectures that are tested in this experiment comprise LLama, Mamba,
LSTM, RWKV-4, and xLSTM. LSTM (Block) refers to an architecture where a vanilla LSTM is used
inside a post up-projection block (like Transformer with attention replaced by LSTM). For xXLSTM
we choose the best performing of xXLSTM][0:1] or xLSTM[1:0] on the validation set, specifically the
former for the Image tasks and the latter for all other ones.

We use the hyperparameter settings of the S5 model (Smith et al., 2022) and Linear Recurrent Unit
model (Orvieto et al., 2023), with additional hyperparamter search on learning rates and schedulers
for all models. We use two different schedulers: Linear Warm-up Cosine Annealing and Linear
Warm-up Cosine Annealing with Restarts. Both learning rate schedulers were evaluated with learning
rates of le-3, 6e-4 and 1e-4. For the second scheduler, the number of restarts (R) is set to 3. The
model hyperparameters for each dataset are displayed in Table 3.

Results. Table 4 shows the result of experiments on the Long Range Arena benchmark. xXLSTM
demonstrates consistent strong performance on all of the tasks, suggesting that the proposed architec-
ture is remarkably efficient in handling different aspects of long context problems.
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Figure 12: Result of MQAR-Experiment 1. The columns show different task settings (context length
and key-value pairs). The rows group related models for better clarity. The z-axis gives the model
size and the y-axis the validation accuracy.
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Figure 13: Result of MQAR-Experiment 2. The columns and rows correspond to different numbers
of key-value pairs and the context length respectivly. The x-axis gives the model size and the y-axis
the validation accuracy.

Table 3: Long Range Arena model hyperparameters. These are the model hyperparameters used in
each of the Long Range Arena tasks. For each model we used the best learning rate and the better of
the two learning rate schedulers.

Embedding Batch  Training

Task #Blocks Dim Size Steps
Retrieval 6 128 64 100k
ListOps 8 128 32 80k
Pathfinder 6 192 64 500k
G-Image 6 512 64 180k
RGB-Image 6 512 64 180k
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Figure 14: Result of MQAR-Experiment 3 (Extrapolation). All evaluated models were trained on
context length 2048 and the number of key-value pairs given by the columns of the plot. The rows
show the different context lengths used in the evaluation. The x-axis gives the model size and the
y-axis the validation accuracy.

Table 4: Long Range Arena test accuracy. Bold highlights the best performing model, underlined
the second best. X denotes models that fail to outperform random baselines. xLSTM is the best of
xLSTM[1:0], xLSTMJO:1] based on validation dataset accuracy.

Retrieval  ListOps  Pathfinder ~G-Image RGB-Image Ranking

acc T acc T acc T acc T acc T acc T

Random Baseline 0.500 0.100 0.500 0.100 0.100

Llama 0.845 0.379 0.887 0.541 0.629 5.2
Mamba 0.902 0.325 0.992 0.689 0.765 2.2
RWKV-4 0.898 0.389 0.914 0.691 0.757 3.0
LSTM X 0.275 X 0.675 0.718 5.4
LSTM (Block) 0.880 0.495 X 0.690 0.756 3.4
xLSTM 0.906 0411 0.919 0.695 0.761 1.6
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D.2 Method Comparison and Ablation Study on SlimPajama (15B)

General Training Procedure. We tokenize our datasets using the HuggingFace GPT-2 tokenizer
(Radford et al., 2019; Brown et al., 2020)° and use this tokenizer for all models in this paper. In
general, we try to follow Brown et al. (2020) for the general training setup, i.e. we choose context
length 2048 and batch sizes 256 or 512 for our models. We use the AdamW (Loshchilov & Hutter,
2019) optimizer with beta parameters (51, 82)=(0.9, 0.95) and an epsilon parameter of le-5, and
gradient clipping at gradient norm 1. As learning rate scheduler we use a linear warm-up with 750
steps and cosine decay to 10% of the peak learning rate. We apply a weight decay of 0.1 to all
our models and always exclude the token embedding matrix from weight decay. If not specified
otherwise, we do not tie the weights of the token embedding and the language model head. Except for
gates we do not use biases in our models, e.g. in other linear layers. We do not apply weight decay to
biases and LayerNorm weights. For parallelization, we use PyTorch FSDP in SHARD_GRAD_OP mode
with mixed precision in bfloat16, where applicable. For small models we use NO_SHARD. We keep
the weights in £1loat32 and reduce the gradients across GPUs in f10at32. We use torch.compile
to speed up models where applicable, except for Transformer models as their training curves did
not match the non-compiled versions. For xXLSTM[7:1], we use positions [3, 5, 7, 40, 42, 44] for
sLSTM-based blocks, except for the 125M size, where we use [3, 20] (this is actually a [11:1] ratio).
We do not use any positional encoding for our xXLSTM models.

Details on Comparison to Other Methods. For the model comparison on 15B training tokens
of SlimPajama we train all models with context length 2048 and batch size 256. We use a peak
learning rate of 1e-3 for all models for comparability. The learning rate decays over 30k training
steps. The models are compared after one epoch at training step 28170. As model implementations
we use the original repositories’ code for Mamba (Gu & Dao, 2023) 6 RWKV-5, RWKV-6 (Peng
et al., 2024)7. For RWKV-4 we use a cleaned and validated re-implementation based on the original
repo and kernels (Peng et al., 2023). In our RWKV-4 implementation we enable weight decay on all
parameters except biases, the token embedding weight and all LayerNorm weights. For HGRN (Qin
et al., 2023), GLA (Yang et al., 2023), HGRN2 (Qin et al., 2024) we use the a re-implementation
by the authors of GLA (Yang et al., 2023; Yang & Zhang, 2024)%. For GPT-3 and Llama-like
Transformers, we use our own implementations based on PyTorch. Note that for all XLSTMs,
Transformers, Mamba and RWKV-4, we use Mixed Precision training with bf1oat16 and weights in
float32 precision. Following the general training procedure we use torch.compile for all models,
except for models using the flash-linear-attention (Yang & Zhang, 2024) library because of
compilation problems and Transformers as for those training curves deviated.

As RWKV-6 performs worse than RWKV-5, we also train a model with peak learning rate 4e-4, as
reported in the original repository for 350M parameter models . This model reaches a perplexity of
16.38, worse than the 15.03 for the standard peak learning rate 1e-3 as reported in Table 1.

Details on Training Precision for Baselines. For models from flash-linear-attention and
RWKV-5/6 models we found that PyTorch automatic mixed precision training did not work, but
casting the model weights to f1oat32 initially with FSDP parameter precision bfloat16 led to a
working configuration. In this setting models perform better than in full bf1loat16 training, where
the weights are casted to bfloat16 initially as well. Full £loat32 did not work because of the
custom kernels.

General Details on Ablation Studies. We follow our general training procedure and train all
models with context length 2048, batch size 256 and peak learning rate le-3. We report perplexity
values on the validation set.

Additional Ablation Study on Matrix Memory. As default block configuration we use the
mLSTM in the pre up-projection block (see Figure 8) and the SLSTM in the post up-projection block

“https://huggingface.co/docs/transformers/en/model_doc/gpt2

*https://github.com/state-spaces/mamba

"https://github. com/BlinkDL/RWKV-LM/

8https://github.com/sustcsonglin/flash-linear-attention

9h‘l:‘l:ps ://github. com/BlinkDL/RWKV-LM/blob/64b7fe4c66fcf7da37019630268075b0558f6dc5/
RWKV-v5/train.py#L44
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Table 5: Peak learning rates and model dimensions for scaling law plots.

Model EmbeddingDim  #Blocks #Heads/HeadDim #Params  Peak LR Peak LR

M (15B) (300B)
RWKV-5 768 12 - 176.5 3e-3 -
= RWKV-6 768 12 - 173.6 3e-3 -
o HGRN2 768 12 - 162.2 3e-3 -
—  RWKV-4 768 12 - 169.4 3e-3 6e-4
Llama 768 12 12/ 64 162.2 3e-3 3e-3
Mamba 768 24 - 167.8 3e-3 3e-3
xLSTM 768 24 47384 163.8 3e-3 1.5e-3
RKWV-5 1024 24 - 455.7 le-3 -
= RWKV-6 1024 24 - 441.6 le-3 -
& HGRN2 1024 24 - 411.4 le-3 -
o RWKV4 1024 24 - 430.5 le-3 4e-4
Llama 1024 24 16/ 64 406.6 1.5e-3 1.5e-3
Mamba 1024 48 - 423.1 1.5e-3 1.5e-3
xLSTM 1024 48 4/512 409.3 le-3 7.5e-4
RWKV-5 1536 24 - 947.8 9e-4 -
= RWKV-6 1536 24 - 907.7 9e-4 -
E HGRN2 1536 24 - 834.2 9e-4 -
=~ RWKV-4 1536 24 - 891.0 2e-3 2.5e-4
Llama 1536 24 16 /96 834.1 1.25¢-3 1.25e-3
Mamba 1536 48 - 870.5 1.25¢-3 1.25e-3
xLSTM 1536 48 47768 840.4 9¢e-4 6.25e-4
RWKV-5 2048 24 - 1616.0 9e-4 -
m RWKV-6 2048 24 - 15375 9e-4 -
o HGRN2 2048 24 - 14394 9e-4 -
— RWKV-4 2048 24 - 1515.2 le-3 2e-4
Llama 2048 24 16/128 14204 le-3 le-3
Mamba 2048 48 - 14753 le-3 le-3
xLSTM 2048 48 471024  1422.6 9e-4 Se-4
RWKV-5 2048 24 - 31947 8e-4 -
" RWKV-6 2048 24 - 30219 8e-4 -
~ HGRN2 2048 24 - 27954 8e-4 -
™ RWKV-4 2560 32 - 2984.8 8e-4 -
Llama 2560 32 32/80 2779.5 8e-4 -
Mamba 2560 64 - 28972 8e-4 -
xLSTM 2560 64 471280  2788.3 8e-4 -

19 A T Figure 15: Method comparison

18 1 I Sy on next token prediction when

> 171 i ——— trained on 15B tokens from

¥ 161 SlimPajama. Performance mea-

S 154 o xLSTM[7] sure in validation perplexity for

& 14 xLSTM[L:0] the best methods of each model

s class (see Table 1) are reported.

= 131 The performance degradation of
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undertrained model. xXLSTM is

=
(e}

0.2 0.4 1.0 14 2.7 the best method at all sizes.
Number of Parameters x109

39



Appendix A Appendix for Section 3.1: xLSTM 131

Table 6: Ablation studies. Top: Ablation studies on the new xLSTM components, contributing
the strong performance improvement of xLSTM over vanilla LSTM to both the exponential gating
and the matrix memory. Bottom: Ablation studies on different gating techniques. We consider an
xLSTM[1:0] with sigmoid forget gate and exponential input gate. Bias initialization oo means that the
forget gate is set to one, [3, 6] indicates that values are taken equidistant in the respective interval, and
N(0,0.1) that values are randomly chosen from a Gaussian with mean 0 and std 0.1. PPL denotes
validation perplexity. The first two lines correspond to models similar to linearized attention, line
four to Retention, line five to RWKV-5, and line six to RWKV-6. Dependencies of the gates on the
input lead to better performance.

. . Exponential ~ Matrix ~ #Params  SlimPajama

Model Modification Gating Memory M (15B) ppl |

Vanilla Multi-Layer LSTM X X 607.8 2417.86

LSTM Adding Resnet Backbone X X 506.1 35.46

Adding Up-Projection Backbone X X 505.9 26.01

xLSTM[0:1] Adding Exponential Gating v X 427.3 17.70

xLSTM[7:1] Adding Matrix Memory v v 408.4 13.48

Ablation studies on different gating techniques.

Forget Gate Input Gate SlimPaiama

Learnable Gates Input Learnable  Bias Input Learnable Bias (15B) [J)pl 1
Dependent Bias Init Dependent Bias Init

No Gates X X ~+00 X X 0 NaN

No Gates X X (3,6] X X 0 13.95

Forget Gate v v (3,6] X X 0 13.58

Input Gate X X (3, 6] v v N(0,0.1) 13.69

Forget Gate Bias X v (3,6] X X 13.76

Forget + Input Gate Bias X v 3,6] X v N(0,0.1) 13.73

Forget Gate + Input Gate Bias v v (3,6] X v N(0,0.1) 13.55

Forget Gate + Input Gate v v (3,6] v v N(0,0.1) 13.43

(see Figure 7). In this experiment we study the combination of mLSTM with different block variants
using the XLSTM[1:0] architecture. We compare the mLSTM in a post up-projection block (see
Figure 7) with ReLU? activation function and non-gated feed-forward network to mLSTM in a pre
up-projection block with and without a dimension-wise causal convolution. Table 7 shows that the
matrix memory benefits from the pre up-projection block structure, and that the convolution within
this block is important.

Table 7: Matrix Memory variants. We study different configurations for the matrix memory. Matrix
memory in the pre up-projection block performs best and gives xLSTM[1:0]. Notably, it seems that
the dimension-wise causal convolution within the pre up-projection block is important.

. Embedding  #Params  SlimPajama

Model Details #Blocks Dim M (15B) ppl |
Post Up-Projection Block (ReLU2) 24 1024 430.4 13.90

xLSTM[1:0] Pre Up-Projection Block, No Convolution 48 1024 408.8 15.41
Pre Up-Projection Block, With Convolution 48 1024 409.3 13.43

Details on new xXLSTM Components Ablation Study. In Table 6 (top), we show our modifications
to the vanilla LSTM that transform the vanilla LSTM into the xLSTM. We start with a large
default PyTorch LSTM with 24 layers and 1536 hidden size. Due to a lack of skip-connections
and LayerNorms, vanilla LSTMs of this size are not trainable. We then add skip-connections and
pre-LayerNorms before each LSTM layer corresponding to a residual architecture. This enables
training for LSTMs at this scale. Replacing every second LSTM layer by a non-gated feed-forward
network with GeLU activation function (similar to Vaswani et al.), which corresponds to the post
up-projection backbone (see Figure 7), further boosts performance. Adding Exponential Gating to this
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architecture yields the sSLSTM as depicted in Figure 7, with another large performance improvement.
Finally, adding the best Matrix Memory variant found in Table 7 by replacing some sLSTM blocks
with the mLSTM (see Figure 8) gives xLSTM[7:1] with the best performance.

Details on Gating Technique Ablation Study. In Table 6 (bottom), we investigate the effect
of trainable and input-dependent gates for mLSTM. The results show that, in contrast to other
methods (Katharopoulos et al., 2020; Sun et al., 2023; Qin et al., 2023; Katsch, 2023; Yang et al.,
2023; Qin et al., 2024; Peng et al., 2024), having the gates both learnable and input dependent gives
the best results.

Details on Scaling Experiments. We follow our general training procedure (see paragraph above)
and train all models, including the 1.3B and 2.7B model sizes, with context length 2048 and batch
size 256. We use the peak learning rates from Table 5. For Llama and Mamba we use the learning
rates reported by Gu & Dao (2023).

D.3 xLSTM Large Language Models — SlimPajama300B

General Training Procedure. We use the same general training procedure as in Section D.2 with
peak learning rates from Table 5. For Llama and Mamba we use the learning rates reported by Gu &
Dao (2023). All models are trained with context length 2048. The 125M, 350M and 760M models
are trained with batch size 256 for 600k training steps, whereas the 1.3B models are trained with
batch size 512 for 300k training steps. We keep the same learning rate scheduler across all models.

Additional Scaling Law Plots with Number of FLOPs. In Figure 16 we plot the scaling behavior
of our xXLSTM variants over the number of training flops and compare to the Llama baseline. We
compute the FLOPs for the recurrent (see Section 2) and the parallel (see Section B.3) formulation of
the mLSTM. We can see that for the larger models (760M and 1.3B) the recurrent xLSTM FLOP
counts are larger than the Llama FLOP counts. The reason for this is that we kept the number of
heads constant when increasing the model size (see Table 5) while increasing the head dimension. In
contrast Llama increases the number of heads while keeping the head dimension constant.

17
16 —&— Llama
—&— xLSTMJ1:0] recurrent
157 —e— xLSTM[1:0] parallel
g 147 xLSTM[7:1] recurrent
% 13 xLSTM[7:1] parallel
o}
[a
c 12 4
.2
=
3}
T 11 +
e
=
10 A .
300B Tokens S
9 A .

'1621
Number of FLOPs

Figure 16: Scaling laws over number of training FLOPs. We compare the Llama baseline with our
xLSTM variants and compute the number of training FLOPs for the recurrent and parallel mode for
300B tokens with context length 2048.
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Details on FLOP computation. For computing the number of FLOPs we follow the procedure
from Hoffmann et al. (2022). We include all training FLOPs, including those contributed by the
embedding matrices. We assume that the backward pass has twice the number of FLOPs of the
forward pass. For the forward pass, the number of FLOPs of the mLSTM and sLSTM for a single
sequence can be approximated by:

* mLSTM (recurrent): num_heads x seq_len x (6 x head_dim x head_dim + 8 x head_dim)
* mLSTM (parallel): num_heads x seq_len x seq_len x (4 x head_dim + 8)
¢ sLSTM: num_heads x seq_len x head_dim x (8 x head_dim + 12)

Details on Downstream Evaluation. We use the LM Evaluation Harness from
EleutherAl (Sutawika et al., 2023) for evaluating the following tasks that measure common
sense reasoning: LAMBADA (OpenAl version in LM Evaluation Harness) (Paperno et al., 2016),
HellaSwag (Zellers et al., 2019), PIQA (Bisk et al., 2020), ARC-challenge, ARC-easy (Clark et al.,
2018), WinoGrande (Sakaguchi et al., 2021). This selection of downstream tasks is also used in
previous work by Gu & Dao (2023).

Following Gu & Dao (2023), we report accuracy for LAMBADA, WinoGrande, PIQA, and ARC-easy,
and accuracy normalized by sequence length for HellaSwag and ARC-challenge.

We evaluate all models in full £1loat32, full bfloat16 and bfloat16 Mixed Precision with weights
in loat32. For each model we select the best value respectively.

Details on PALOMA. We use 16 out of the 18 data sources of the PALOMA dataset (Magnusson
et al., 2023). We use C4 (Raffel et al., 2019), MC4-EN (Xue et al., 2021), Wikitext-103 (Merity
et al., 2017), PennTreebank (Vadas & Curran, 2011), RedPajama (TogetherComputer, 2023), Fal-
con Refinedweb (Refined Web) (Penedo et al., 2023), Dolma v1.5 (Soldaini et al., 2023), M2D2
S20RC, M2D2 Wikipedia (Reid et al., 2022), C4-100-Domains (C4 Domains) (Chronopoulou et al.,
2022), Dolma-100-Subreddits (Dolma Subreddits) (Soldaini et al., 2023), Dolma-100-Programming
Languages (Dolma Coding) (Soldaini et al., 2023; Kocetkov et al., 2022), TwitterAAE (Blodgett
et al., 2016; Liang et al., 2023), Manosphere Corpus (Ribeiro et al., 2021), GAB Corpus (Zannettou
et al., 2018), 4CHAN Corpus (Papasavva et al., 2020). We leave out ThePile (Gao et al., 2021) and
ICE (Greenbaum & Nelson, 1996) as they are not part of Paloma’s Huggingface dataset repository'°.
A detailed description of these datasets can be found in Magnusson et al. (2023, Table 2). All models
are evaluated in bfloat16 Mixed Precision. Results are shown in Table 8.

Results on the data sources TwitterAAE, Manosphere, GAB and 4CHAN are reported in Table 9 and
for each individual dataset the results are given in Section E.

In order to evaluate the perplexity values on each data source, we split the text documents into
sequences of length 2048, which corresponds to the pre-training context length of all models. For
documents longer than 2048 tokens we split each document into non-overlapping input sequences. In
this case for the last input sequence, we follow the LM Evaluation Harness and fill up the full 2048
token context window with previous tokens, but compute the perplexity only on the remaining tokens.

We compute the token perplexities per data source in Table 8 as the exponential of the negative
log-likelihoods per domain weighted by the number of tokens per domain in that data source as it is
defined in Magnusson et al. (2023, Equation 1)

nttps://huggingface.co/datasets/allenai/paloma
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Table 8: Performance on PALOMA Language Modeling Tasks. Comparison of xXLSTM, RWKV-4,
Llama, and Mamba by the perplexity of next token prediction on the PALOMA language benchmark
after training on 300B tokens from SlimPajama. Model sizes are 125M, 250M, 760M, and 1.3B.
The second column shows the actual number of parameters. The 571 text domains are grouped into
language modeling (next seven columns) and fine-grained domain benchmarks (further 5 columns).
The last column shows the average perplexity across all of these tasks. Best model per model size is
given in bold and the second best is underlined. xXLSTM yields the best performance.

#Params c4 MC4  Wikitext Penn Red Refined M2D2 M2D2 C4 Dolma Dolma

Model M EN 103 Trecbank Pajama  Web PO ©0RC Wikipedia Domains Subreddits Coding \eTE°
RWKV-4 169.4 2625 2233 2918 3845 899 3247 1704 23386 2142 2268 3708  5.02 2374
s Llama 1622 2464 1723 2316 3156 826 29.15 1510 1971 2041 2145 3673 3.61 2092
% Mamba 1678 2312 1704 2249 3063 796 2773 1460 1938 1936 20.14 3432 377 2005
= XLSTM[1:0] 163.8 2254 1632 2198 3047 780 27.21 1435 19.02 19.04  19.65 34.15 364 19.68
XLSTM[7:1] 1637 2239 1613 2147 3001 775 2691 1413 186 1884  19.52 339 359 1944
RWKV-4 4305 1955 1582 19.64  27.58 697 2428 1294 1759 1596 1698 2940 390 1755
s Llama 4066 1838 1328 1641 2182 656 2209 1176  15.05 1525 1599 2830 312 1567
2 Mamba 4231 1733 1305 1611 2224 634 2104 1142 1483 1453 1516 2702 320 1519
@ XLSTM[1:0] 4093 1701 1255 1517 2251 620 20.66 1116 1444 1427 1485 2670  3.08  14.88
XLSTM[7:1] 4084 1698 1268 1543  21.86 623 2070 1122 1462 1430 1485 2661 311 1488
RWKV-4 891.0 1551 1276 1484 2139 591 1928 1070  14.27 13.04 1368 2422 332 1408
s Llama 834.1 1575 1159 1347 1833 582  19.04 1033  13.00 1305 1376 2480 290 1349
S Mamba 870.5 1508 1154 1347 1934 569 1843 1015 13.05 1262 1325 2394 299 1330
= XLSTM[1:0] 8404 14.60 11.03  12.61 1774 552 1787 985 1250 1220 1281 2346 287 1276
XLSTM[7:1]  839.7 1472 1111 1268  17.61 555 1801  9.87 12.59 1225 12.89 2343 288  12.80
RWKV-4 15152 1451 1204 1373 1937 562 1825 10.11 1346 1210 12.87 2285 325  13.18
o Llama 14204 1393 1044 1174 1592 529 1703 935 1161 1153 1224 2263 274 1204
#  Mamba 14753 1335 1040 1176 1665 521 1650 917 1173 .18 11.83 2143 283 11.84
~ XLSTM[1:0] 14226 13.13 10.09  11.41 1592 510 1625  9.01 1143 1095 1160 2129 273 1158
XLSTM[7:1]  1420.1 1331 1021 1132 1600 516 1648 911 1161 .10 1176 2150 275 1169

Table 9: Perplexity values per domain.

#Params  Twitter

Model M AAE Manosphere 4CHAN GAB
RWKV-4 169.4  265.80 39.31 18.48 53.89
s Llama 1622 277.93 32.98 14.03  56.45
i Mamba 167.8  258.17 32.14 14.01 51.58
— xLSTM[1:0] 163.8 24453 31.45 13.27 51.00
xLSTM[7:1]  163.7  248.51 30.90 13.45 5025
RWKV-4 4305  216.17 30.25 13.82 4225
s Llama 406.6  231.09 25.90 11.49 43.04
E Mamba 423.1  202.88 25.24 11.60  40.78
e« xLSTM[1:0] 4093  200.61 24.58 11.20  39.83
xLSTM[7:1] 4084  206.25 24.73 11.31  39.86
RWKV-4 891.0 19527 24.66 12.00 35.73
s Llama 834.1  205.50 22.69 10.40 37.68
2 Mamba 7932 18274 22.58 10.47  36.25
=~ xLSTM[1:0] 8404  179.74 21.66 10.11 3533
xLSTM[7:1]  839.7 180.19 21.78 10.22  34.89
RWKV-4 15152 174.87 23.51 11.34  33.18
o Llama 14204 192.52 20.67 9.67 34.84
&y Mamba 14753 171.38 20.37 9.80 32.01
— xLSTM[1:0] 1422.6 166.16 19.94 9.64 31.90
xLSTM[7:1]  1420.1 171.36 20.28 9.64 3217
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E Detailed Results on PALOMA Language Model Evaluation

We report the perplexity values on each of the 571 subdomains of PALOMA in Table 10. Note that
the aggregated perplexity values in Table 8 are not macro averages of the values shown in Table 10.

Table 10: PPL Evaluations: For the 1.3B sized models trained on 300B SlimPajama tokens, these are
the detailed evaluation results on the respective validation datasets.

Dataset Llama Mamba RWKV-4 xLSTM[7:1] xLSTM[1:0]
#Params (M) 1420 1475 1515 1420 1423
4chan_meta_sep_val-00000000 9.58 9.72 11.37 9.53 9.55
4chan_meta_sep_val-00000001 9.95 10.06 11.57 9.91 9.88
4chan_meta_sep_val-00000002 9.42 9.53 11.00 9.40 9.38
4chan_meta_sep_val-00000003 9.78 9.93 11.48 9.77 9.77
c4_100dom_val_100_www.ign.com 16.22 15.75 17.10 15.67 15.43
c4_100dom_val_10_www.eventbrite.com 12.72 12.33 13.33 12.30 12.12
c4_100dom_val_11_link.springer.com 8.66 8.54 9.31 8.42 8.33
c4_100dom_val_12_www.chicagotribune.com 12.09 11.60 12.49 11.55 11.37
c4_100dom_val_13_www.foxnews.com 9.59 9.21 9.83 9.16 9.08
c4_100dom_val_14_www.aljazeera.com 10.97 10.61 11.31 10.50 10.40
c4_100dom_val_15_www.dailymail.co.uk 12.42 11.97 12.87 11.85 11.69
c4_100dom_val_16_www.ncbi.nlm.nih.gov 7.39 7.31 7.98 7.11 7.07
c4_100dom_val_17_www.express.co.uk 11.57 11.04 11.84 10.99 10.79
c4_100dom_val_18_en.m.wikipedia.org 9.28 8.95 9.52 8.89 8.80
c4_100dom_val_19_www.cnet.com 12.61 12.23 13.12 12.09 11.97
c4_100dom_val_1_www.nytimes.com 13.13 12.66 14.04 12.68 12.44
c4_100dom_val_20_www.telegraph.co.uk 13.71 13.10 14.28 13.06 12.88
c4_100dom_val_21_www.theatlantic.com 14.70 14.17 15.54 14.17 13.97
c4_100dom_val_22_forums.macrumors.com 17.77 17.34 19.15 17.22 16.95
c4_100dom_val_23_www.oreilly.com 13.36 12.99 14.31 13.02 12.88
c4_100dom_val_24_www.washingtonpost.com  12.06 11.58 12.98 11.64 11.41
c4_100dom_val_25_www.zdnet.com 13.22 12.86 13.80 12.78 12.61
c4_100dom_val_26_www.foxbusiness.com 9.32 9.03 9.58 8.92 8.81
c4_100dom_val_27_www.reuters.com 10.67 10.13 11.16 10.13 9.97
c4_100dom_val_28_www.ibtimes.co.uk 11.36 11.01 11.71 10.89 10.76
c4_100dom_val_29_www.rt.com 13.59 12.96 14.24 12.98 12.74
c4_100dom_val_2_en.wikipedia.org 10.75 10.45 11.32 10.32 10.19
c4_100dom_val_30_www.prweb.com 11.18 10.88 11.92 10.83 10.65
c4_100dom_val_31_www.deviantart.com 21.78 21.05 22.78 21.00 20.69
c4_100dom_val_32_www.si.com 11.49 11.00 11.92 10.90 10.76
c4_100dom_val_33_www.bbc.com 9.35 8.91 9.41 8.80 8.70
c4_100dom_val_34_github.com 11.57 11.49 12.94 11.40 11.28
c4_100dom_val_35_nypost.com 14.31 13.41 15.29 13.62 13.31
c4_100dom_val_36_itunes.apple.com 16.49 15.88 17.15 15.98 15.69
c4_100dom_val_37_www.instructables.com 16.75 16.33 17.73 16.28 15.97
c4_100dom_val_38_www.youtube.com 8.42 8.24 8.83 8.22 8.07
c4_100dom_val_39_www.booking.com 8.84 8.49 8.83 8.41 8.32
c4_100dom_val_40_www.etsy.com 11.93 11.66 12.66 11.52 11.43
c4_100dom_val_41_www.marketwired.com 7.66 7.47 7.88 7.33 7.27
c4_100dom_val_42_sites.google.com 14.23 13.81 14.91 13.68 13.51
c4_100dom_val_43_www.baltimoresun.com 11.57 11.16 11.96 11.09 10.95
c4_100dom_val_44_www.agreatertown.com 13.56 12.94 13.57 12.77 12.64
c4_100dom_val_45_www.npr.org 10.59 10.30 11.14 10.19 10.12
c4_100dom_val_46_www.fool.com 11.03 10.63 11.35 10.56 10.42
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Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
c4_100dom_val_47_www.tripadvisor.com 15.80 15.26 16.26 15.10
c4_100dom_val_48_www.bbc.co.uk 12.55 12.10 13.02 12.00
c4_100dom_val_49_lists.w3.org 18.75 18.24 19.89 18.05
c4_100dom_val_4_www.latimes.com 11.88 11.46 12.40 11.39
c4_100dom_val_50_mashable.com 12.44 11.95 12.85 11.90
c4_100dom_val_51_disneyparksmomspanel.disi 11,99 11.29 11.98 11.16
c4_100dom_val_52_www.cnbc.com 10.65 10.32 10.99 10.24
c4_100dom_val_53_answers.sap.com 23.59 23.09 25.71 22.99 _
c4_100dom_val_54_homestars.com 14.13 13.70 14.51 13.65
c4_100dom_val_55_www.hindustantimes.com 12.13 11.60 12.74 11.60
c4_100dom_val_56_www.reference.com 11.57 11.04 11.75 10.92
c4_100dom_val_57_www.city-data.com 18.38 17.94 19.61 17.73
c4_100dom_val_58_medium.com 15.50 15.09 16.58 15.18
c4_100dom_val_59_app-wiringdiagram... 9.74 9.10 9.68 8.88
c4_100dom_val_5_www.theguardian.com 14.78 14.09 15.47 14.08
c4_100dom_val_60_www.csmonitor.com 15.35 14.85 15.92 14.75
c4_100dom_val_61_www.adweek.com 14.55 13.95 15.58 14.09
c4_100dom_val_62_docs.microsoft.com 7.69 7.79 8.86 7.68 _
c4_100dom_val_63_www.yahoo.com 9.29 8.88 9.71 8.89
c4_100dom_val_64_www.thesun.co.uk 12.18 11.66 12.74 11.59
c4_100dom_val_65_www.nydailynews.com 12.15 11.60 12.61 11.56
c4_100dom_val_66_www.dailystar.co.uk 10.65 10.17 11.03 10.09
c4_100dom_val_67_fineartamerica.com 12.06 11.58 12.29 11.46
c4_100dom_val_68_www.kickstarter.com 13.85 13.58 15.38 13.55
c4_100dom_val_69_uk.reuters.com 9.54 9.13 9.90 9.07
c4_100dom_val_6_www.huffpost.com 13.45 13.03 13.96 12.99
c4_100dom_val_70_www.insiderpages.com 13.24 12.84 13.55 12.77
c4_100dom_val_71_www.inquisitr.com 12.12 11.58 12.86 11.71
c4_100dom_val_72_lists.debian.org 18.18 17.81 19.62 17.67
c4_100dom_val_73_www.straitstimes.com 11.51 11.06 11.91 10.94
c4_100dom_val_74_www.cbsnews.com 10.29 9.91 10.60 9.82
c4_100dom_val_75_simple.wikipedia.org 8.25 7.85 8.37 7.78
c4_100dom_val_76_deadline.com 14.75 13.83 15.48 13.92
c4_100dom_val_77_www.androidheadlines.com  11.11 10.74 11.43 10.72
c4_100dom_val_78_www.wired.com 14.42 13.88 15.14 13.87
c4_100dom_val_79_www.bustle.com 12.79 12.33 13.19 12.25
c4_100dom_val_7_patents.google.com _ 7.84 9.33 7.72
c4_100dom_val_80_premium.wpmudev.org 16.86 16.63 18.13 16.50
c4_100dom_val_81_www.librarything.com 14.36 13.98 15.42 13.91
c4_100dom_val_82_mail-archives.apache.org 5.67 5.61 6.17 5.56
c4_100dom_val_83_scholars.duke.edu 8.72 8.43 9.03 8.32
c4_100dom_val_84_www.glassdoor.com 16.64 15.97 16.99 16.00
c4_100dom_val_85_www.pcworld.com 12.34 11.95 12.95 11.90
c4_100dom_val_86_www.shutterstock.com 8.70 8.89 10.75 8.62
c4_100dom_val_87_myemail.constantcontact.cc 14.59 14.24 15.32 14.18
c4_100dom_val_88_www.eventbrite.co.uk 14.47 13.99 14.89 13.98
c4_100dom_val_89_www.fastcompany.com 14.24 13.75 15.52 13.82
c4_100dom_val_8_www.businessinsider.com 10.97 10.69 11.35 10.52
c4_100dom_val_90_www.firstpost.com 11.71 11.24 12.08 11.12
c4_100dom_val_91_www.entrepreneur.com 13.10 12.68 13.65 12.72
c4_100dom_val_92_www.breitbart.com 13.47 12.67 14.29 12.84
c4_100dom_val_93_techcrunch.com 14.20 13.68 15.18 13.82 _
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Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
c4_100dom_val_94_www.nme.com 14.12 13.28 15.06 13.43
c4_100dom_val_95_www.ndtv.com 10.66 10.26 10.90 10.10
c4_100dom_val_96_finance.yahoo.com 9.96 9.55 10.22 9.43
¢4_100dom_val_97_archives.lib.state.ma.us 6.53 6.12 7.09 6.27
c4_100dom_val_98_www.gsmarena.com 23.21 22.15 24.52 22.10
c4_100dom_val_99_www.lonelyplanet.com 11.33 10.92 12.28 10.84
c4_100dom_val_9_www.forbes.com 13.72 13.31 14.63 13.34
c4_en_val-00000000 14.34 13.70 14.87 13.67
c4_en_val-00000001 14.86 14.28 15.51 14.21
c4_en_val-00000002 15.29 14.71 15.95 14.71
c4_en_val-00000003 12.95 12.28 13.32 12.23
c4_en_val-00000004 12.56 12.13 13.27 12.05
c4_en_val-00000005 12.77 12.35 13.26 12.32
dolma-v1_5_val_books 13.00 12.44 13.64 12.44
dolma-v1_5_val_common-crawl 16.86 16.37 18.00 16.35
dolma-v1_5_val_pes2o 9.42 9.56 11.25 9.41
dolma-v1_5_val_reddit_uniform 23.04 21.97 23.84 22.05
dolma-v1_5_val_stack_uniform 2.30 2.33 2.53 2.30
dolma-v1_5_val_wiki 10.86 10.48 11.25 10.41
dolma_100_proglang_val_00_text _ 6.30 6.94 5.67 5.69
dolma_100_proglang_val_01_markdown 3.16 3.16 3.56 3.15
dolma_100_proglang_val_02_c _ 1.91 2.23 1.86
dolma_100_proglang_val_03_php 1.75 1.75 1.83 1.73
dolma_100_proglang_val_04_java 1.96 1.99 2.18
dolma_100_proglang_val_05_c++ 2.25 2.53
dolma_100_proglang_val_06_python - 2.39 2.62
dolma_100_proglang_val_07_javascript 2.59 2.83
dolma_100_proglang_val_08_html - 1.94 2.13

dolma_100_proglang_val_09_c# 2.23 2.28 2.45

dolma_100_proglang_val_10_yaml 3.01 3.71
dolma_100_proglang_val_11_go - 1.78 1.97
dolma_100_proglang_val_12_typescript 2.17 2.20 2.41
dolma_100_proglang_val_13_xml _ 2.50 2.78
dolma_100_proglang_val_14_css 2.25 2.25 2.34
dolma_100_proglang_val_15_jupyter-nb 1.60 1.75 1.58 1.58
dolma_100_proglang_val_16_rust 2.01 2.23
dolma_100_proglang_val_17_unity3d-asset 4.17 4.56
dolma_100_proglang_val_18_gettext-catalog 2.87 3.53
dolma_100_proglang_val_19_ruby 2.41 2.44 2.70
dolma_100_proglang_val_20_vue 1.95 1.95 2.10
dolma_100_proglang_val_21_sql 2.18 2.23 2.46
dolma_100_proglang_val_22_swift 1.86 1.88 2.04
dolma_100_proglang_val_23_kotlin _ 2.07 2.29
dolma_100_proglang_val_24_scala _ 2.28 2.64
dolma_100_proglang_val_25_scss 2.26 2.27 2.38
dolma_100_proglang_val_26_tex _ 421 4.97
dolma_100_proglang_val_27_dart 1.79 1.82 2.01
dolma_100_proglang_val_28_kicad _ 2.79 3.86 2.68 2.67
dolma_100_proglang_val_29_shell 3.71 3.74 4.31
dolma_100_proglang_val_30_smali 1.38 1.39 1.45
dolma_100_proglang_val_31_lua 5.65 6.01 7.18
dolma_100_proglang_val_32_restructuredtext 4.01 4.05 4.66
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Dataset Llama Mamba RWKV-4 xLSTM[7:1] xLSTM[1:0]
dolma_100_proglang_val_33_perl 2.62 3.01 2.59 -
dolma_100_proglang_val_34_diff - 2.95 343 2.89
dolma_100_proglang_val_35_ini 3o 416 4.90 4.05 3.98
dolma_100_proglang_val_36_jsx . 1.84 1.95 1.83
dolma_100_proglang_val_37_haskell 3.07 3.73 3.02
dolma_100_proglang_val_38_gnuplot - 2.88 3.36 2.81 2.77

dolma_100_proglang_val_39_postscript 19.09 19.52 19.56
dolma_100_proglang_val_40_groff 6.32 7.45 6.22 6.21
dolma_100_proglang_val_41_turtle 245 3.17 2.39

dolma_100_proglang_val_42_fortran 2.39 2.83 2.35
dolma_100_proglang_val_43_makefile 3.01 3.51 2.86
dolma_100_proglang_val_44_mathematica 11.34 13.24 10.49 10.71
dolma_100_proglang_val_45_pascal 4.81 5.49 4.27

)
Nel
fost

dolma_100_proglang_val_46_common-lisp 2.71 332 2.62
dolma_100_proglang_val_47_gas 2.73 3.59 2.57
dolma_100_proglang_val_48_vhdl 4.06 4.69
dolma_100_proglang_val_49_julia 3.36 4.05 3.30
dolma_100_proglang_val_50_edn 2.10 2.67 2.04 2.03
dolma_100_proglang_val_51_visual-basic 2.42 2.49 2.72
dolma_100_proglang_val_52_powershell 4.08 4.16 4.50
dolma_100_proglang_val_53_g-code 2.66 3.29
dolma_100_proglang_val_54_ocaml - 3.29 4.22
dolma_100_proglang_val_55_java-server-p 2.10 2.11 2.31
dolma_100_proglang_val_56_solidity 4.41 5.28
dolma_100_proglang_val_57_graphviz-dot - 248 3.54
dolma_100_proglang_val_58_less 2.24 2.26 2.33
dolma_100_proglang_val_59_twig 1.81 1.81 1.91
dolma_100_proglang_val_60_asciidoc 5.50 6.84
dolma_100_proglang_val_61_groovy 2.15 241
dolma_100_proglang_val_62_llvm 2.40 3.25
dolma_100_proglang_val_63_hcl 2.52 2.56 2.96
dolma_100_proglang_val_64_html+erb 2.10 2.09 2.23
dolma_100_proglang_val_65_erlang _ 2.98 3.87
dolma_100_proglang_val_66_elixir 2.99 3.58
dolma_100_proglang_val_67_eagle - 6.90 10.75 5.64 5.76
dolma_100_proglang_val_68_arduino 3.37 3.40 3.81
dolma_100_proglang_val_69_coffeescript 2.80 2.85 3.27
dolma_100_proglang_val_70_toml 7.76 7.62 8.44

dolma_100_proglang val_71_cuda 2.21 2.56
dolma_100_proglang_val_72_nix 9.03
dolma_100_proglang_val_73_smalltalk 9.61 12.60
dolma_100_proglang_val_74_cmake 1.87 1.86 2.02
dolma_100_proglang_val_75_actionscript 2.54 2.88
dolma_100_proglang_val_76_glsl 2.40 2.42 2.72
dolma_100_proglang_val_77_systemverilog 2.66 3.17
dolma_100_proglang_val_78_haxe 2.81 3.20 2.77 2.76
dolma_100_proglang_val_79_f# 3.02 3.53 293 | 288
dolma_100_proglang_val_80_max 1.62 1.80 1.61 1.61
dolma_100_proglang_val_81_objective-c++ 2.19 2.40 2.17 _
dolma_100_proglang_val_82_standard-ml 4.05 4.79 3.81 3.77
dolma_100_proglang_val_83_dockerfile 4.17 4.37 4.05
dolma_100_proglang_val_84_emacs-lisp 3.83 3.83 4.44 3.80
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Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
dolma_100_proglang_val_85_scheme 2.86 3.40 2.84
dolma_100_proglang_val_86_clojure 3.30 4.00 3.26

dolma_100_proglang_val_87_handlebars 1.79 1.79 1.88 1.78

dolma_100_proglang_val_88_smarty 2.35 2.58 _
dolma_100_proglang_val_89_logos 2.58 2.98 2.46 2.44
dolma_100_proglang_val_90_stata 5.08 6.85 4.85 4.81
dolma_100_proglang_val_91_yacc 2.48 2.87
dolma_100_proglang_val_92_nimrod 2.87 3.63 2.81
dolma_100_proglang_val_93_tcl 3.16 3.95 3.07
dolma_100_proglang_val_94_viml 5.76 7.21
dolma_100_proglang_val_95_asp 1.79 1.79 1.90
dolma_100_proglang_val_96_protocol-buffer 1.32 1.38
dolma_100_proglang_val_97_r 2.92 3.66

dolma_100_proglang_val_98_cython

2.39 2.69
dolma_100_proglang_val_99_mediawiki 2.10 2.48 2.12 2.04

dolma_100_subreddits_val_00_AskReddit 20.25 19.29 20.38 19.28
dolma_100_subreddits_val_01_politics 22.08 20.70 22.07 20.83
dolma_100_subreddits_val_02_AmltheAsshole  22.49 _ 22.89 21.60
dolma_100_subreddits_val_03_worldnews 22.57 21.43 22.77 21.50
dolma_100_subreddits_val_04_relationships 18.64 17.80 18.89 17.86
dolma_100_subreddits_val_05_relationship_adv ~ 19.40 18.53 19.68 18.63
dolma_100_subreddits_val _06_news 22.49 21.25 22.51 21.49
dolma_100_subreddits_val_07_leagueoflegends  34.45 32.41 35.13 32.46
dolma_100_subreddits_val_08_todayilearned 22.53 21.30 22.68 21.28
dolma_100_subreddits_val_09_TwoXChromoso  20.20 19.16 20.25 19.20
dolma_100_subreddits_val_10_personalfinance 18.62 _ 18.82 17.73
dolma_100_subreddits_val_11_changemyview 20.02 19.10 20.50 19.17
dolma_100_subreddits_val_12_unpopularopinio ~ 23.39 22.16 23.63 22.32
dolma_100_subreddits_val_13_movies 21.62 20.52 21.79 20.64
dolma_100_subreddits_val_14_Games 22.26 21.15 22.52 21.18
dolma_100_subreddits_val_15_nba 23.28 21.93 23.60 22.10
dolma_100_subreddits_val_16_pics 21.84 20.56 21.82 20.64
dolma_100_subreddits_val_17_gaming 24.45 23.13 24.61 23.15
dolma_100_subreddits_val_18_soccer 23.38 22.12 23.61 22.19
dolma_100_subreddits_val_19_nfl 19.86 18.76 20.17 18.81
dolma_100_subreddits_val_20_explainlikeimfiv: 18.35 17.21 18.59 17.32
dolma_100_subreddits_val_21_conspiracy 23.86 _ 24.09 22.67
dolma_100_subreddits_val_22_atheism 21.23 20.18 21.43 20.23
dolma_100_subreddits_val_23_AskMen 20.00 19.04 20.11 19.10
dolma_100_subreddits_val_24_videos 22.26 21.24 22.51 21.29
dolma_100_subreddits_val_25_sex 21.13 20.13 21.30 20.09
dolma_100_subreddits_val_26_raisedbynarcissi: ~ 22.07 21.08 22.48 21.20
dolma_100_subreddits_val_27_NoStupidQuestis 19.66 18.59 19.87 18.68
dolma_100_subreddits_val_28_DestinyTheGam 3527 33.58 36.13 33.78
dolma_100_subreddits_val_29_anime 23.21 22.04 23.46 22.12
dolma_100_subreddits_val_30_DnD 28.22 26.71 28.78 26.72
dolma_100_subreddits_val_31_ukpolitics 22.35 21.19 22.80 21.31
dolma_100_subreddits_val_32_funny 20.78 19.45 20.70 19.40
dolma_100_subreddits_val_33_europe 21.76 20.59 22.10 20.72
dolma_100_subreddits_val_34_canada 22.44 21.21 22.44 21.30
dolma_100_subreddits_val_35_Christianity 17.88 17.02 18.10 17.04
dolma_100_subreddits_val_36_SquaredCircle 25.87 2431 25.83 24.34

48



Appendix A Appendix for Section 3.1: xLSTM 140

Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
dolma_100_subreddits_val_37_AskWomen 17.72 16.81 17.77 16.85 16.72
dolma_100_subreddits_val_38_legaladvice 18.66 17.75 18.92 17.74 17.64
dolma_100_subreddits_val_39_JUSTNOMIL 24.25 23.16 24.86 23.32 23.02
dolma_100_subreddits_val_40_technology 23.39 22.09 23.52 22.21 21.95
dolma_100_subreddits_val_41_TAmA 19.83 18.83 19.86 18.71 18.56
dolma_100_subreddits_val_42_wow 31.26 29.25 31.44 29.39 28.82
dolma_100_subreddits_val_43_Parenting 20.15 19.11 20.43 19.30 19.06
dolma_100_subreddits_val_44_exmormon 23.12 21.90 23.44 21.99 21.84
dolma_100_subreddits_val_45_AdviceAnimals 22.14 20.96 22.14 20.98 20.79
dolma_100_subreddits_val_46_childfree 21.87 20.85 22.13 20.89 20.72
dolma_100_subreddits_val_47_unitedkingdom 2327 22.00 23.40 22.00 21.85
dolma_100_subreddits_val_48_ffxiv 32.53 30.79 33.33 31.01 30.62
dolma_100_subreddits_val_49_dndnext 29.67 28.03 30.53 28.26 27.63
dolma_100_subreddits_val_50_ADHD 20.75 19.83 21.14 19.95 19.78
dolma_100_subreddits_val_51_loseit 19.36 18.39 19.49 18.52 18.33
dolma_100_subreddits_val_52_asoiaf 25.28 23.99 25.63 23.94 23.69
dolma_100_subreddits_val_53_BabyBumps 20.96 19.82 21.11 19.92 19.76
dolma_100_subreddits_val_54_Advice 19.17 18.29 19.35 18.38 18.19
dolma_100_subreddits_val_55_australia 23.97 22.51 24.06 22.61 22.40
dolma_100_subreddits_val_56_CFB 20.45 19.41 20.92 19.49 19.23
dolma_100_subreddits_val_57_offmychest 19.63 18.79 19.77 18.93 18.77
dolma_100_subreddits_val_58_PublicFreakout 25.96 24.49 26.02 24.65 24.39
dolma_100_subreddits_val_59_TrueOffMyChes  21.53 20.63 21.70 20.73 20.54
dolma_100_subreddits_val_60_science 20.44 19.46 20.64 19.51 19.38
dolma_100_subreddits_val_61_magicTCG 28.82 26.79 28.94 26.69 26.38
dolma_100_subreddits_val_62_asktransgender 20.72 19.86 21.07 19.83 19.62
dolma_100_subreddits_val_63_DotA2 34.35 32.38 34.74 32.57 32.16
dolma_100_subreddits_val_64_neoliberal 21.74 20.59 22.26 20.64 20.45
dolma_100_subreddits_val_65_whowouldwin 29.18 27.81 30.08 27.63 27.30
dolma_100_subreddits_val_66_depression 18.28 17.52 18.31 17.50 17.41
dolma_100_subreddits_val_67_WTF 22.30 21.18 22.38 21.17 20.99
dolma_100_subreddits_val_68_pathofexile 40.48 38.59 41.43 38.75 38.43
dolma_100_subreddits_val_69_PoliticalDiscussi  20.01 18.92 20.16 18.97 18.82
dolma_100_subreddits_val_70_Libertarian 22.97 21.77 23.15 21.87 21.75
dolma_100_subreddits_val_71_PurplePillDebatc  24.94 23.66 25.44 23.85 23.55
dolma_100_subreddits_val_72_Fitness 21.57 20.35 21.48 20.34 20.11
dolma_100_subreddits_val_73_books 21.12 20.02 21.31 20.09 19.82
dolma_100_subreddits_val_74_dogs 20.13 19.12 20.32 19.20 18.92
dolma_100_subreddits_val_75_pcmasterrace 23.73 22.49 24.02 22.56 22.21
dolma_100_subreddits_val_76_teenagers 18.37 16.35 16.44 15.56 17.02
dolma_100_subreddits_val_77_stopdrinking 21.08 20.02 21.19 20.17 19.98
dolma_100_subreddits_val_78_Overwatch 30.47 28.77 31.13 20.13 28.57
dolma_100_subreddits_val_79_television 23.97 22.63 24.05 22.75 22.49
dolma_100_subreddits_val_80_buildapc 21.55 20.22 21.78 20.29 19.98
dolma_100_subreddits_val_81_askscience 17.25 16.39 17.52 16.34 16.11
dolma_100_subreddits_val_82_programming 23.66 22.61 24.04 22.55 22.24
dolma_100_subreddits_val_83_Guildwars2 32.98 31.17 33.58 31.39 30.91
dolma_100_subreddits_val_84_cars 22.57 21.41 22.73 21.38 21.15
dolma_100_subreddits_val_85_formulal 23.85 22.65 24.09 22.71 22.49
dolma_100_subreddits_val_86_sysadmin 24.23 22.90 24.41 22.96 22.64
dolma_100_subreddits_val_87_hockey 21.46 20.26 21.74 20.37 20.20
dolma_100_subreddits_val_88_india 24.15 22.92 24.42 23.08 22.68
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Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
dolma_100_subreddits_val_89_SubredditDrama  19.14 18.26 19.63 18.29
dolma_100_subreddits_val_90_DMAcademy 27.77 26.31 28.38 26.41
dolma_100_subreddits_val_91_dating_advice 20.18 19.27 20.42 19.40
dolma_100_subreddits_val_92_Catholicism 19.11 18.22 19.41 18.17
dolma_100_subreddits_val_93_Drugs 24.50 23.29 24.74 23.32
dolma_100_subreddits_val_94_trees 23.56 22.38 23.83 22.41
dolma_100_subreddits_val_95_boardgames 22.69 21.48 23.13 21.61
dolma_100_subreddits_val_96_Conservative 22.79 _ 22.97 21.68
dolma_100_subreddits_val_97_Futurology 23.55 22.36 23.77 22.37
dolma_100_subreddits_val_98_beyondthebump  21.07 19.89 21.22 20.08
dolma_100_subreddits_val_99_weddingplannin;  20.11 19.01 20.33 19.19
falcon-refinedweb_val-00000000 15.92 15.46 17.14 15.37
falcon-refinedweb_val-00000001 18.49 17.91 19.89 17.90
falcon-refinedweb_val-00000002 18.45 17.90 19.69 17.91
falcon-refinedweb_val-00000003 16.75 16.23 17.92 16.16
falcon-refinedweb_val-00000004 16.26 15.66 17.32 15.73
falcon-refinedweb_val-00000005 15.41 14.96 16.56 14.92
gab_val-00000000 33.19 30.55 31.57 30.73
gab_val-00000001 35.64 32.76 33.96 32.80
gab_val-00000002 34.38 32.75 31.80
gab_val-00000003 34.86 - 33.26 32.20
gab_val-00000004 36.20 33.35 34.58 3342
gab_val-00000005 33.46 30.82 31.88 31.06
gab_val-00000006 3576 | 3271 | 3426 33.04
gab_val-00000007 35.54 32.60 33.76 32.78
gab_val-00000008 35.11 32.03 33.23 32.25
gab_val-00000009 3413 | 3134 | 3236 31.50
m2d2_s2orc_unsplit_val_Art 20.07 19.80 21.88 19.78
m2d2_s2orc_unsplit_val_Philosophy 14.80 14.82 16.77 14.69
m2d2_s2orc_unsplit_val_astro-ph 11.70 11.70 13.18 11.52
m2d2_s2orc_unsplit_val_astro-ph.CO 11.47 11.49 12.90 11.37
m2d2_s2orc_unsplit_val_astro-ph.EP 12.76 12.73 14.28 12.60
m2d2_s2orc_unsplit_val_astro-ph.GA 11.70 11.70 13.18 11.52
m2d2_s2orc_unsplit_val_astro-ph.HE 11.85 11.77 13.29 11.62
m2d2_s2orc_unsplit_val_astro-ph.IM 15.36 15.33 17.16 15.21
m2d2_s2orc_unsplit_val_astro-ph.SR 13.08 13.08 14.89 12.86
m2d2_s2orc_unsplit_val_astro-ph_11 15.36 15.33 17.16 15.21
m2d2_s2orc_unsplit_val_atom-ph 12.74 12.84 14.44 12.75
m2d2_s2orc_unsplit_val_chem-ph 13.20 13.29 15.22 13.14
m2d2_s2orc_unsplit_val_cond-mat 11.67 11.78 13.37 11.67
m2d2_s2orc_unsplit_val_cond-mat.dis-nn 12.54 12.67 14.28 12.58
m2d2_s2orc_unsplit_val_cond-mat.mes-hall 11.24 11.50 13.19 11.30
m2d2_s2orc_unsplit_val_cond-mat.mtrl-sci 12.19 12.33 14.09 12.18
m2d2_s2orc_unsplit_val_cond-mat.other 11.87 11.96 13.55 11.83
m2d2_s2orc_unsplit_val_cond-mat.quant-gas 11.67 11.78 13.37 11.67 -
m2d2_s2orc_unsplit_val_cond-mat.soft 12.18 12.23 13.93 12.18
m2d2_s2orc_unsplit_val_cond-mat.stat-mech 12.03 12.14 13.60 12.08
m2d2_s2orc_unsplit_val_cond-mat.str-el 10.39 10.50 11.98 10.41
m2d2_s2orc_unsplit_val_cond-mat.supr-con 11.57 11.66 13.13 11.53
m2d2_s2orc_unsplit_val_cond-mat_11 12.54 12.67 14.28 12.58
m2d2_s2orc_unsplit_val_cs.Al Lo 1209 14.20 12.01 11.79
m2d2_s2orc_unsplit_val_cs.AR 13.09 13.36 15.30 1318 1299
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Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
m2d2_s2orc_unsplit_val_cs.CC [ 845 831 10.46 8.70 8.54
m2d2_s2orc_unsplit_val_cs.CE 13.21 13.31 15.01 13.18 _
m2d2_s2orc_unsplit_val_cs.CG _ 8.68 10.12 8.59 8.47
m2d2_s2orc_unsplit_val_cs.CL 14.66 14.75 16.96 14.70
m2d2_s2orc_unsplit_val_cs.CR _ 14.86 16.72 14.74
m2d2_s2orc_unsplit_val_cs.CV 12.68 12.78 14.38 12.66
m2d2_s2orc_unsplit_val_cs.CY 16.01 15.93 17.52 15.84
m2d2_s2orc_unsplit_val_cs.DB 12.35 14.66 12.27 12.03
m2d2_s2orc_unsplit_val_cs.DC - 14.02 16.20 1379 | 1356
m2d2_s2orc_unsplit_val_cs.DL 14.67 14.83 17.05 14.75 -
m2d2_s2orc_unsplit_val_cs.DM _ 8.38 9.84 8.27
m2d2_s2orc_unsplit_val_cs.DS _ 9.99 11.76 9.88
m2d2_s2orc_unsplit_val_cs.ET 14.80 14.95 17.00 14.89
m2d2_s2orc_unsplit_val_cs.FL. _ 9.84 11.64 9.74
m2d2_s2orc_unsplit_val_cs.GL 16.51 16.43 18.18 16.38
m2d2_s2orc_unsplit_val_cs.GR 13.45 13.60 15.53 13.54
m2d2_s2orc_unsplit_val_cs.GT _ 9.59 11.34 9.49
m2d2_s2orc_unsplit_val_cs.HC 16.76 16.93 19.08 16.84
m2d2_s2orc_unsplit_val_cs.IR 13.30 13.46 15.26 13.31
m2d2_s2orc_unsplit_val_cs.LG 10.39 10.52 12.14 10.44
m2d2_s2orc_unsplit_val_cs.LO 10.23 12.50 10.03
m2d2_s2orc_unsplit_val_cs.MA - 11.65 14.10 11.41
m2d2_s2orc_unsplit_val_cs.MM 13.12 13.40 15.29 13.25
m2d2_s2orc_unsplit_val_cs.MS 13.98 14.14 16.27 14.11
m2d2_s2orc_unsplit_val_cs.NA _ 10.80 12.52 10.71
m2d2_s2orc_unsplit_val_cs.NE 13.76 14.00 16.10 13.89
m2d2_s2orc_unsplit_val_cs.NI 10.00 10.22 11.61 10.04
m2d2_s2orc_unsplit_val_cs.OH 15.24 15.43 17.62 15.34
m2d2_s2orc_unsplit_val_cs.OS © 1461 1493 17.35 14.80
m2d2_s2orc_unsplit_val_cs.PF 12.60 12.82 14.71 12.70
m2d2_s2orc_unsplit_val_cs.PL _ 15.74 18.58 15.65
m2d2_s2orc_unsplit_val_cs.RO 13.04 13.19 14.95 13.12
m2d2_s2orc_unsplit_val_cs.SC i n4 1333 11.30
m2d2_s2orc_unsplit_val_cs.SD 13.27 13.42 15.26 13.36
m2d2_s2orc_unsplit_val_cs.SE 17.72 13.47 15.46 13.40
m2d2_s2orc_unsplit_val_cs.SI 12.25 14.03 12.19
m2d2_s2orc_unsplit_val_cs.SY - 11.79 13.51 11.63
m2d2_s2orc_unsplit_val_cs_l1 _ 8.68 10.12 8.59 8.47
m2d2_s2orc_unsplit_val_econ.EM 11.62 11.76 13.73 11.68 _
m2d2_s2orc_unsplit_val_econ.TH 10.16 11.99 9.99 9.88
m2d2_s2orc_unsplit_val_econ_l1 - 10.16 11.99 9.99 9.88
m2d2_s2orc_unsplit_val_eess.AS 12.05 12.14 13.88 12.09 _
m2d2_s2orc_unsplit_val_eess.IV 13.77 13.89 15.71 13.76
m2d2_s2orc_unsplit_val_eess.SP 11.29 11.45 12.94 11.28
m2d2_s2orc_unsplit_val_eess_11 13.77 13.89 15.71 13.76
m2d2_s2orc_unsplit_val_gr-qc 12.84 12.99 14.68 12.84
m2d2_s2orc_unsplit_val_hep-ex 10.47 10.37 11.61 10.13
m2d2_s2orc_unsplit_val_hep-lat 13.13 13.10 14.57 13.02
m2d2_s2orc_unsplit_val_hep-ph 11.67 11.81 13.38 11.66
m2d2_s2orc_unsplit_val_hep-th 11.46 11.49 12.71 11.40
m2d2_s2orc_unsplit_val_math.AC 7.37 8.71 7.26
m2d2_s2orc_unsplit_val_math.AG - 9.27 11.05 9.16
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Dataset
m2d2_s2orc_unsplit_val_math.AP
m2d2_s2orc_unsplit_val_math.AT
m2d2_s2orc_unsplit_val_math.CA
m2d2_s2orc_unsplit_val_math.CO
m2d2_s2orc_unsplit_val_math.CT
m2d2_s2orc_unsplit_val_math.CV
m2d2_s2orc_unsplit_val_math.DG
m2d2_s2orc_unsplit_val_math.DS
m2d2_s2orc_unsplit_val_math.FA
m2d2_s2orc_unsplit_val_math.GM
m2d2_s2orc_unsplit_val_math.GN
m2d2_s2orc_unsplit_val_math.GR
m2d2_s2orc_unsplit_val_math.GT
m2d2_s2orc_unsplit_val_math.HO
m2d2_s2orc_unsplit_val_math.KT
m2d2_s2orc_unsplit_val_math.LO
m2d2_s2orc_unsplit_val_math.MG
m2d2_s2orc_unsplit_val_math.NA
m2d2_s2orc_unsplit_val_math.NT
m2d2_s2orc_unsplit_val_math.OA
m2d2_s2orc_unsplit_val_math.OC
m2d2_s2orc_unsplit_val_math.PR
m2d2_s2orc_unsplit_val_math.QA
m2d2_s2orc_unsplit_val_math.RA
m2d2_s2orc_unsplit_val_math.RT
m2d2_s2orc_unsplit_val_math.SG
m2d2_s2orc_unsplit_val_math.SP
m2d2_s2orc_unsplit_val_math_l11
m2d2_s2orc_unsplit_val_nlin.AO
m2d2_s2orc_unsplit_val_nlin.CD
m2d2_s2orc_unsplit_val_nlin.CG
m2d2_s2orc_unsplit_val_nlin.PS
m2d2_s2orc_unsplit_val_nlin.SI
m2d2_s2orc_unsplit_val_nlin_I1
m2d2_s2orc_unsplit_val_nucl-ex
m2d2_s2orc_unsplit_val_nucl-th
m2d2_s2orc_unsplit_val_physics.acc-ph
m2d2_s2orc_unsplit_val_physics.ao-ph
m2d2_s2orc_unsplit_val_physics.app-ph
m2d2_s2orc_unsplit_val_physics.atm-clus
m2d2_s2orc_unsplit_val_physics.atom-ph
m2d2_s2orc_unsplit_val_physics.bio-ph
m2d2_s2orc_unsplit_val_physics.chem-ph
m?2d2_s2orc_unsplit_val_physics.class-ph
m2d2_s2orc_unsplit_val_physics.comp-ph
m2d2_s2orc_unsplit_val_physics.data-an
m2d2_s2orc_unsplit_val_physics.ed-ph
m2d2_s2orc_unsplit_val_physics.flu-dyn
m2d2_s2orc_unsplit_val_physics.gen-ph
m2d2_s2orc_unsplit_val_physics.geo-ph
m2d2_s2orc_unsplit_val_physics.hist-ph
m2d2_s2orc_unsplit_val_physics.ins-det

Llama

14.52

12.73

11.29

13.02
11.65
13.75
13.92
13.70
13.00
12.74
13.30
13.20
11.01
11.23
13.18
12.21
11.81
14.15
14.75
15.57
14.01
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Mamba
9.53
8.77
9.49
7.33
10.20
8.07
8.18
8.12
7.96
8.15
6.56
7.66
7.71
14.70
7.80
10.41
8.53
10.05
8.51
7.55
10.01
9.20
8.40
7.44
8.71
8.88
9.65
8.07
12.01
12.91
12.75
11.44
9.81
12.75
12.94
11.78
14.01
14.04
13.81
13.13
12.84
13.42
13.29
11.27
11.37
13.33
12.33
11.99
14.39
14.86
15.43
14.16

1

N
w

RWKV-4  xLSTM[7:1] xLSTM[1:0]

10.90
10.16
11.01
8.69
12.04
9.36
9.50
9.61
9.35
9.57
7.82
9.00
9.27
16.52
9.14
12.53
9.99
11.66
9.92
9.07
11.62
10.58
9.93
8.75
10.33
10.36
11.27
9.36
13.77
14.88
14.88
12.86
11.28
14.88
14.61
13.43
16.17
1591
15.54
15.11
14.44
15.26
15.22
12.85
12.88
14.97
13.88
13.73
16.76
16.81
16.97
16.14

9.41
8.72
9.36
7.21
10.12
7.99
8.08
8.08
7.88
8.07
6.45
7.51
7.62
14.51
7.70
10.13
8.42
9.95
8.43
7.47
9.85
9.04
8.28
7.39
8.65
8.76
9.52
7.99
11.90
12.87
12.61
11.39
9.64
12.61
12.85
11.68
13.74
13.89
13.62
13.00
12.75
13.32
13.14
11.12
11.26
13.25
12.18
11.81
14.18
14.71
15.40
14.07

9.30
7.08
9.91

7.96
7.81
7.93
6.38

10.03

=
2
0

8.99

7.27
8.49
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N
~

Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
m2d2_s2orc_unsplit_val_physics.med-ph 14.34 14.46 16.50 14.29 -
m2d2_s2orc_unsplit_val_physics.optics 12.74 12.94 14.64 12.80
m2d2_s2orc_unsplit_val_physics.plasm-ph 13.65 13.81 15.77 13.69 _
m2d2_s2orc_unsplit_val_physics.pop-ph 13.80 13.67 15.17 13.60
m2d2_s2orc_unsplit_val_physics.soc-ph 12.79 12.97 14.80 12.83
m2d2_s2orc_unsplit_val_physics.space-ph 13.00 13.09 14.77 12.94
m2d2_s2orc_unsplit_val_physics_l1 15.57 15.43 16.97 15.40
m2d2_s2orc_unsplit_val_plasm-ph 13.65 13.81 15.77 13.69 | 1344
m2d2_s2orc_unsplit_val_g-bio 13.69 13.87 15.75 13.75
m2d2_s2orc_unsplit_val_g-bio.BM 13.28 13.52 15.72 13.41
m2d2_s2orc_unsplit_val_g-bio.CB 12.06 12.34 14.21 12.19
m2d2_s2orc_unsplit_val_g-bio.GN 13.21 11.40 12.74 11.32
m2d2_s2orc_unsplit_val_g-bio.MN 11.96 11.95 13.36 11.90
m2d2_s2orc_unsplit_val_g-bio.NC 13.69 13.87 15.75 13.75 -
m2d2_s2orc_unsplit_val_g-bio.OT 14.90 14.94 17.16 14.92
m2d2_s2orc_unsplit_val_g-bio.PE 12.57 12.71 14.62 12.69 _
m2d2_s2orc_unsplit_val_g-bio.QM 12.49 12.69 14.44 12.56
m2d2_s2orc_unsplit_val_g-bio.SC 13.68 13.85 15.60 13.75
m2d2_s2orc_unsplit_val_g-bio.TO 13.49 13.53 15.32 13.48
m2d2_s2orc_unsplit_val_g-bio_I11 13.69 13.87 15.75 13.75
m2d2_s2orc_unsplit_val_g-fin.CP 11.37 11.61 13.36 11.41 -
m2d2_s2orc_unsplit_val_g-fin.EC 11.72 11.89 13.77 11.77
m2d2_s2orc_unsplit_val_q-fin.GN 13.79 13.91 15.73 1383 | 1361

m2d2_s2orc_unsplit_val_g-fin. MF 10.21 11.92 10.04
m2d2_s2orc_unsplit_val_g-fin.PM - 11.31 13.14
m2d2_s2orc_unsplit_val_g-fin.PR 15.87 9.25 10.37
m2d2_s2orc_unsplit_val_g-fin.RM 11.35 11.49 13.08
m2d2_s2orc_unsplit_val_g-fin.ST 12.43 12.46 14.18
m2d2_s2orc_unsplit_val_g-fin.TR _ 13.14 15.32
m2d2_s2orc_unsplit_val_g-fin_11 13.79 13.91 15.73
m2d2_s2orc_unsplit_val_quant-ph 11.18 11.44 13.18
m2d2_s2orc_unsplit_val_stat. AP 13.37 13.56 15.52
m2d2_s2orc_unsplit_val_stat.CO 13.07 12.56 14.42
m2d2_s2orc_unsplit_val_stat. ME 11.09 11.26 12.91
m2d2_s2orc_unsplit_val_stat. ML _ 11.39 13.29
m2d2_s2orc_unsplit_val_stat.OT 11.31 11.55 13.28
m2d2_s2orc_unsplit_val_stat_11 13.07 12.56 14.42
m2d2_s2orc_unsplit_val_supr-con 11.57 11.66 13.13
m2d2_wikipedia_unsplit_val_Culture_and_the_  12.30 11.90 12.82
m2d2_wikipedia_unsplit_val_Culture_and_the_  12.13 11.74 12.82
m2d2_wikipedia_unsplit_val_Culture_and_the_  14.06 13.86 15.17
m2d2_wikipedia_unsplit_val_Culture_and_the_  12.16 11.80 12.74
m2d2_wikipedia_unsplit_val_Culture_and_the_ 11.75 11.25 12.03
m2d2_wikipedia_unsplit_val_Culture_and_the_  10.01 9.63 10.36
m2d2_wikipedia_unsplit_val_Culture_and_the_ 12.13 11.85 12.83
m2d2_wikipedia_unsplit_val_Culture_and_the_  12.36 12.09 13.05
m2d2_wikipedia_unsplit_val_General_referece  11.80 11.46 12.43
m2d2_wikipedia_unsplit_val_General_referece_ 10.52 10.20 10.96
m2d2_wikipedia_unsplit_val_General_referece_.  11.80 11.46 12.43
m2d2_wikipedia_unsplit_val_Health_and_fitnes 10.75 10.47 11.14
m2d2_wikipedia_unsplit_val_Health_and_fitnes = 9.64 9.29 9.95
m2d2_wikipedia_unsplit_val_Health_and_fitnes 10.10 9.80 10.43
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Dataset Llama
m2d2_wikipedia_unsplit_val_Health_and_fitnes 9.14
m2d2_wikipedia_unsplit_val_Health_and_fitnes 8.91
m2d2_wikipedia_unsplit_val_Health_and_fitnes 10.75
m2d2_wikipedia_unsplit_val_Health_and_fitnes 12.91
m2d2_wikipedia_unsplit_val_History_and_even 13.65
m2d2_wikipedia_unsplit_val_History_and_even  11.77
m2d2_wikipedia_unsplit_val_History_and_even 12.78
m2d2_wikipedia_unsplit_val_History_and_even 12.36
m2d2_wikipedia_unsplit_val_Human_activites 12.43
m2d2_wikipedia_unsplit_val_Human_activites_  12.43
m2d2_wikipedia_unsplit_val_Human_activites_ 12.47
m2d2_wikipedia_unsplit_val_Mathematics_and.  12.90
m2d2_wikipedia_unsplit_val_Mathematics_and. 8.24
m2d2_wikipedia_unsplit_val_Mathematics_and. 13.21
m2d2_wikipedia_unsplit_val_Mathematics_and.  12.90
m2d2_wikipedia_unsplit_val_Natural_and_phys 9.19
m2d2_wikipedia_unsplit_val_Natural_and_phys 10.97
m2d2_wikipedia_unsplit_val_Natural_and_phys  11.69
m2d2_wikipedia_unsplit_val_Natural_and_phys 10.43
m2d2_wikipedia_unsplit_val_Natural_and_phys 11.48
m2d2_wikipedia_unsplit_val_Philosophy_and_t  11.83
m2d2_wikipedia_unsplit_val_Philosophy_and_t 12.00
m2d2_wikipedia_unsplit_val_Philosophy_and_t 10.94
m2d2_wikipedia_unsplit_val_Religion_and_bel: 12.81
m2d2_wikipedia_unsplit_val_Religion_and_beli  11.11
m2d2_wikipedia_unsplit_val_Religion_and_bel:  11.46
m2d2_wikipedia_unsplit_val_Religion_and_bel: 12.38
m2d2_wikipedia_unsplit_val_Society_and_soci: 10.53
m2d2_wikipedia_unsplit_val_Society_and_soci: 10.47
m2d2_wikipedia_unsplit_val_Society_and_soci: 12.48
m2d2_wikipedia_unsplit_val_Technology_and_. 8.51
m2d2_wikipedia_unsplit_val_Technology_and_  12.45
m2d2_wikipedia_unsplit_val_Technology_and_  13.62
m2d2_wikipedia_unsplit_val_Technology_and_. 13.00
m2d2_wikipedia_unsplit_val_Technology_and_  14.34
manosphere_meta_sep_val_avfm 19.42
manosphere_meta_sep_val_incels _
manosphere_meta_sep_val_mgtow 24.83
manosphere_meta_sep_val_pua_forum 24.22
manosphere_meta_sep_val_red_pill_talk 34.59
manosphere_meta_sep_val_reddit 20.63
manosphere_meta_sep_val_rooshv 22.46
manosphere_meta_sep_val_the_attraction 20.85
mc4_val-00000000 8.35
mc4_val-00000001 12.17
mc4_val-00000002 9.96
mc4_val-00000003 11.38
mc4_val-00000004 11.96
poo_va s
redpajama_val_arxiv 5.15
redpajama_val_books 12.91
redpajama_val_c4 13.01
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Mamba
8.83
8.68

10.47
12.49
13.29
11.44
12.41
11.88
12.03
12.03
12.05
12.51
8.26
12.87
12.51
8.22
10.70
11.36
10.11
11.09
11.72
11.61
10.61
12.45
10.80
11.06
12.03
10.24
10.16
12.13
8.18
12.07
13.23
12.72
13.90
19.27
12.18
24.27
23.85
33.90
19.78
22.17
20.57
8.41
11.97
10.06
11.29
11.64
16.65
5.28
12.71
12.51

RWKV-4  xLSTM[7:1] xLSTM[1:0]

9.59
9.40
11.14
13.61
14.48
12.36
13.46
12.87
12.98
12.98
13.12
13.79
9.37
13.90
13.79
8.81
11.53
12.28
10.95
11.93
13.04
12.66
11.34
13.44
11.66
11.86
12.94
11.03
10.95
13.02
8.66
13.00
14.56
13.87
15.20
21.88
21.40
27.50
26.52
37.26
21.10
24.78
23.17
10.02
13.58
11.96
12.77
13.03
19.37
5.78
13.60
13.55

8.63

8.61

10.37
12.42
13.20
11.36
12.37
11.79
11.95
11.95
12.00
12.48
8.28

12.85
12.48
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Dataset Llama Mamba RWKV-4 xLSTM[7:1] xXLSTM[1:0]
redpajama_val_commoncrawl 10.90 10.56 11.70 10.52

redpajama_val_github 1.66 1.66 1.75 1.65
redpajama_val_stackexchange 3.73 3.72 4.03 3.68
redpajama_val_wikipedia 4.64 4.38 4.68 4.35
twitterAAE_HELM_fixed_val_AA 346.98 302.79 310.30 301.65
twitterAAE_HELM_fixed_val_white 118.62 107.34 109.13 107.65

wikitext_103_val 11.74 11.76 1373 1132

11.41
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A Extended Related Work

A.1 Other Related Work

Other Hardware-Aware Optimizations. Optimized, hardware-aware implementations enable the
exploration of new primitives or new model architectures. FlashRNN Poppel et al. (2025) introduces
a framework of [O-aware optimized CUDA kernels in order to simplify research on traditional,
non-parallelizable RNNs. Mamba (Gu & Dao, 2024) enables large scale language modeling ex-
periments (Waleffe et al., 2024) with an efficient parallel scan algorithm in their optimized CUDA
kernels. FlashFFTConv (Fu et al., 2024) provides efficient implementations for FFT convolutions for
modern hardware by reducing IO and leveraging specialized matrix multiply units. DeltaNet Yang
et al. (2024c,a) introduces an efficient algorithm for training linear Transformers with the delta rule
(DeltaNet) (Schlag et al., 2021), which enables to scale up DeltaNet to standard language modeling
settings.

Our TFLA kernel algorithm provides an effective method to balance the runtime and memory for
linear RNN kernels based on their chunkwise-parallel formulation, paving the way to even larger
model training setups, e.g. for multi-billion parameter xXLSTM models (Beck et al., 2025).

Gating mechanisms for Linear RNNs. Many different gating techniques for linear RNNs have
been explored (Sun et al., 2023; Beck et al., 2024; Yang et al., 2024b; Gu & Dao, 2024; Dao &
Gu, 2024; Sun et al., 2024; Qin et al., 2024b; Orvieto et al., 2023; Katsch, 2023; Peng et al., 2024).
We propose mLSTMsig, a variant of mLSTM with a sigmoid input gate similar to the original
LSTM (Hochreiter, 1991; Hochreiter & Schmidhuber, 1997) and empirically analyze the transfer
behavior.

mLSTM Applications. The mLSTM, which is the XLSTM with matrix memory, has already
been adopted in several domains beyond language modeling. For example, Alkin et al. (2025) find
that the mLSTM can serve as a generic backbone for computer vision architectures. In the field
of robotics, the mLSTM architecture has been explored as a large recurring action model, which
uses the efficient linear-time inference complexity of the mLSTM (Schmied et al., 2025), and as the
backbone for imitation learning policies (Jia et al., 2025). In the domain of biological and chemical
sequences, the mLSTM has been studied for generative modeling, representation, and in-context
learning (Schmidinger et al., 2025). Finally, mLSTM has also been examined in the domain time
series forecasting (Alharthi & Mahmood, 2024), where sSLSTM (Beck et al., 2024) has also been
applied (Kraus et al., 2024; Kong et al., 2025).

These and other applications will benefit from our TFLA kernels, which provide efficient and scalable
implementations of the mLSTM, that can be easily integrated into existing models. We believe that
our TFLA mLSTM kernels will increase the adoption of mLSTM in other application areas as well.

A.2  Application of TFLA to other Linear RNNs

We have applied TFLA to linear RNNs with scalar headwise gates such as mLSTMexp and mL-
STMsig. In this section, we show how TFLA could be applied to other Linear RNNs, but leave the
implementation to future work.

Linear RNNs with Scalar Headwise Gates. With minimal modifications, TFLA can be applied to
other scalar headwise gated linear RNNSs, such as, for example, Retention (Sun et al., 2023), Gated
Retention (Sun et al., 2024), Simple GLA (Yang et al., 2024b) or Mamba 2 (Dao & Gu, 2024).
In general, TFLA implementations of these linear RNNs can be obtained by modifying the forget
and input gate parameterizations (of the TFLA mLSTMsig). Since neither of the aforementioned
models has an input gate in the mL.STM sense, we fix the input gate of TFLA mLSTMsig to one
(i.e. J(L) = 1). Then, for Simple GLA or Retention we keep the headwise scalar sigmoid forget gate

o(f;) or set it to a constant decay parameter o (f;) = .
To implement Gated Retention — which introduces a sigmoid forget gate modulated by a temperature
parameter 7 — we modify the activation function of the forget gate to incorporate this temperature

term. Beyond coupling the forget gate parameter A with the keys k; (represented by the parameter
B) through the step size parameter A, Mamba 2 also adopts the linear attention structure from

17



Appendix B Appendix for Section 3.2: Tiled Flash Linear Attention 150

Equation (12). In this formulation, Mamba’s notation C, B, and X corresponds to our queries @,
keys K, and values V/, respectively.

Linear RNNs with Delta Rule. Recently, Linear RNNs with non-diagonal state transition matrices
have become popular due to their increased expressivity that enable them to solve synthetic state
tracking tasks (Grazzi et al., 2025; Siems et al., 2025; Peng et al., 2025; Movahedi et al., 2025).
One method to implement such non-diagonal linear RNNs efficiently is (Gated) DeltaNet (Yang
et al., 2024c,a), which introduces a hardware efficient algorithm for linear transformers with the delta
rule. The core of DeltaNet’s efficient implementation is the chunkwise-parallel formulation of the
delta-rule, which is implemented using primitives from Flash Linear Attention.

In our notation, the chunkwise-parallel formulation of DeltaNet is given by the inter-chunk recurrence

C = Gy + KO [ u® — wh g, ) (17
(dgrXdny)  (dgrxdny)  (darXLko) \ (LkoXdno) (L Xdak) (dgy x dpy)

Vv x(k)

and the combination between inter-chunk and intra-chunk contribution

HY = QW Cr-1 +< Q™ K(k)—r> ( v® — wh >7
)

(LhaXdrv)  (LpgxXdqr) (dgk X dny (Lngxdgr) (dak X Liw) (Lkw Xdno)  (LiwXdak) (dgy xdpy)

V()
(18)
where we omit the mask M applied to QK " of DeltaNet for clarity. We refer to Yang et al. (2024c)
for the definition of the matrices U'*) and W (%),

By defining the new values V*(*) = U®*) — W) C)._, we can recover the core formula of TFLA
for the intra-chunk parallel forward pass (see Equation (12)) to which we can apply our TFLA tiling
strategy from Section 3. For computing the matrices U*), W (*) and the new values V*(*) one
could follow the same strategy as in DeltaNet, where U %) and W (¥) are computed in a separate
kernel before the recurrent kernel. Then, the new values V*(*) are computed and stored in HBM in
the recurrent kernel together with the memory states CY.

We conclude that TFLA can be applied to any linear RNN that either follows or can be reformulated
into the simplified, chunkwise-parallel form of Equation (12).

B Extended mLSTM Formulations

B.1 Fully Parallel Formulation

For the parallel formulation it is assumed that all inputs are available at once. Then, the queries,
keys and values qq, k;, v; can be stacked into the matrices Q, K € RT*dax V' ¢ RT*4rv in order
to compute all hidden states H € R” %% in parallel using the following equations:

D= log F + I 19)
m = maxD,;, (20)
J
D= exp(ﬁ —m) (21)
S ! QK" (22)
dyn
S=SoDb (23)
n = max (|S 1|,exp(—m)) (24)
H=(So (")) Vv, (25)
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where 1 € R7 is a vector of ones. The logarithmic forget gate activation matrix log F € RT*7 is
computed by

e fori < j
logFiy =00 | fori=j. 26)
log (HZ:;‘H o (fk)) = heji1logo (fk) fori > j

Similarly, the input gate pre-activation matrix I € R7*7 is given by

) i
I;= {9 ot =g, 27)
ij fori>j

Note that in contrast to the recurrent formulation, in the parallel formulation the states C} are not
materialized, i.e. computed explicitly. This comes at the cost of computing the quadratic matrices
D, S € RT*T with an overall quadratic scaling in sequence length 7.

B.2 Detailed Chunkwise-Parallel Formulation

In this section, we provide more detailed formulas for the chunkwise-parallel formulation of the
mLSTM from Section 2.2.

#(k)

Chunkwise Gates. Given the logarithmic forget gates £ = logo(f ') € RY and input gates

. +(k
- log exp(i( )) € R”, we can compute the logarithmic chunkwise gates as
— L —
& — sum (f(k)) =Y iV eR, 28)
i=1
by = cumsum (f( )) eRY, with by, =S FM forj=1,2,...,L (29)

i=1

L

aj = rev_cumsum (f(k)ﬂ :]) +i(k) e RE, with ag,j = Z fi(k) —b—fgk) fory=1,2,...,L,
i=j+1

(30)

where [1:] denotes (in numpy notation) that the first index is excluded as it is done in the sum
notation of Equation (30). Additionally, in Figure 9 we illustrate the chunkwise gate computation
and show a PyTorch code snippet for computing the chunkwise gates in Figure 8.
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S}

26

def compute_chunkwise_log_gates_vecB_vecA(
vecl: torch.Tensor, # (B, NH, S)
vecF: torch.Tensor, # (B, NH, S)
chunk_size: int,

B, NH, S = vecI.shape

assert S % chunk_size == 0, f"S={S} is not divisible by chunk_size={
chunk_size}"”

_device = vecl.device

NC = S // chunk_size

L = chunk_size

# compute vecB

vecF_logsig = logsigmoid(vecF.to(dtype=torch.float32))

vecF_logsig_chunked = rearrange(vecF_logsig, "b nh (nc 1) -> b nh nc
1", nc=NC, 1=L)

vecB = vecF_logsig_chunked.cumsum(dim=-1)

# compute vecA

vecI_chunked = rearrange(vecI, "b nh (nc 1) -> b nh nc 1", nc=NC, 1=L
)
# unstable vecA computation:
# vecA = (vecB[..., -1, Nonel] - vecB) + vecI # (B, NH, NC, L)
# stable vecA computation:
vecA = (
torch.cat(
L
vecF_logsig_chunked[..., 1:1.flip(-1).cumsum(-1).flip(-1)
torch.zeros((B, NH, NC, 1), device=_device, dtype=torch.
float32),
:l )
dim=-1,

)

+ vecI_chunked
) # (B, NH, NC, L)
return vecB, vecA

Figure 8: PyTorch function to compute the logarithmic chunkwise gates for mLSTMexp.

Inter-chunk Recurrent Contribution. The inter-chunk recurrence is given by

mgmer) = max {gk + mgiﬁr), max ak} 31)

. . . T
Cr = exp (g +mf"y = m{"™) Coa + (exp (ax — m{"™) o KM) v 32

. . , T
Ny = exp (gk + mgitelr) — m,(;mer)) ng_1 + (exp (ak — mgmer)) ® K(k)) 1. (33)
In simplified form we can write the inter-chunk recurrence as

T T
Cr = 8Cir + (a0 K®) v =50+ K v Gy
T T
nj = grNp—1 + (ﬁk o} K(k)) 1 — g + KV, (35)
with the running max state integrated into the gates.
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chunkwise recurrent: . fully recurrent:
Ci=BlC-1 + (ak @KW) v C, = £, Cii+ is ko,
h,=C, gq,
H® — (bk o Q(k)) o
(chunk size L=4 )
b, b, b
t:|1234|5678|9101112|
Cy C,
a g
g1 £2 g3
QKVWY QKV® QKV®
f, £ fo
fi + 15 fs + fo fo +f10
o - 2 logby = . . . logbs = . . .
log b, f; + o + f3 e fs +fo + 17 e fo + f10 + f11
fy + fo + f5 + 4 fs + 16 + f7 + 13 fg + f10 + f11 +f12
fo + 13+ 4 i fo + 7 + f3 i5 fo + f10 + fi2 ig
B fy 4+ £ i9 o f3 +1f3 ig R fi1 +fio i10
logay = f, - i3 logaz = fs - i3 logay = fio i11
0 iy 0 is 0 i1

logg) =i +fo+f5+14 log gy = f5 4 fs 4 f7 + {3 log g3 = fo 4 f10 + f11 + f12

Figure 9: Illustration of the chunkwise gate computation.

Intra-chunk Parallel Contribution.
contribution given by

The recurrent part is followed by the intra-chunk parallel

~ (k) —00 fori < j

D = T (36)
by — b, +1i fori > j

; ~(k

m{" — max D) 37)
J
(k) _ ~ (k) (intra)
D" =exp(D —m;"") (38)
sk — 1 Q(k)K(k)T (39)
qk
s _ gk o p®), (40)

where exp is acting component-wise.

The contributions from the intra-chunk parallel part 15 1)

intra @€ combined
Hl(ftgr to obtain the hidden states H*) for each chunk k (see

Output computation.
with the inter-chunk recurrent part
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Figure 1):

ml(:ombine) — max {bk n ml(ciitelr)7mgntra)} @1)

Hl(nklir = (exp (bk + mgfelf) _ m](CCOmbine)) o Q;’:k > Cos “2)

= (b;C ® Qv ) Cr_1 (43)

Vdgk

= Q(k)Ck_l (44)

H,), =s"v® (45)

HE _ (51 © (Q®)/\/dgr)) Cr—r +8" VB (46)

max {| (Bk © (Q(k)/\/@)) Nne_1+ §(/€) 1|’ exp (_mécombine))}
Q"¢ +8"v®

i Q S : (47)
max {'Q(k)nk,1 + S(k) 1|7 exp (7ml(€combme))}
— <§(k,)ck_1 +§(k)v(k)) / hégom. "

B.3 Chunkwise-Parallel Backward Pass

In this section we provide a detailed description of the backward pass of the chunkwise-parallel
mLSTM.

Gradients Through Normalizer States. Following Sun et al. (2023), we do not compute the
gradients through the normalizer states n. The gradients cancel out due to the Layer- or RMS-Norm
on the mLSTM cell hidden states H, since the normalizer state is constant over the embedding or
feature dimension, which is the normalization dimension.

Inter-chunk Recurrent Backward Pass. Given the incoming memory cell state gradients from
the next chunk §C}, and the hidden state output gradients SH™ for chunk k, we can compute the

inter-chunk recurrent backward pass. The query, key and value gradients § Qi(rﬁir, 0K i(n]fe)r and 0 V.éfii
of the inter-chunk recurrent part are computed by:

~ (k 5H(k)
hdenom
svih K" 5c, (50)
K" = v® 507 (51)
KX — sk oa, 17 (52)
— ~ (k
;" — s ] | (53)
1 _
sQ™) — Q" oy 17 (54)

inter \/@
(rec)

The memory cell state gradients 0C}_, have incoming contributions from the next timestep 6C}, _/

and output § C’,Eff?. They are given as

5Cy_1 = 6C") + 5C™ (55)
—(k) T

~ (k
—soc,+0" sa", (56)
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Finally, we can compute the cumulative gate gradients dg;,, dax and by, for chunk % as

08, =1 (Cj—1 ®6Cy) 1 (57)

dgr = 08, © 8, (58)

say, = (K" o K®y1 (59)

Say, = day © ay (60)

5bx = (0Q™ @) 1 61)
dyr

Sby, = 6by, © by (62)

Intra-chunk Parallel Backward Pass. Given the mLSTM hidden state output gradients SH® the
intra chunk query, key and value gradients 5Q(k) SK™ and sV %) gradients are computed by

intra’ intra intra

sH™ = ‘”fT(k) (63)
hdenom

sk — izqu(k)K(k)T (64)
s¥ = g® o p® (65)
v —g® " 5® (66)
5§™ = sa" v T (67)
58®) = 58" o D) (68)
QM = qu os® K ® (69)
0K = qu 5" QW (70)

In order to compute the cumulative intra gate gradients, we compute the gradients through the gate
matrix D), which is computed from the cumulative forget gates

b;cq) = cumsum(fflk)) € Rls (71)
b,ikv) = cumsum(f',g]f,)) € REwv, (72)

where we use the logarithmic forget gates f = log a(f' ). We denote the dimensions as L, and Ly, for
the query and key-value dimensions, respectively. Omitting the masking operation, we compute the
gate matrix as

(ko) T oM
k

D® —p? 1] — 1,6 1,5, (73)

where 1, € RZe and 1, € RE*v are vectors of ones used to indicate broadcast operations, and
+(k . ..
1,(w) € RL* are the logarithmic input gates for chunk k.

The gradients are computed as

sD® — 58% o g 74)
56\ = D™ 1, (75)
5b§€kv) — _sp®’ 1, (76)
i) —sp® "1, a7
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Combined input and gate gradients. The intra and inter chunk gradients are combined by sum-
ming up the contributions. This yields for the query, key and value gradients

IQ™ = 5QM) +0Quk) (78)
GK™ = V() + 0K, (79)
sVH®) = svH) 4 sy (k) (80)

The input and forget gate gradients i*) and £ can be computed from the cumulative gate gradients
dgk, 0by and day, with the following equalities

5t = 5gy (81)
SE) = rev_cumsum(dby,) (82)
5t% = rev_cumsum(day) (83)
5i™ = say, (84)
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C Extended Tiled Flash Linear Attention

C.1 GPU Fundamentals

We review the GPU fundamentals for writing efficient kernels. Since we perform our experiments on
NVIDIA GPUgs, our review is targeted towards NVIDIA’s terminology, though the principles also
apply to other hardware. For a more extensive overview we refer to (Spector et al., 2024).

GPU Overview. A GPU (Graphics Processing Unit) is a specialized processor designed to efficiently
handle large-scale parallel computation tasks, such as matrix multiplications in neural networks.
These tasks are divided into small programs called kernels, that are executed on GPUs. A kernel
loads data from high bandwidth memory (HBM), performs work on it, and writes the results back to
HBM. For writing efficient kernels, it is important to understand the software hierarchy of the GPU,
which closely follows its physical hardware hierarchy.

GPU Hierarchy. At the lowest level the GPU runs multiple Threads, operating on small but fast
register memory in parallel. On the software side usually multiple (e.g. 32) Threads are grouped
together into Warps. Again, multiple Warps are grouped into Thread blocks which together execute
a kernel on a physical core, called streaming multiprocessor (SM). Warps or Threads within the
same Thread block can communicate data through special on-chip shared memory (SRAM). When
executing a kernel, a grid (with typically 3 dimensions) of Thread blocks that run in parallel is
launched on the GPU. All Thread blocks have access to the large but slow off-chip high-bandwidth
memory (HBM), which has both the largest latency and least bandwidth of all GPU memories. For
efficient kernels it is important to minimize memory read and writes from and to HBM.

Specialized Compute Units. Modern GPUs have specialized compute units — called tensor cores —
that accelerate matrix multiplications on GPUs. Tensor cores have most of the GPU compute and
are accessed at the warp or block level. For efficient kernels it is important to maximize tensor core
utilization.

Triton Language. Triton is a GPU kernel programming language with an associated compiler, that
provides a Python-based environment for GPU programming. The user can load data from HBM via
a tl.load instruction and store data to HBM via t1.store. t1.dot is an instruction, that leverages
tensor cores for matrix multiplications. While this Triton interface of increases productivity in writing
very fast custom kernels, peak performance can be achieved sometimes only with CUDA kernels.
We write our kernels in Triton and leave a CUDA implementation for future work. In contrast to
NVIDIAs programming model CUDA, which provides access to all levels of the GPU hierarchy,
Triton programs operate on the Thread block level and hide register and thread management from
the user. Therefore, we describe TFLA on the more abstract Thread block or program level in the
following section.
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C.2 Tiled Computation

For the tiled computation of the intra-chunk hidden state contribution Hj,y, within a chunk,
we consider blocks of the matrix S = {S(l) S(2)} and the gate matrix D = [D(l) D(Q)},
with S D@ ¢ RBrnaxBriv Here, the superscript i denotes the block index along the
Ly, dimension (and not the chunk index). Similarly, we consider blocks of the value matrix
V= {ggi } , with V(®) € RBrv*Banv  We then accumulate the unnormalized hidden state blocks

Hi([ft)ra’num € RBrkvxBare and the corresponding normalizer 1Y) € By, as
m) = max Dy’ (85)
10 = (81 0 exp(®” —m)) 1 (86)
H(Y, = (8 © exp(D — m () v (87)
m? = max <m(1), mjax f)i?) (88)
1® — exp(m® —m®) 10 4 (8?6 exp(D” = m®))1 (89)
H = exp(m® = m®) H, o+ (8¢ 0 ep(DY —m®) v 90)

After computing this intra-chunk part, we need to do one more rescaling step to combine the intra-
chunk and inter-chunk parts of the hidden state output H® since H® and H")

h inter WETE computed

with different max states. Therefore, we compute the final hidden state output H® as
m,(:ombme) = max {bk + m,(;'ltir), m,(f)} 1)
Q(k)ck—l + exp <m§€2) — ml(gcombme)> §(k)V(k)

H® — - | |
max{‘a(k)nk_l + exp (m](f) _ m}(ﬁcomme)) l](f)\7 exp (_ml(ccombme))}

92)

where we assume that mf) is the block maximum and l,(f) is the normalizer after the last By,

block of the intra-chunk computation for chunk k.

C.3 TFLA Forward Pass

For notational simplicity we drop the k index for the query, key and value matrices as Q € RLna*dak,
K ¢ RIixvxdar apnd V' € REwxeXdv | respectively. We make use of reweighting (as discussed in
Appendix C.2) in order to keep track of the maximum value over the gate matrix tiles, similar to (Dao
et al., 2022).

The forward pass algorithm of TFLA for one thread block is described in Algorithm 1.

Note that the loop in line 27 of Algorithm 1 is the same as the loop in line 6. In both loops we load the
same blocks of the matrix €. Fusing these loops would avoid loading this data twice. Unfortunately,

fusing these loops efficiently is problematic due to the online computation of the maximum 14

and M., in the loop in line 4 and the dependence of mgfombme) and by, on the final m,,.,, (see

Appendix D.1 and C.2).
We address this issue in Section 4 by modifying the input gate of the mLSTM.
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Algorithm 1 TFLA Intra-Chunk Forward Pass for mLSTMexp (H™® Kernel)

Require: Matrices Q € RIira*der | K € REvvXdar Y ¢ REwoXdno,

23:
24:

25:
26:

27:
28:
29:

30:
31:
32:

33:
34:

35:
36:

37:

States Cj,_; € R¥axxdv | € Rk,

Input- and cumulative forget gate vectors iy, by, € RE#a,

Block sizes quk, Bahy, Brng and Bry,, where Brjg 2 Bri,.
Block Q index i7,4 and Block HV index %4, .

- Initialize Moyq, Mipew € RE7 to —0o in SRAM.

> Compute intra-chunk contribution

. Initialize accumulators Hipy, € RBLra*Bav and n(nwa) ¢ RBzna jn SRAM.
: Load b{? € RBz#a from HBM to SRAM.
:fori=1to Li(”“H)B“‘“J do
: Brkv '
Initialize accumulator S € RBzra*Briv jn SRAM.
for j = 1to {B —‘ do
Load QU) € RBrraxBagk and KU) € RBrrv*Baak from HBM to SRAM.
Accumulate S += Q(j)K(j)T.
end for
Load bUw) 6 RBLrv and l(k") € RBLrv from HBM to SRAM.
T
Compute D" b(q) bgw) + i,(fv) € RBrraxBrie,
ifi- BLku > ’LLq Bth then
Apply causal mask to D( g
end if @
Compute M,e,, = maximum{m,;q, rowmax D ' 1.
Compute D(Z) =exp(D (l) — Mpew)-
(1)
Compute S MS o DY,
Load V() ¢ RBrrvxBanv for Block i4p,, from HBM to SRAM.
Accumulate Hinry = exp(moid — Mnew) - Hinga + §(l) V
Accumulate ") = exp (Mg — Mpey) - N 4 §(1) 1
Update miq = Mpew.
: end for

> Compute inter-chunk contribution
Load m](;melr) € R from HBM to SRAM.

(combine) (mter)

Compute m,, = maximum {b(q) +myy, mnew}

Compute bk = exp (b(‘J) +m (mter) mi‘combme)).

Initialize accumulators Hjper € RB Lha*Banv for Block igp, and n@) ¢ RBLra in SRAM.
> Note: This is the same loop as the inner one above. They cannot be merged because of the max
state computation.
- dor
for j=1to ’VB;qk—‘ do
Load QU) € RBrnaxBagk gpd C’,(CJ_)1 € RBaak XBanv for Block 44y, from HBM to SRAM.

Compute Q(j) \/(117 QYW o b(q).

Accumulate Hiyer += Q(]) C(j )
Load n,(cj) € RBaak,
AW ()

Accumulate n(") += Q"' n}”’ .
end for > Combine inter- and intra-chunk contributions

Compute H™) = Hy o + exp(mipew — m,(:ombme)) Hier
Compute p(comb) _ 4, (intra) + exp(mnew _ écombme)) pninter)
Compute H®) = H (o)

max{ ‘n(comh) |,exp( 7m§:ombine) )} .

Store H*) | n(comb) apd m,(:ombine) to HBM.
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C.4 TFLA Backward Pass

For the TFLA backward pass, we need to compute the gradients of the queries, keys and values
Q™ s K*) and 6V (*). Omitting the gate computations and normalization, we write a simplified
version of these gradients as

5QU :( SH® V(N) K® 4+ sH® ], (93)
(Lngxdgr) (LhgXdny) (dhoXLiy) /) (LkoXdgr)  (LngXdnw) (dno X dqi)

5Qf Qi
e _( v 5H<k>T> QM + v o] 94)
(Liow Xdgi) (Lo xdno) (drvXLhg) ) (Lpgxdgr) — (LkoXdro) (dy,, xdgr)

6Ki(nllcrz>\ 5K"<f’)
v — [ k® oW’ sH® + K® 5o . 95)
(Lo Xdny) (LiwXdgr) (dggxLpg) ) (LhaXdnv)  (LkvXdar) (dg xdp)

sV Vi

We see that each of the query, key and value gradients has a similar structure as the forward pass in
Equation (12). They can be computed with the same work partitioning scheme, where we parallelize
over the outer chunk size and outer embedding dimension of the matrix multiplications and loop over
the inner dimensions, respectively. For example, for the key gradients § K (*) we parallelize over the
outer chunk size Ly, and the outer embedding dimension d;, and loop over the inner dimensions
Ljq and dp,,. Table 1 summarizes the TFLA work partitioning scheme for the forward and backward
pass kernels.
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D Extended mLSTM with Sigmoid Input Gate

D.1 Stabilization of the Exponential Input Gate

In this section we show how the exponential input gate is stabilized with the max state m; (Beck
et al., 2024). The stabilization is based on the idea of Safe Softmax (Milakov & Gimelshein, 2018).
We will see that the max state stabilization ensures that the argument of the exponential input gate
activation is always smaller than 1. We will also see that the normalizer state guarantees cancellation
of the max state, so that the overall outputs of the mLSTM remain unaffected by the max state.

Without stabilization mLSTM hidden state output is computed as

(96)

where we omit the scaling factor y/dg for g. To simplify we also omit the lower bound and the
absolute value on the dot product in the denominator. We obtain

e
hy =0 (8,) © — 1. 7

Inserting the update formulas for the memory cell state C; and the normalizer state n; gives
- . T
(U(ft) Ci—1 + exp(it) ket v, ) qt

(U(ft) ni_1 + exp(iy) kt)T q:

hi=0(06:) ® (98)

We now show that from this unstabilized version of the mLSTM we can derive the stabilized form in
three steps. At first we use the identity o (i) = exp(log(o(f;))), extend the fraction in Equation (98)

by exp(—m;) and select mm; = max{log(c(f;)), i;} to be the maximum of the two arguments of the
exponential function. This gives

. . T
CT q, - exp(—my) (exp(log(o(ft)) —my) Ceo1 + exp(iy — my) ky v;) qt

ht:O'(ét)Q :U(af)Q

- N T

(cxp(log(a(ft)) —my) ny—1 + exp(iy — my) kt) q
99)

In this way, we ensure that the arguments of the exponential function are always smaller than 1, such

that numerical overflow due to large values can never occur.

ntT q; - exp(—my)

As next step we reparameterize C; and n; to C’t and n;.

C~'t =Cy exp(—my) — ét_l =Ci_q exp(—mi—1) & Ciq = C~'t_1 exp(mi—1) (100)

ny =n; exp(—mi) — N1 = N1 exp(—mi—1) & Np_1 = Np_q exp(me_1
Finally, we replace C; and n; with the stabilized states ét and 712; in the recurrence. We arrive at

- ~ . T
<€Xp(10g(0’<ft)) + my_1 — mt) thl =+ exp(it — mt) kt 'U;r) q:

ht =0 <6t) O) ~ ~ T
(exp(log(a(ft)) +my—1 —my) ny1 + exp(iy —my) kt) q; (101

. cJ
—o(6) 0 2t
Nt g

Now we choose the max state as m; = max{log(c(£;)) + m;_1, 1;} and arrive at the stabilized
mLSTM formulas by changing the denominator to max { |T~L;r q: |, exp(mt,l)}. We have to add
exp(mq—1) also to the right side of the maximum, so that it cancels out.

To summarize, we see that the normalizer is necessary for the max state to cancel out and the
exponential input gate argument is bounded through the max state.
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D.2 Empirical Transfer Behavior Analysis of the mLSTM

We provide details on the transfer behavior analysis of mLSTMexp and mLSTMsig in Section 4.2.

Experiment Setup. We analyze the transfer behavior of the mLSTM for a single head and a single
input sequence of length 7' =512. The inputs are for the queries, keys and values q;, k; and v; are
sampled from the standard normal distribution A/ (0, 1). We set the head dimensions to dg, =128
and dp,, =128. As norm layer NORM () we use the RMS-norm. Changing the norm to layernorm
does not alter the results, as for this experiment we set the mean of the inputs to zero. For every plot
we measure the gains Gpefore and Gagier (as defined in (16)) for input and forget gate preactivation
values in the ranges [-12, 8] and [-5, 12], respectively.

Effect of Normalization Layer Epsilon on Transfer Behavior. Based on our analysis on the
normalization layer after the gated linear RNN operation in Section 4.2, we hypothesize that the
normalization layer and especially the norm epsilon ¢ is integral to the gating mechanism. In
this experiment, we probe the effect of the epsilon value on the transfer behavior of the mLSTM.
Figure 10a and Figure 11a show the transfer behavior of mLSTMexp and mLSTMsig for e =[1e-2,
le-6, 1e-8], respectively.

We observe that the epsilon acts in the same way for mLSTMexp and mLSTMsig. Increasing e causes
an offset of the gain in positive y-direction, increasing € in negative y-direction. We set our default
value ¢ =1e-6, which yields the best performance in our experiments (see Sec. 5.1).

Normalizers of mLSTMexp and mLSTMsig. In this experiment, we test the effect of different
normalizers 72 in Equation 24 for mLSTMexp and mLSTMsig. The parallel formulation in Section B.1
is presented for the mLSTM with exponential input gate, but applies similarly to the mLSTM with
sigmoid input gate. For the default mLSTMsig, we set the normalizer to n = 1 and modify the
calculation of the gate matrix D for sigmoid input gates.

In Figure 10, we show the results of different normalizers for the mLSTM with exponential input gate.
Only the default mLSTMexp with correct normalizer and max state (in Fig. 10a) shows a transfer
behavior that depends on the input gate.

In contrast, in Figure 11a and 11b we observe that incorporating a normalizer similar to mLSTMexp
(excluding the max state) into mLSTMsig does not alter its transfer behavior.

The other two normalizer variants for mLSTMsig in Figure 11c and 11d show a clearly different
transfer behavior and do not train successfully. Similarly, the variants in Figure 10b and 10c also fail
to train successfully.

In summary, we find that if the mLSTM exhibits the characteristic gate dependent transfer behavior it
trains successfully and shows good performance in our language modeling experiments. In order to
achieve this behavior for the mLSTMexp we need to normalize correctly as derived in Section D.1.
Adding a normalizer to the mLSTMsig does not change performance and transfer behavior, if the
normalizer incorporates a lower bound on the dot-product ;| q;. However, our default mLSTMsig
omits the normalizer in order to reduce computational cost and runtime.

30



Appendix B Appendix for Section 3.2: Tiled Flash Linear Attention 163
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' 1.8

: 1.6

. 1.4

. 1.2

] 1.0

0.8

: 0.6
-7.5 0.4
-10.0 0.2
0.0

-5.0-250.0 25 50 7.5 100 -50-250.0 25 50 75100 -50-250.0 25 50 75100 -50-250.0 25 50 7.510.0
Forget Gate Preactivation Forget Gate Preactivation Forget Gate Preactivation Forget Gate Preactivation

(a) mLSTMexp — n = max (|S 1|, exp(—m)) (default)

Input Gate Preactivation

Gain before Norm Gain after Norm, EPS=1e-02 Gain after Norm, EPS=1e-06 Gain after Norm, EPS=1e-08

- 7.5 18

.% 5.0 16

% 25 1.4

I 0.0 1.2

< 25 1.0

= 0.8

8 -5.0 0.6

8 -75 0.4

Q

£ -10.0 0.2
0.0

-5.0-2.5 0.0 25 50 7.5 10.0 -5.0-2.500 2.5 50 7.510.0 -5.0-2.50.0 25 50 7.510.0 =-5.0-2.50.0 2.5 5.0 7.5 10.0
Forget Gate Preactivation Forget Gate Preactivation Forget Gate Preactivation Forget Gate Preactivation
(b) mLSTMexp — n = max (\S 1], 1) (wrong m state)
Gain before Norm Gain after Norm, EPS=1e-02 Gain after Norm, EPS=1e-06 Gain after Norm, EPS=1e-08
7.5

< 1.8

.% 5.0 16

% 25 1.4

5 0.0 1.2

S 25 L0

o 0.8

8 -5.0 0.6

g -75 0.4

Q

£ -10.0 0.2
0.0

-5.0-2.50.0 25 50 7.5100 -50-250.0 25 50 75 100 -50-2500 25 50 75100 -50-250.0 25 5.0 7.510.0
Forget Gate Preactivation Forget Gate Preactivation Forget Gate Preactivation Forget Gate Preactivation

(¢) mLSTMexp — n = 1 (no normalizer)

Figure 10: Transfer behavior of the mLSTM with exponential input gate for different normalization
layer epsilons (EPS) and different normalizer variants. Only the default normalization shows the
input gate dependent transfer behavior. Varying the normalization layer epsilon causes a shift of the
gain curve in y-direction.

E Extended Experiments

In this section, we provide additional experiments and details to Section 5.

E.1 Numerical Validation of TFLA Kernels

Before we begin our experiments on langauge modeling, we first verify that our kernels yield the
same result as a reference implementation in pure JAX based on the fully parallel formulation (see
Appendix B.1).

Validation Perplexity Match (Table 3). We compare the validation perplexity at the end of training
for 160M parameter mLSTMexp and mLSTMsig models trained on 19B tokens. We use context
length 4096 since the parallel JAX implementation go out-of-memory for longer contexts. Model
architecture and training recipe follows or general setup described in Appendix E.2.

In Table 3 we confirm that our kernels yield the same results as our reference implementation in JAX.
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Figure 11: Transfer behavior of the mLSTM with sigmoid input gate for different normalization
layer epsilons (EPS) and different normalizer variants. Removing the normalizer from mLSTMsig
(which is our default setting in (a)) has no effect on the transfer behavior. If the normalizer is added,
it should be bounded by 1 (see (b)). Varying the normalization layer epsilon causes a shift of the gain
curve in y-direction.

Table 3: Validation Perplexity for 160M parameter models at context length 4096 trained on 19B

tokens.
EXP SIG
Heads | JAX PARALLEL LIMIT chunk XL chunk \ JAX PARALLEL XL chunk
6 21.02 21.03 21.18 21.01 21.05
12 21.01 21.03 21.07 21.02 21.06
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E.2 Extended Language Modeling Experiments with mLSTM

In this section we provide details on our experiment setup, model architecture and training recipe and
add additional performance results on context length 8192 as well as analyze the effect of the epsilon
parameter in the norm layer.

Software and Hardware Setup. We run our language modeling experiments in JAX 0.4.34 (Brad-
bury et al., 2018) and use FLAX 0.9.0 (Heek et al., 2024) to implement our models. We implement
our kernels in Triton 3.1.0 (Tillet et al., 2019; Tillet, 2024) and use JAX-Triton 0.2.0 (Vikram et al.,
2022) to integrate the kernels into JAX. Our kernel benchmark experiments are run in PyTorch
2.5.1 (Paszke et al., 2019), because most kernel baselines are available in PyTorch. All experiments
are run on NVIDIA H100 80GB GPUs.

Model Architecture. The model architecture for mLSTMexp and mLSTMsig follows the design
of most dense Transformer decoder only large language models (Radford et al., 2019; Brown et al.,
2020; Touvron et al., 2023a,b).

An embedding layer, is followed by a stack of blocks and a language model head that produces the
output logits (i.e. the values before softmax), which typically consists of a normalization layer and
a linear (unembedding) layer. We apply logit soft-capping (Team, 2024), such that the value of the
logits stay between —c and c for a specific cap value c. We choose ¢ =30. The logits are capped with
the following function:

softcap(x) = ¢ - tanh(x/c) (102)
We use the GPT-NeoX tokenizer (Black et al., 2022) with vocabulary size 50257 and do not tie the
weights for the embedding layers and and the last (unembedding) layer.

Each block consists of two layers, where each layer has skip a connection and a normalization layer
before the layer input (i.e. we use the pre-norm block architecture). As normalization layer we use
the RMS-norm (Zhang & Sennrich, 2019) with epsilon € =1e-6.

The first layer is a sequence-mix layer, that mixes the tokens along the sequence or time dimension.
For standard Transformers this is the Attention operation (Vaswani et al., 2017). In our case, we
replace Attention by the mLSTM operation with exponential or sigmoid input gate. Similar to
Attention, mLSTM processes each token in multiple parallel heads. The second layer in the block
is a feedforward linear layer that mixes the tokens per timestep channelwise. We use the SwiGLU
feedforward linear layers (Shazeer, 2020; Touvron et al., 2023a).

For the mLLSTM we set the head dimension for the queries and keys to be half of the values, i.e.
dqr = 0.5dp,. We use Layernorm (Ba et al., 2016) as NORM(x) operation with epsilon € =1e-6
in our experiments. > We apply soft-capping from equation (102) on the input and forget gate
preactivations, as we found that this improves training stability. For the gate preactivations we set
c=15.

We provide the remaining model parameters in Table 4.

Training Recipe. We train our models with the AdamW optimizer (Loshchilov & Hutter, 2019)
with 81 =0.9, B2 =0.95 and € =1e-8. We use learning rates and batch sizes as specified in Table 4.
We apply a weight decay of 0.1 to all linear layers (including the last linear layer or unembedding)
and exclude biases and the token embeddings from weight decay. We clip the gradient norm at 0.5.
We use a cosine learning rate scheduler with a linear warmup for the first 750 steps and decay to
0.1 of the peak learning rate, followed by a linear cooldown to O for the last 1000 steps. We list
the number of training steps for every model size in Table 4. During pre-training we ensure that no
information is leaked across document borders by resetting the memory states at the beginning of
each new document. We implement this by manually setting the forget gate preactivations to a large
negative values at the beginning of each new document.

Additional Performance Results (Table 6). In Table 6 we show the validation perplexity for
mLSTMexp and mLSTM for context length 8192 (the results for context length 4096 are shown in

*We confirmed empirically that the type of normalization layer does not affect the performance as well as our
qualitative results on transfer behavior and gradient norm variance. Therefore, we generally prefer RMS-norm
as it faster.
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Table 4: Training and Model Architecture Hyperparameters for our model sizes 160M, 400M and

1.4B.
Model Embedding Head Batch Tokens  Tokens
Sige  Blocks  “rp T Heads p o LR g Steps 8k ctx
6 128
160M 12 768 12 64 3e-3 128 36k 38B
8 128
400M 24 1024 16 64 le-3 128 46k 48B
4 512
1.4B 24 2048 8 256 | 8e-4 256 31k 65B
16 128

Table 2). For some head dimension configurations we observed irrecoverable gradient norm spikes
during training (indicated by -).

Table 5: Validation Perplexity at context length 8192. EXP and SIG denote mLSTMexp and
mLSTMsig. LIMIT and XL correspond to 1imit_chunk and x1_chunk kernels. - indicates that the
run experienced irrecoverable loss spikes during training.

. EXP EXP SIG

Size  Tokens Heads | Llama LIMIT XL XL
6 2029 2043 2046
160M 38 12 | 1999 2031 2042 2052
8 1591 1601 1608

400M  48B 16 | 1605 1595 1601 -

4 1269 1271 1291
14B  65B 8 1262 1265 12,67
16 | 1207 1259 - 1275

Table 6: Training Step Time in seconds at context length 8192. EXP and SIG denote mLSTMexp
and mLSTMsig. LIMIT and XL correspond to 1imit_chunk and x1_chunk kernels. All runs use
the same training setup with global batch size of 256 sharded across 32 GPUs corresponding to a
local batch size of 8.

) Batch Size EXP EXP SIG
Siz€  Giobal/Local H€ads | Llama -y popn oty
4 1.77 1.73 1.67
1.4B 256/ 8 8 1.67 1.66 1.64
16 2.39 1.60 1.61 1.62

Effect of Trainable Input Gate (Table 7). We investigate the effect of the input gate on the
performance. Table 7 shows that having the input gate learnable consistently improves performance
for both mLSTMexp and mLSTMsig.

Effect of Input Gate Bias Initialization (Figure 12 and 13). In our transfer behavior analysis
in Section 4.2 we find that there is a transition from suppressing the signal to passing the signal at
negative input gate values of around -8 (see Figure 4). Since we initialize the weights of the gates
wy; ry to 0, the biases of the input and forget gates determine the actual position in the x-y plane in
the beginning of training. Initially, with input gate biases initialized to 0, we observe a high gradient
norm variance, which was more pronounced for mLSTMsig (see Figure 12a and 13a).
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Table 7: Validation Perplexity for 160M mLSTMs at context length 4096 with learnable and fixed
input gate (bias initialized at -10).

) EXP  SIG

Input Gate LIMIT XL
Fixed 21.23 21.24
Learnable | 20.95 21.04

Therefore, we test to initialize the input gate biases at larger negative values. The forget gate biases
are initialized equally spaced in the range [3,6]. As the weights wy; ¢y grow during training, so do
the gate preactivations and the model could learn to gradually move into the dynamical region of
Figure 4, where the input signal is passed.

Indeed, as we observe in Figure 12 and 13 initializing the input gate biases to -10 effectively mitigates
gradient norm spikes and reduces high gradient norm variance during training for both mLSTMexp
and mLSTMsig. We therefore conclude that the additional input gate not only improves performance
(see Table 7), but also improves training stability, if initialized correctly.

We use the 1imit_chunk kernel for mLSTMexp and our x1_chunk kernel for mLSTMsig and confirm
that we obtain the same behavior with the x1_chunk kernel for mLSTMexp.

val/.dclm_loss val/.dclm_loss

5k 10k 15k 20k 25k 30k 35k 5k 10k 15k 20k 25k 30k 35k

ain/.grad_norm_max
ixed=None FINAL 160M exping ig:

jme

\ L) 11§
" Jl[ll\ A L | \ \ ‘\

Ak
[ ‘&L{' \ M\’ ki Www |

10k 20k 30k 10k 20k 30k

(a) mLSTMexp with Trainable Input Gate (b) mLSTMexp with Fixed Input Gate

Figure 12: Trainable and fixed exponential input gate for bias initializations [0, -2, -5, -10] and
norm epsilon € =1e-6.

Effect of Normalization Layer Epsilon on Performance (Figure 14). In our empirical transfer
behavior analysis of the mLSTM in Section 4.2 and D.2 we find that the transfer behavior depends
on the input and forget gate preactivations, as well as the normalization layer epsilon (see Fig-
ure 10a and 11a). Therefore, we perform a grid search over different normalization layer epsilons
and input gate bias initializations for the mLSTM with exponential input gate with 160M parameters
and 6 heads at context length 4096. We show the results in Figure 14.

We observe that there is a diagonal region from norm layer epsilon and input gate bias (e, b;)=(1e-6,
-10) to (le-4, -5) with improved performance. This indicate that if we increase the norm layer epsilon
we can or should also increase the input gate bias initialization, as the shift of the gain curve in positive
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Figure 13: Trainable and fixed sigmoid input gate for bias initializations [0, -2, -5, -10] and norm

epsilon € =1e-6.
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Figure 14: Validation Perplexity of mLSTMexp with 160M parameters with 6 heads. Grid search over
norm layer epsilon and input gate bias initialization. The diagonal region of improved performance
indicates, that there exists an interplay between the norm layer epsilon and input gate bias initialization.
This supports the hypothesis that the norm layer is important for the gating mechanism.

y-direction for larger epsilons in Figure 10a suggests. This supports our hypothesis in Section 4.2,
that the norm layer is important for the gating mechanism.

We use (e, b;)=(1e-6, -10) as our default configuration.

Input Gate Activations over Training (Figure 15).

We show the maximum input gate pre-

activations (maximum over batch, sequence and head dimension) over training for mLSTMexp and
mLSTMsig with 160M parameters in Figure 15. Both models have the input gate bias initialized to

-10.
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Figure 15: Maximum input gate pre-activation values i, over training for mLSTMexp and mLSTMsig
with 160M parameters. Maximum taken over batch, sequence and head dimension. Both models have
the input gate bias initialized to -10. In most cases the input gate pre-activations remain below zero.
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E.3 Extended Kernel Benchmark

In this section, we provide details on our benchmark setup and add additional benchmark results.

Details on GPU Memory Measurement. In Figure 6 and 16 we measure the GPU memory used
by the kernels. For this, we use the PyTorch torch.cuda.max_memory_allocated API to measure the
peak memory allocated during one kernel iteration. We make sure that the memory statistics are reset
after each iteration and that the PyTorch caches are cleared before the start of each benchmark.

Details on the Runtime Benchmark (Figure 5). In our TFLA kernel runtime benchmark in
Section 5.2, Figure 5 we report the median runtime of 30 iterations, after 10 warmup iterations in
milliseconds. We run all kernels in bfloat16 precision.

We use the standard embedding dimension of 4096 for 7B Transformer models for our benchmark.
Since different models and kernels have different default input sizes at this embedding dimension,
we adapt the head dimension, number of heads and remaining input dimensions for each kernel
accordingly. Following the practice of Shah et al. (2024) we keep the number of tokens constant at
65,536 and vary the sequence length (i.e. T = [512, 1024, 2048, 4096, 8192, 16384, 32768, 65536])
and batch size accordingly (i.e. Npaen = 65536/T).

We benchmark the following mLSTM kernels:

« mLSTMexp (FLA limit_chunk): Our own baseline kernel for the mLLSTM with exponen-
tial input gate with limited chunk size based on FLA. Similar to FLA this kernel employs
only single level sequence parallelism across chunks. We report the best performing chunk
size of 64. The chunk size of 128 would still fit in SRAM, but is considerably slower.

* mLSTMexp (TFLA x1_chunk): TFLA kernel for the mLSTM with exponential input gate
with two levels of sequence parallelism. We set the chunk size to the best performing chunk
size of 128.

* mLSTMsig (TFLA x1_chunk): TFLA kernel for the mLSTM with sigmoid input gate.
We set the chunk size to 128, but find chunk size 256 to perform equally well in terms of
runtime (see Fig. 16 and 6).

For all our mLSTM kernels we use 16 heads, which results in head dimension dj, = 4096/16 = 256
for the values. Similar to GLA (Yang et al., 2024b), we set the query and key head dimension to
qu = dhqj/2, ie. qu = 128.

We compare our mLSTM kernels with the following baselines:

* Torch FlashAttention: PyTorch 2.5.1 implementation of FlashAttention 2.
Accessed via SDPBackend. FLASH_ATTENTION *

* cuDNN FlashAttention: NVIDIA cuDNN implementation of FlashAttention 2 integrated
in PyTorch 2.5.1.
Accessed via SDPBackend. CUDNN_ATTENTION.

« FlashAttention 3: FlashAttention 3 implementation*, which has been optimized for
NVIDIA H100 GPUs (Shah et al., 2024).

e GLA (FLA): Gated Linear Attention Triton kernel based on the Flash Linear Attention
algorithm with one level of sequence parallelism (Yang et al., 2024b). Implementation from
the official FLA repository, version 0.1°

¢ Simple GLA (FLA): A simple version of GLA with scalar forget gates per head. This
primitive is not published as a new sequence modeling primitive but serves as a reference
implementation for kernels for RetNet (Sun et al., 2023) or Mamba 2 (Dao & Gu, 2024) in
the FLA library Yang & Zhang (2024). Moreover, Simple GLA is similar to mLSTMsig,
but has no input gate. Therefore, we find it interesting to add it as baseline. We use the
implementation from the official FLA repository, version 0.1.

3See torch.nn.attention.SDPBackend
4See https://github.com/Dao-AILab/flash-attention
SSee https://github.com/fla-org/flash-linear-attention
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e Mamba: Mamba CUDA kernel Gu & Dao (2024). Implementation from the official Mamba
repository, version 2.2.4.

¢ Mamba 2: Mamba 2 Triton kernels Dao & Gu (2024). Implementation from the official
Mamba repository, version 2.2.4.

For all FlashAttention baselines we use 32 heads with head dimension 128 for queries, keys and
values. For the Flash Linear Attention (FLA) kernels GLA and Simple GLA, we use the identical
head configuration as for our TFLA mLSTM kernels (i.e. 16 heads, dp, = 256, dqr, = 128). For
Mamba, we use our embedding dimension of 4096 and set the state dimension to 16 similar to Gu &
Dao (2024). For Mamba 2, we use their default head dimension of 64 and set the number of heads to
4096/64 = 64. Note that smaller head dimension can yield faster runtimes (see Figure 18).

We show the results of this benchmark for varying sequence length and constant number of tokens in
Figure 5. When comparing the forward pass runtime only, we find that Mamba2 and Simple GLA
kernels are slightly faster than our mLSTMsig kernels. However, this difference is within 1 ms. In
training, when forward and backward pass runtime is measured, our TFLA kernels are faster than
FlashAttention 3 for longer sequence lengths and more than two times faster than Mamba 2 kernels
for all sequence lengths. Only Simple GLA (FLA) can keep up in training speed with our TFLA
mLSTM kernels. Therefore, we compare the runtime and memory usage for a larger head dimension
in Figure 16 and find that this comes at the cost of almost 2 times the GPU memory usage compared
to our TFLA mLSTM kernels. These memory savings are achieved by leveraging a larger chunk size,
enabled through the two levels of sequence parallelism outlined in Section 3.

Runtime and Memory Comparison with FLA Kernels (Figure 16). In this experiment we
compare the runtime and memory consumption of our TFLA mLSTM kernels with prominent kernels
from the Flash Linear Attention library. We use a similar setup to our previous benchmark, but
perform this comparison with 8 heads at a larger head dimension of 512 for the values and 256 for
the queries and keys, since both Beck et al. (2024) and Yang et al. (2024b) report better language
modeling performance for larger head dimensions.

In addition to GLA (chunk) and Simple GLA (chunk), we also compare with GLA (fused) which is
the non-materialization version of Gated Linear Attention (GLA) (Yang et al., 2024b).

The non-materialization version of GLA has been also proposed by Qin et al. (2024a) as Lightning
Attention-2 (see also Section A). For the forward pass it fuses the inter- and intra-chunk part of the
chunkwise-parallel Linear Attention formulation (see Section 2.2) and therefore does not materialize
the hidden states in GPU memory.

Interestingly, in our experiments we find that even though the non-materialization version uses the
least GPU memory of all FLA kernels, it is neither faster nor more memory efficient in training than
our TFLA mLSTM kernels (see Figure 16). While Simple GLA is slightly faster (within 3 ms or
15%), it uses almost twice the GPU memory compared to our TFLA mLSTM kernels. The speed
of Simple GLA can be partly explained to the fact that it computes less FLOPs (no input-gate) and
the fact that in the forward pass the memory cell states are materialized in bfloat16, while TFLA
materializes states in float32 for improved stability, which causes twice the memory IO per state.

Runtime and Memory Comparison with LightningAttention2 Kernels (Figure 17). Similar to
the previous experiment, we compare the runtime and memory consumption of our TFLA mLSTM
kernels with LightningAttention2 (Qin et al., 2024a). LightningAttention?2 is the core of the recent
hybrid large language model MiniMax-01, which combines lightning attention (a linear attention
variant with data independent decay) with softmax attention (MiniMax et al., 2025). MiniMax-01
is proposed as a very efficient long-context language model, which makes the comparison between
LightningAttention2 and our TFLA mLSTM kernels interesting.

LightningAttention2 also uses the chunkwise-parallel formulation for linear RNNs (see Section 2.2).
However, in contrast to Simple GLA and TFLA it does not split the computation in a recurrent and
parallel part, but instead processes all chunks fully recurrent (see Section A for more details).

We find that LightningAttention2 supports only identical head dimensions for queries, keys and
values up to 128. For this reason, we discuss this comparison separately from the other experiments.

See https://github.com/state-spaces/mamba
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Figure 16: Runtime and Memory Comparison with FLA Kernels. Left: Runtime (Forward Backward
Pass). Right: GPU Memory Usage.
We use 8 heads and head dimension of 512 for values, and 256 for queries and keys. Simple GLA
(the fastest FLA kernel in our experiments) is slightly faster than our TFLA mLSTMsig kernels but
uses almost twice as much GPU memory.
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Figure 17: Runtime and Memory Comparison with LightningAttention2. Left: Runtime (Forward
Backward). Right: GPU Memory.

We use 32 and 64 heads with head dimension 128 and 64 for queries, keys and values. LightningAt-
tention has the least memory usage of all kernels, but is more than 3 times slower than our TFLA
mLSTM at the larger head dimension of 128.

We compare our TFLA mLSTM kernels with LightningAttenion2 for 32 and 64 heads, corresponding
to head dimension 128 and 64. We keep the number of tokens fixed to 65536 and vary sequence
length and batch size in the same way as above.

We show the results in Figure 17. Since LightningAttention does not materialize intermediate states,
it has the least GPU memory usage with 6.2 GB. However, this GPU memory efficiency comes at the
cost of a more than 3 times longer runtime compared to our TFLA mLSTMsig kernel with chunk
size 256, which uses about 7.3 GB of GPU memory. This highlights that there exists a trade-off
between GPU memory usage and runtime for linear RNN kernels based on the chunkwise-parallel
formulation. Our experiments demonstrate that our TFLA kernel algorithm provides an effective
method to balance this trade-off via the chunk size parameter (see Figure 6).

Runtime Benchmark for Varying Head Dimensions (Figure 18). It has been reported in several
other works that larger head dimensions (compared to common Self-Attention head dimensions) lead
to improved language modeling performance for linear RNNs (Sun et al., 2023; Beck et al., 2024;
Yang et al., 2024b). Consequently, it is desirable for linear RNN kernels to be fast and efficient across
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Figure 18: Head Dimension Benchmark for FLA and TFLA mLSTM kernels. Left: Forward Pass.
Right: Forward and Backward Pass.

We measure the runtime for sequence length 8192 and batch size 4 for different head dimensions. We
use the same head dimension for queries, keys and values. Our TFLA mLSTM kernels show fast
runtimes even for very large head dimensions.

a wide range of head dimensions. In this experiment, we evaluate whether our new TFLA kernels
exhibit this property.

We vary the head dimension from 32 to 1024 and adapt the number of heads for a total embedding
dimension of 4096 and measure the runtime for inputs of sequence length 8192 and batch size 4. We
use the same head dimension for queries, keys and values.

For the FLA kernels the head dimensions 32 and 64 did not run, due to Triton compiler errors. As the
FLA library is still being developed at the time of writing this paper, we expect this to be fixed soon.

We observe that for small head dimensions (i.e. 32 and 64) our mLSTM limit chunk kernel is as fast
as our TFLA mLSTM kernels in training.

In summary, our results in Figure 18 confirm that our TFLA kernels achieve fast runtimes across a
wide range of head dimensions.
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F FLOP and Memory Operation Counts for the mLSTM

We count the number of floating point operations (FLOPs) and the memory operations (load and
stores in bytes) in a forward pass (with batch size 1) of the mLSTM with exponential and sigmoid
input gate. We use a factor of 2 to describe the multiply accumulate cost for FLOPs.

We do not count FLOPs that belong to recomputation, that happens within kernels. For example, when
we parallelize across the embedding dimension in the forward kernel H* ), each of the dp,, /Bano
blocks recomputes the matrix S. Similarly, we do not count the additional memory-loading operations
that are necessary for the recomputations. During training, we typically have fixed context lengths.
Therefore, we do not count loading the initial state and storing the final state.

We use factors denoted as Fop to describe the number of FLOPs for operation OP (e.g. Fiy, for the
exponential function). By default, we set all of these factors to 1. We do not neglect these factors, as
the impact depends on the selected chunk size in some terms, which can be chosen freely in TFLA.
Moreover, we might want to do an even more fine-grained FLOP analysis, where we account for the
differences in compute cost of some operations.

We use the factors bytesy to denote the size of each element in the tensor (e.g. bytesy, for the
query, key and value tensors). Typically during training the queries, keys and values are stored in
bfloat16 (i.e. bytesy,, = 2), while the memory cell states are kept in float32 (i.e. bytesc,,, = 4).
We summarize the notation used in this section in Table 8.

In the remainder of this section, we count the FLOP and memory operation counts for the chunkwise-
parallel, fully-parallel and recurrent mLSTM formulations (Section F.1 and F.2), analyze the difference
in FLOPs counts between mLSTMexp and mLSTMsig (Section F.3) as well as between the different
formulations (Section F.4), and finally compute the FLOP-optimal chunk size for the chunkwise-
parallel formulation (Section E.5).

Table 8: Notation for FLOP and Memory Operation Counts.

Symbol  Description

Npatch Batch size
Nhead Number of heads
Nehunk Number of chunks

T Sequence length

L Chunk size

dhe Head dimension for values and hidden states
dgk Head dimension for queries and keys

Fop FLOPs for the operation OP (e.g. exp)

Flausal Factor that accounts for causality, typically 0.5

bytesy ~ Number of bytes used for each element in tensor X

F.1 Exact FLOPs and Memory Operations Count for the mLSTM

Chunkwise-Parallel Formulation (Table 9, 10). We count the FLOPs (Table 9) and memory oper-
ations (Table 10) of the chunkwise-parallel mLSTM formulation (see Section 2.2 and Appendix B.2).
All counts are for a single head and a single chunk. To obtain the total counts for a full sequence, we
multiply these counts by the number of heads Nyeaq and chunks Nepynk = 7/ L.

Fully Parallel Formulation (Table 11, 12). We count the FLOPs (Table 11) and memory operations
(Table 12) of the fully parallel mLSTM formulation (see Appendix B.1). All counts are for a single
head and a full sequence of length 7". To obtain the total counts, we multiply by the number of heads
N head-

Recurrent Formulation (Table 13, 14). We count the FLOPs (Table 13) and memory operations
(Table 14) of the recurrent mLSTM formulation (see Section 2.1 and 4.1). For the memory operations
we assume that the states are materialized after every timestep, which is the setting during text
generation. All counts are for a single head and a single time step. To obtain the total counts for a full
sequence, we multiply by the sequence length 7" and the number of heads Npeaq.
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Table 9: FLOP counts for the chunkwise-parallel mLSTM formulation for mLSTMexp and
mLSTMsig. All terms denote the FLOP count per head and chunk.

FLOPs mLSTMexp mLSTMsig

Recurrent computation of the inter chunk states

Gates: 2L+ LL(L+1) 2L + LL(L 4 1) + LFup + Fep
: +L(1 + Fexp + Flog + Fiig) + 3 + Fnax + Fexp +2L(Fiog + Fiig)

Numerator: 2dgrdny + 2Ldgrdpy + Ldgy 2dgidhy + 2Ldgrdp, + Ldgi

Denominator: 2dgk, + 2Ld g —

Parallel computation of the intra chunk outputs

Cumulative Forget Gates: LL(L +1) + L(Fog + Fy) LL(L 4 1) + 2L(Fog + Fye)

Gate Matrix: Frausal X (2L2(3 + Fexp + Finax) + L(1 4 Finax)) Feusa X (L2(2 + Fexp))

Intra OUtputS: Fcausal X (2L2(qu + dhv) + 3L2) Fcausal X (2L2 (qu + dh’u) + 3L2)

Parallel computation of the inter chunk outputs

Inter Outputs: 2Ldgrdny + 3Ldg 2Ldgrdne + Ldgy

Combination of inter and intra chunk outputs

Output Combination: 2Ldpy + L(1 + Frax + Favs + Fexp) Ldp,

Table 10: Memory operation counts for the chunkwise-parallel mL.STM formulation for mLST-
Mexp and mLSTMsig. All terms denote the memory operation count per head and chunk.

Bytes mLSTMexp mLSTMsig

Inter-chunk Recurrent Kernel

Load:  L(dgk + dpy) x bytes,;, + 2L x bytes,;  L(dgk + dpy) x bytes,, + 2L x bytes,;
Store: (dgrdpy + dgi + 1) X bytesq,,,., dgidpy X bYtescp,m

Intra-chunk Parallel Kernel

L(2dgk + dno) X bytes_,. + 2L X bytesif L(2dgk + dnv) % bytesqu + 2L x bytesif

. qkv
Load: (g + dgg + 1) X bytesc,. +dyedn, X bytese,
Store: Ldp, x bytes,,, + 2L x bytes,,,,, Ldp, x bytes,
4L x bytes, ; 4L x bytes,
Total: +3L (dnv + dgr) X bytes ., +3L (dno + dgi) X bytes .,

+2 (L + dnodgr + dgi. + 1) X bytesg,,., +2dnodgr X bytesg,,,

Table 11: FLOP counts for the fully parallel mLSTM formulation for mLSTMexp and mLSTMsig.
All terms denote the FLOP count for a full sequence per head.

FLOPs mLSTMexp mLSTMsig
Cumulative Forget Gates: AT(T +1) + T(Fog + Fuig) AT(T + 1) + 2T (Flog + Fiig)
Gate Matrix: T2(3 + Fexp + Fnax + Finask) T2(3 + Fexp + Fnax + Finask)
Attention Logits: Feausal X (2T2dgr + 2772) Feausa X (2T?dgr + 2772)
Normalization: Feausa X (T?(3 + Fups) + T(Fexp + Finax)) -

Outputs: Frausa X 2T2dp, Frausa X 2T2dp,

Table 12: Memory operation counts for the fully parallel mLSTM formulation for mLSTMexp
and mLSTMsig. All terms denote the memory operation count for a full sequence per head.

Bytes mLSTMexp mLSTMsig
Load: T(2dgk + dpo) % bytesy,, + 2T x bytes, ¢ T(2dgr + dpy) X bytes;, + 2T x bytes, ;
Store: T'dpy X bytesy,, + 2T X bytesc,,, T'dpy x bytesy,

Total:  2T'(bytes;; + (dny + dgi) X bytes y,, + bytesc,,,,) 2T (bytes; ; + (dnv + dgi) X bytesy,)

Table 13: FLOP counts for the recurrent mLSTM formulation for mLSTMexp and mLSTMsig.
All terms denote the FLOP count for a single timestep per head.

FLOPs mLSTMexp mLSTMsig
Gates: 4 + 2Fexp + Eog + Fsig + Fmax 2F‘sig
Memory Cell Update: 4d g1 dno 4d g1 dpoy
Denominator & Scale:  6dy; + dpny + 1 + Fiyps + Finax -
Output: 2dpydgr, + dgr 2dpydqr + dgk
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Table 14: Memory operation counts for the recurrent mLSTM formulation for mLSTMexp and
mLSTMsig. All terms denote the memory operation count for a single timestep per head. We assume
the states are materialized at every timestep.

Bytes mLSTMexp mLSTMsig
Load: (2dgr + dnv) X bytes ;. + 2 x bytes, ; (2dgk + div) X bytes,,, + 2 X bytes,;
+(dgrdno + dgr + 1) X bytesc,,... +dgrdny X bytesa,,.,
Store:  dj, x bytes i, + (dgrdny + dgr + 1) X bytesc,,,,  dny X bytes ., + dgrdny X bytesc,,,
Total: 2 x bytes, ; + 2(dno + dgi) X bytes, ., 2 x bytes, ; + 2(dho + dgi) X bytes, .,
+2dpydgr X bytesq,,., +2(drodgr + dgr. + 1) X bytesg,,..,

F.2 Simplified FLOP Count Summary for the mLSTM

In this section we simplify the FLOP count for the mLSTM by setting all factors Fop to 1. We leave
the causal factor Fi,,s, unspecified, but typically set it to 0.5 or slightly larger. Since the attention
logit matrix (i.e. the quadratic matrix S) is always computed in blocks due to the blockwise nature
of tensor core operation, usually some parts of the upper triangular matrix are computed and then
masked out. To account for this, the factor Fi s, can be set to a value larger than 0.5 (e.g. 0.66). In
Figure 19 we show the impact of the causal factor on the overall FLOP count for the mLSTMsig.

Tables 15, 16 and 17 summarize the simplified FLOP counts for the chunkwise-parallel, fully parallel
and recurrent mLSTM formulation.

Total Flop Count Summary (Table 18). In Table 18 we summarize the total FLOP counts for all
formulations of the mLLSTM with exponential and sigmoid input gate for a single head and a full
sequence of length 7" (i.e. batch size Npycn = 1). To obtain the total FLOP counts for one sequence,
we multiply the chunkwise-parallel FLOP counts per chunk by the number of chunks Nepyok = 7'/ L
and the recurrent FLOPs per step by the sequence length 7.

Table 15: Simplified FLOP counts for the chunkwise-parallel mLSTM formulation for mLSTM-
exp and mLSTMsig. All terms denote the FLOP count per head and chunk. We set all factors Fop to
1.

FLOPs mLSTMexp mLSTMsig
Recurrent computation of the inter chunk states

Gates: 0.5L% +6.5L +5 0.5L% 4+ 7.5L+1
Numerator: qukdhv + 2qukdhv + quk qukdhv + 2qukdhv + quk
Denominator: 2d g + 2Ldgp, —

Parallel computation of the intra chunk outputs

Cumulative Forget Gates: 0.5L% +2.5L 0.5L? +2.5L

Gate Matrix: Fausat ¥ (5L? 4 2L) Fqusal X 3L2

Intra Outputs: Feausa X (2L*(dgie + dhy) +3L?)  Feausar X (2L (dgi + dpo) + 3L?)
Parallel computation of the inter chunk outputs

Inter Outputs: 2Ld gk dpy + 3Ldgp 2Ld gk dny + Ldg
Combination of inter and intra chunk outputs

Output Combination: 2Ldp, + 4L Ldy,

F.3 FLOP Comparison between mLSTMexp and mLSTMsig

The mLSTM with sigmoid input gate does not have a normalizer and a max state. Therefore, it has
fewer FLOPs and memory operations compared to mLSTM with exponential input gate. In this
section we quantify this difference in FLOP counts between mLSTMexp and mLSTMsig.

FLOP Count Difference between mLSTMexp and mLSTMsig (Table 18). We compute the
FLOP difference of mLSTMexp and mLSTMsig in the last column of Table 18. We observe that in
the leading terms, there is no difference and conclude that the FLOP difference between mLSTMexp
and mLSTMsig is small. For example for head dimension dg;, = dp, = 64, we find that mLSTMexp
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Table 16: Simplified FLOP counts for the fully parallel mLSTM formulation for mLSTMexp
and mLSTMsig. All terms denote the FLOP count for a full sequence per head. We set all factors

F()p to 1.
FLOPs mLSTMexp mLSTMsig
Cumulative Forget Gates: 0.572 4 2.5T 0.572% + 4.5T
Gate Matrix: 6712 6712
Attention Logits: Feausat X (2T%dg + 2T?)  Feusa ¥ (2T%dgr, 4+ 2T7)
Normalization: Foausar X (477 + 2T) -
OUtPUtS: Fcausal X 2T2dhv Fcausal X 2T2d}w

Table 17: Simplified FLOP counts for the recurrent mLSTM formulation for mL.STMexp and
mLSTMsig. All terms denote the FLOP count for a single timestep per head. We set all factors Fop

to 1.
FLOPs mLSTMexp mLSTMsig
Gates: 9 2
Memory Cell Update: 4d g1 dno 4d grdno
Denominator & Scale:  6d, + dp, + 3 -
Output: Qd}wqu + qu Qd}wqu + qu

has less than 2% more FLOPS, while for d, = dp,, = 512 the mLSTMexp has only about 0.2%
more FLOPs for all formulations.

Is mLSTMsig faster because it has fewer FLOPs? We find that the mLSTMexp has only slightly
more FLOPs than mLLSTMsig. Therefore, the speed difference between mLSTMexp and mLSTMsig
cannot be explained by the FLOP count difference alone. However, even though the absolute and
relative FLOP count difference is small, the FLOPs that differ are the more "expensive” FLOPs, i.e.
pointwise operations and vector operations, which are more expensive than matrix multiplications as
they are not performed on tensor cores. So to answer the question, even though the FLOP difference
seems negligible, it is expected that the actural relative runtime difference is larger than the relative
FLOP difference, since the FLOPs that differ are "slower non tensor core" FLOPs. For the forward
pass this indicates that the main reason for the 30% speedup of mLSTMsig over mLSTMexp is the
efficient fusion of loops in the mLSTMsig kernel (see Appendix C.3).

F.4 FLOP Comparison between different mLSTM Formulations

The main advantage of TFLA over Flash Linear Attention is the freely configurable chunksize, wich
allows to effectively trade off between memory consumption and runtime (see Figure 6) and as we
will see in Figure 19 also between the total number of FLOPs.

We compare the FLOP counts of the chunkwise-parallel formulation for different chunk sizes with the
fully parallel and the recurrent formulation. We use the simplified FLOP counts for the mLSTMsig
from Table 18 for this analysis.

Table 18: Total Simplified FLOP counts for the chunkwise-parallel, fully parallel and recurrent
formulation of mLSTMexp and mLSTMsig. All terms denote the FLOP count per head for a full
sequence of length T". We set all factors Fpp to 1.

FLOPs mLSTMexp mLSTMsig | Difference
TLFuusa (2(dgk + dno) +8) + TL 4 2T Feawat TLFeausal (2(dgk 4 dho) +6) +TL | 2T LFeusa 4 2T Feausal
chunkwise-parallel: +T (4dgrdhv + 6dgr + 4dpy + 13) +T (4dgrdpy + 2dgr + dno +11) | +T (4dgr + 3dno + 2)
+% (2dgrdno + 2dgr + 5) +% (2dgkdnv + 5) +2%qu
. T? Feausal (2(dgr + dho) + 6) T? Feausal (2(dgie + dho) +2) AT? Feausal
fully parallel: 42T Fegusa + 6.5T% + 2.5T +6.5T2 + 4.5T +2T Feusat — 2.5T
recurrent: T (6qud}w + 7qu + dpy + 12) T (6(lqkdh1, + qu + 2) ‘ T (quk + dpy + 10)
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Figure 19: FLOP counts for the recurrent, fully parallel and chunkwise-parallel mLSTM formulation
of mLSTMsig. Left: d,,=256, dy,=512. Middle: d,,=128, d},=256 Right: d =64, d;,=128.
We count the number of FLOPs for a one head and one sequence of length T'=8192 for different
head dimensions and vary the chunk size L. By varying the chunk size L the chunkwise-parallel
formulation FLOP counts transition between the recurrent and fully parallel FLOP counts. Smaller
head dimensions decrease the overall FLOP count.

Chunkwise-parallel FLOPs vary between Recurrent and Fully Parallel FLOPs (Figure 19).
We plot the FLOP counts of the recurrent, fully parallel and chunkwise-parallel mLSTM formulation
of mLSTMsig for different chunk sizes L in Figure 19. We observe, that the chunkwise-parallel
FLOP counts transition between the recurrent and fully parallel FLOP counts when varying the chunk
size L from 1 (recurrent) to 7" (fully parallel). Smaller head dimensions decrease the overall FLOP
count. We also show the impact of the causal factor Fi,us, on the overall FLOP count. The causal
factor Fiyusa accounts for the causality of the mLSTM and can vary between 0.5 and 1.0. Small
values of 0.5 indicate that only past values are computed, while values of 1.0 indicate that all values
are computed and then masked out. Efficient implementations achieve values close to 0.5 (see also
Appendix F.2).

F.5 FLOP-Optimal Chunk Size

The number of FLOPs of the chunkwise-parallel formulation of the mLSTM depend on the chunk
size L. In this section we compute the FLOP-optimal chunk size, i.e. the chunk size Loy rLop that
minimizes the FLOP count. We use the simplified FLOP counts for mLSTMsig from Table 18 for
this analysis. We denote this FLOP count as FLOPsm1 stmsig.cwp (L)-

To compute Loy prop We substitute dgr, = pqrdh, and then set the derivative of FLOPSmpsTMsig,cwp (L)
with respect to L to zero and solve for L. This gives

2
LopirLop = 2hoPak 5 :
’ 2F‘causal (dhv(l + qu) + 3) +1

(103)

The FLOP-optimal chunk size depends on the head dimension dj,,, and the projection factor pg;, and
grows proportional to the square root of d, (i.e. LoprLor ¢ O(vdhy)).

FLOP-Optimal Chunk Size grows with Head Dimension (Figure 20). We plot the FLOP-optimal
chunk size over head dimension dy,, for different projection factors pyy, that determine the query-key
head dimension dg = pqrdn, in Figure 20. The FLOP-optimal chunk size grows proportional to the
square root of dp, (i.e. O(v/dpy)), but remains small for typical head dimensions. The projection
factor pyi, bends the curve, but does not change the overall trend.

In order to minimize the FLOPs to compute, Loy rLop indicates we should use rather small chunk
sizes (e.g. L=16 for d,=512). However, the chunk size L does not only affect the FLOPs but also
the memory IO (for e.g. for loading and storing the memory cell states). Therefore, in order to find
the optimal chunksize that minimizes the runtime, we need to consider the memory IO as well, which
we do in the next section (see Appendix G).
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Figure 20: FLOP-Optimal Chunk Size L rrop for mLSTMsig. Left: p,;=0.5. Right: p,,=1.0.
We plot the FLOP-optimal chunk size over head dimension dj,, for different projection factors p,
that determine the query-key head dimension dgi = pqrdp.. The FLOP-optimal chunk size grows
proportional to the square root of dp,, (i.e. O(v/dpy)), but remains small for typical head dimensions.

G Theoretical Runtime Analysis for TFLA mLSTM Kernels

In Section 5.2 and E.3 we measure the runtime and memory consumption, experimentally. We see
that TFLA needs substantially less GPU memory than other baselines and that there exists an optimal
chunksize at which the runtime is minimized.

This runtime minimum is limited and defined by the physical constraints of our hardware (in our
case NVIDIA H100 GPUs). Typically, these constraints are how fast the GPU can compute floating
point operations (FLOPs) measured in FLOPs per second (FLOPs/s), how fast the GPU can load and
store data from and to high-bandwidth memory (HBM) measured as memory bandwidth in bytes per
second (B/s), and how much total (HBM) memory is available to store the data in bytes (B) (Austin
et al., 2025, Part 1). If the kernel runtime is limited by the maximum FLOPs/s, we say the kernel is
compute-bound, and if it is limited by the memory bandwidth, we say the kernel is memory-bound.

In this section, our aim is to theoretically understand to which region our TFLA kernel algorithm for
the example of mLSTMsig belongs and what the optimal chunk size would be given the physical
constraints of our hardware. We will see that taking hardware constraints into account the optimal
chunk size will be much larger than the FLOP optimal chunk size found in the previous section (see
Appendix E.5).

We begin with modeling the theoretical runtime of our TFLA kernels in Section G.1 before we
compute the arithmetic intensity of TFLA in Section G.2 and use the arithmetic intensity to estimate
upper bounds on the peak performance on modern hardware in Section G.3. Finally, in Section G.4 we
compute the theoretical runtime optimal chunk size and conclude with a summary of the statements
from our analysis in Appendix G.5.

G.1 Theoretical Runtime

The theoretical runtime of a kernel consists of the time to compute the FLOPs 7 ops and the time to
load and store the inputs, outputs and intermediates from and to the GPU memory 7 gyjes.

Given the number of floating point operations FLOPs 415, and memory operations in bytes to load and
store Bytes ,,, for a specific algorithm, the accelerator speed o pLops in FLOPS/s and the accelerator
memory bandwidth, we can compute the runtimes in seconds as

FLOPs algo Bytes algo
T FLOPs,algo — and T Bytes,algo — .

(104)
& FLOPs B Bytes
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For the accelerator speed o props and the accelerator memory bandwidth 3 gytes, We use the hardware
specifications of NVIDIA V1007, A1008, H100” and B200'° GPUs, which we summarize in Table 19.

If there is no overlap between the computation and the memory operations or in other words if the
data is not loaded asynchronously to the computation, the total runtime is the sum of the two, i.e.

Talgo,upper — T FLOPs,algo + T Bytes,algo- (105)

If the computation and memory operations can be completely overlapped, the total runtime is the
maximum of the two, i.e.

Talgo,lower = MMax (T FLOPs,algos 7_Byles,algo) . (106)

This means the runtime is lower bounded by the maximum of the two and upper bounded by their
sum (Austin et al., 2025, Part 1). We use these formulas to compute the theoretical runtime of the
TFLA mLSTMsig kernel.

Table 19: Hardware Accelerator Specification for NVIDIA GPUs used in this analysis. Values
without sparsity. If only the value with sparsity is known, we divide by 2.

bfloat16  Memory Bandwidth  Arithmetic Intensity

GPU Year g Opys) [Byte/s] [FLOP/byte]
V100 SXM2 2017  120e12 0.9¢12 133
A100SXM 2020  312el12 1.935¢12 161
HI00 SXM 2022  989¢12 3.35¢12 295
B200 HGX 2025 2250e12 7.7e12 292

Theoretical Runtime of TFLA mLSTMsig Forward Pass. To compute the theoretical runtime of
the TFLA mLSTMsig forward pass 7 mstmsig» We use the FLOP and memory operation counts for
the chunkwise-parallel formulation from Table 18 and Table 10 in Appendix F. We denote the FLOP
count as FLOPsyistmsig and the memory operation count in bytes as Bytes,;; srusiq-

We assume that memory operations are not overlapped with computation, because (1) in our current
implementation of TFLA, we first materialize all states in the recurrent kernel before we launch the
parallel kernel (see Figure 1) and (2) we do not use advanced hardware features of NVIDIA GPUs
(yet), such as asynchronous memory loading, which would allow to overlap memory operations with
computation. Therefore, the total theoretical runtime is the sum of the FLOP and memory operation
runtimes, i.e.

FLOPS L sTMsig n Bytes,, stmsig

(107)
& FLOPs 8 Bytes

T mLSTMsig =

By inserting the expressions from above and multiplying by the number of heads Ny.,4 and batch
8ize Nparch, We obtain the total runtime of the mLSTMsig forward pass as

T <6thv (1 + pgr) + 8L + 2bytes,,, 43, Pak

T mLSTMsig = Nbatch ' Nhead C
L 5
Bytes

+ L2Fcausal (Zdhquk + thv + 6) + L2 +L (4d%wqu + 2dhquk + dhv + 11) + 2d%wqu + 5)

Q' FLOPs
(108)
where we assume that the queries, keys, values and input and forget gate are stored in bfloat16, i.e.
bytes, ;=bytes,;,=2.

The theoretical runtime depends on the model architecture (e.g. head dimension dj,, or query-key
projection factor pyy), kernel parameters (e.g. chunk size L, Feaya Or bytes,,,..) and the hardware
accelerator specifications (e.g. & pLops OF 3 Bytes)-

7https: //www.nvidia.com/en-au/data-center/v100/

8https: //www.nvidia.com/en-us/data-center/a100/

9https: //resources.nvidia.com/en-us-tensor-core/nvidia-tensor-core-gpu-datasheet
]Ohttps: //resources.nvidia.com/en-us-blackwell-architecture/datasheet
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Theoretical Runtime over Chunk Size (Figure 21). We show the theoretical runtime of our
mLSTMsig kernel for 7B model size (i.e. dp,=512, pgx=0.5, Nheag=8) for Npacn=8, T'=8192 and
bytes,,,,=4 on different NVIDIA A100, H100 and B200 GPUs (according to Table 19) in Figure 21.
We observe that newer GPUs (e.g. H100 or B200) are faster and have a higher memory bandwidth,
which results in a lower runtime. Moreover, for newer GPUs, the runtime becomes less sensitive
to the chunk size L, as the curve becomes flatter. Moreover, there exists an optimal chunk size that
minimizes the runtime, which is determined by the physical constraints of the hardware. This optimal
chunk size increases on more recent GPUs (e.g. B200). We explore the runtime-optimal chunk size
more in depth in Appendix G.4.

27y I I VS N7 MY 5 /R Feausai=0.5

124 Fcausai=0.66
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=== Theoretical Chunk Size Optimal Runtime
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Figure 21: Theoretical Runtime of TFLA mLSTMsig Forward Pass with varying Chunk Size L on
different accelerators. We plot the theoretical runtime of mLSTMsig with 7B size (i.e. dp,=512,
Dqk=0.5, Npead=8) for Npaen=8, T'=8192 and bytes,,,,=4 on NVIDIA A100, H100 and B200 GPUs
(according to Tab. 19). We also plot the measured runtime of the mLSTMsig kernel on NVIDIA
H100. Newer GPUs (e.g. H100, B200) are faster and have a higher memory bandwidth, which results
in a lower theoretical runtime.

Discrepancy between Measured and Theoretical Runtime (Figure 21) In Figure 21, we addi-
tionally compare the measured runtime of mLSTMsig kernels on NVIDIA H100 with the theoretical
runtime. While the measured runtime is higher than the theoretical runtime, the qualitative trend of
the runtime over the chunk size is similar.

There are several reasons for the discrepancy between the measured and theoretical runtime. First, the
model of the runtime of our mLSTMsig kernels in Equation (108) has approximation errors. While
we account for the uncertainty in the causal factor Fi,us,, when counting the FLOPs and memory
operations, we still make approximations and simplifications. For example, we do not account for the
recomputation and reloading of data within the kernels (see Appendix F). Addditionally, we do not
model the fact that our computation consists of multiple kernels (e.g. the recurrent and parallel kernel
(see Figure 1)). Hence, we do not include the delay when multiple kernels are launched in sequence.

Second, in addition to model errors our kernels are not optimized to reach peak performance. For
example, we do not use advanced features of the H100 GPUs, such as asynchronous memory loading,
which would allow to overlap memory operations with computation.

Finally, the hardware specifications (e.g. « g ops) specify the peak performance of the accelerator for
matrix multiplications. Our computation for the mLSTM (see Section 2.2) includes several pointwise
and vector operations, which are not performed on tensor cores and are therefore slower.

Therefore, we do not expect our theoretical runtime model to perfectly match the measured runtime,
but it provides a good approximation of the overall qualitative runtime behavior of our mLSTM
kernels, that could guide further optimization efforts.

G.2 Arithmetic Intensity

For a specific kernel we can compute the time to compute the FLOPs 7 ops and the time to load and
store from and to the GPU memory 7 gys. We can then distinguish two cases: (1) TrLops > T Bytes:
The runtime is dominated by the computation time. We call this being compute-bound. (2) Trrops <
TBytes: Lhe runtime is dominated by memory loading. We call this being memory-bound.

Instead of comparing the times, we can also compare the arithmetic intesity or operational intensity
of our algorithm and our hardware to determine if the kernel is compute-bound or memory-bound.
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The arithmetic intensity directly relates the number of FLOPs to the number of bytes of GPU memory
traffic (Williams et al., 2009). We can compute the arithmetic intensity for our accelerator Z,. or our
algorithm Z;¢, by computing the ratio between the accelerator speed and the memory bandwidth or
the number of FLOPs and the number of bytes loaded and stored, i.e.

FLOPs 40
Bytes

Q' FLOPs
1z acc —

and T g0 = (109)

6 Bytes algo

Then, (1) if Z 4150 > Z acc, the kernel is likely to be compute-bound and (2) if 7 40 < Z acc, the kernel
is likely memory-bound. The accelerator arithmetic intensity Z ,. is the minimum arithmetic intensity
required to achieve maximum performance of the accelerator.

Arithmetic Intensity of TFLA mLSTMsig Forward Pass. We compute the arithmetic intensity
of the TFLA mLSTMsig forward pass Znistmsig by computing the ratio between the total FLOP
count FLOPsmistvsig and the memory operation count in bytes as Bytes,; grygio- This gives

L2Fcausal (2dhquk’ + th'u + 6) + L2 +L (4d%quk + 2dh1}qu + dh” + 11) + Qd%wqu +5
6Ldny (14 pqr) + 8L + 2bytesc,,, 7, P '

Z mLSTMsig =

(110)
The arithmetic intensity depends on the model architecture (e.g. head dimension dp,, or query-key
projection factor p,;,) and the kernel parameters (e.g. chunk size L, Fiaysal Or bytesq,,..)-

Arithmetic Intensity over Chunk Size (Figure 22). We plot the arithmetic intensity of the TFLA
mLSTMsig forward pass over the chunk size L in Figure 22 and vary the head dimension dj,,, and
the precision of the memory cell states bytes,,,,,. Additionally, we indicate the arithmetic intensity
7 ¢ for different NVIDIA GPUs (according to Table 19). Values above the accelerator arithmetic
intensity indicate that the kernel is likely to be compute-bound for the corresponding chunk sizes,
while values below indicate that the kernel is likely memory-bound.

We observe that the arithmetic intensity increases for larger chunk sizes and that the kernel arithmetic
intensity curve crosses the accelerator arithmetic intensity at larger chunk sizes. This means, we can
move from the memory-bound regime to the compute-bound regime by increasing the chunk size
parameter L.

dgk = 0.5dh, (pgk=0.5) | States: float32 dgk = 0.5dh, (pgk=0.5) | States: bfloat16
1000 s A Feausa=0.5
Fcausai=0.66
H100~295 ___ F_ . ..=1.0
01002188 — dn =512

— (=128

(logscale)
=
o
o

Arithmetic Intensity [FLOP/byte]

16 32 64 128 256 512 102420484096 16 32 64 128 256 512 1024 2048 4096

Chunk Size L (logscale) Chunk Size L (logscale)
Figure 22: Arithmetic Intensity of TFLA mLSTMsig Forward Pass with varying Chunk Size L. Left:
States in float32, i.e. bytes.,,,,=4. Right: States in bfloat16, i.e. bytes.,,,,=2. The arithmetic
intensity increases for larger chunk sizes.

G.3 Roofline Analysis

The roofline model is a performance model that combines the arithmetic intensity and the accelerator
specifications to determine the upper bound on the peak performance of a kernel (Williams et al.,
2009). To do so, the roofline model plots the arithmetic intensity of the algorithm on the x-axis
and the attainable performance in FLOPs per second (FLOPs/s) on the y-axis. For each hardware
accelerator we plot the roofline, which is the maximum performance of the accelerator for a given
arithmetic intensity as

ROOﬂine(a FLOPs 5 Byles) = min (ﬁ Bytes * Ialgoa o FLOPS) . (1 1 1)
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If we then plot the arithmetic intensity of a kernel as a column that hits the roof, either it hits the
flat part of the roof, meaning performnace is compute-bound or performance is ultimately memory
bound Williams et al. (2009).

Roofline Model for TFLA mLSTMsig Forward Pass (Figure 23). We perform a roofline analysis
for our TFLA mLSTMsig forward kernels in Figure 23 for different chunk sizes L and plot the
rooflines for NVIDIA V100, A100, and H100 GPUs (according to Table 19).

We observe that smaller chunk sizes are memory-bound, while larger chunk sizes are compute-bound
(similar to Figure 22). Moreover, we find that our TFLA Triton kernels for the mLSTMsig, which we
benchmark on NVIDIA H100, are still far from the attainable peak performance (intersection with
H100 roofline). This highlights the potential for further optimization.
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Figure 23: Roofline Model for TFLA mLSTMsig Forward Pass with varying Chunk Size L. We
measure the performance of mLSTMsig with dj,,=512, pg1=0.5, Nhead=8, and batch size 8 at sequence
length 8192 and compare the performance with the roofline of NVIDIA V100, A100 and H100
GPUs (according to Table 19). Smaller chunk sizes are memory-bound, while larger chunk sizes are
compute-bound. Our TFLA Triton kernels for the mLSTMsig are still far from the attainable peak
performance (intersection with H100 roofline).

FLOPs/s is not the optimal Performance Metric for TFLA (Figure 24). In Figure 23 we observe
and the roofline model also suggests that we can increase the performance of our TFLA kernels by
increasing the chunk size L. However, while this might increase the performance in FLOPs/s, it
might not decrease the overall runtime, as number of FLOPs increase with the chunk size L due to
the increased quadratic term in the FLOP count (see Figure 19).

We confirm this in Figure 24, where we plot the FLOPs/s and the total FLOPs over the chunk size L
and compare the values with the actual runtime. We observe that the FLOPs/s continuously increase
with the chunk size L, but the total FLOPs also increase. This means that while we could reach
peak performance in FLOPs/s by increasing the chunk size L, the actual runtime is not necessarily
minimized by doing so. Therefore, for our TFLA kernels we should use the actual runtime as final
performance metric and to determine the runtime-optimal chunk size, which we do next.
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G.4 Runtime-Optimal Chunk Size

The main advantage of TFLA is that we can choose arbitrary chunk sizes L to trade off between
FLOPs and memory 10 and minimize the runtime (see Figure 6 and 24). The reason for this tradeoff
is that the chunk size L affects the number of FLOPs and the memory IO (e.g. for loading and storing
the memory cell states) (see Appendix F). In this section, we use this insight and our theoretical
runtime model from Appendix G.1 to determine the theoretical runtime-optimal chunk size for the
TFLA mLSTMsig forward kernel.

Runtime-Optimal Chunk Size for TFLA mLSTMsig Forward Pass. In order to compute the
runtime-optimal chunk size Lopruntime for the TFLA mLSTMsig forward pass, we use the theoretical
runtime 7 i sT™sig from Equation (108). We first differentiate the theoretical runtime with respect to
the chunk size L and set the derivative to zero to find the minimum runtime, i.e.

or mLSTMsig
oL 0. (112)

We then solve the equation for the chunk size L to find the runtime-optimal chunk size Ly Runtime-
This yields

. (113)

Lopt Runtime = 2 d}lequ +5+ 2 Tyee diquk bytesCmn
2Fcausal (dpoy (1 +pg) +3) + 1

where Z,.. = %ZL‘[’P is the accelerator arithmetic intensity from Equation (109). Compared to the

FLOP-optimal chunk size Loy rrop (see Equation (103)), the runtime-optimal chunk size Lopruntime
additionally depends on the arithmetic intensity Z,.. of our hardware and the precision of our states
bytes,,,. The runtime-optimal chunk size grows proportional to the square root of the head
dimension dp,, (i.e. O(v/dpy)) and the accelerator arithmetic intensity Z,.. (i.e. O(v/Zy)). We
visualize these trends in Figure 25 and 26.

Runtime-Optimal Chunk Size depends on Model Architecture (Figure 25). We plot the runtime-
optimal chunksize for the TFLA mLSTMsig forward pass Lopruniime Over the head dimension dj,, in
Figure 25 for memory cell states in float32 and bfloat16 and NVIDIA A100 and H100 arithmetic
intensities.

The runtime-optimal chunk size grows proportional to the square root of the head dimension dp,, (i.e.
O(V/dpy)) and is much larger than the FLOP-optimal chunk size.
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Figure 24: FLOPs/s and FLOPs over Chunk Size L for TFLA mLSTMsig Forward Pass. We compare
the FLOPs/s and the total FLOPs with the actual runtime at different chunk sizes. We measure the
performance of mLSTMsig with dj,,=512, p;,=0.5, Nheaq=8, and batch size 8 at sequence length
8192. The FLOPs/s increase with the chunk size L, but the total FLOPs also increase. The actual
runtime is not necessarily minimized by increasing the chunk size L.
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Figure 25: Runtime-Optimal Chunk Size Loptruntime OVer head dimension dy,, for mLSTMsig. Left:
Memory cell states in float32. Right: Memory cell states in bfloat16. We plot the runtime-optimal
chunk size over head dimension dy,, with dg; = 0.5d},, (pgx=0.5). Similar to the FLOP-optimal
chunk size (Fig. 20), the runtime-optimal chunk size grows proportional to the square root of dp,, (i.e.
O(V/dpy)), but is much larger than the FLOP-optimal chunk size.

Our measured runtime-optimal chunk size for mLSTMsig on NVIDIA H100 is around 256, which is
smaller than the theoretical runtime-optimal chunk size. This discrepancy is due to the approximations
in our theoretical runtime model and the fact that our kernels are not yet optimized to reach peak
performance on NVIDIA H100 GPUs (see Appendix G.1), but are already faster than almost all all
other baseline kernels and than Flash Attention 3, which is optimized for NVIDIA H100 GPUs (see
Section 5.2).

Runtime-Optimal Chunk Size depends on Hardware Accelerator (Figure 26). We plot the
runtime-optimal chunk size for the TFLA mLSTMsig forward pass Lop;Runtime Over the hardware
accelerator intensity in Figure 26 for different head dimensions dj,,,. We highlight NVIDIA GPU
accelerator intensities for common GPUs (e.g. V100, A100, H100).

The runtime-optimal chunk size grows proportional to the square root of the accelerator intensity Zaec
(i.e. O(v/Zycc))- More recent GPUs (like e.g. H100) have higher accelerator intensities, which results
in a larger runtime-optimal chunk size. If the trend of increasing accelerator intensities continues,
TFLA that enables arbitrary large chunk sizes will become increasingly important.
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Figure 26: Runtime-Optimal Chunk Size Lpruntime Over Hardware Accelerator Intensity for mL-
STMsig. We plot the runtime-optimal chunk size over the hardware accelerator intensity for different
head dimensions dp,,. We highlight NVIDIA GPU accelerator intensities for commong GPUs (e.g.
V100, A100, H100). The runtime-optimal chunk size grows with the accelerator intensity (i.e.

Lopl,Rumime X O( V Iacc))-
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G.5 FLOP and Theoretical Runtime Analysis Summary

The configurable chunk size L is the core advantage of Tiled Flash Linear Attention. We summarize
the statements about the chunk size:

1.
2.

The chunk size L mediates a trade-off between runtime and GPU memory usage. [Figure 6]
L determines the total compute in FLOPs: L = 1 matches the recurrent formulation, while
L = T matches the parallel one. [Figure 19]

There exists an optimal chunk size L € [1,T] that minimized the total FLOP count.
[Equation (103), Figure 19, Figure 20]

Increasing L raises the arithmetic intensity of TFLA kernels. [Equation (109), Figure 22]
The chunk size determines whether the kernel is memory-bound or compute-bound on a
given hardware.

[Figure 23, Figure 22]

FLOPs/s alone can be misleading; the optimal chunk size should be chosen based on total
runtime.
[Figure 24, Figure 21]

. he runtime-optimal chunk size scales proportionally with the square root of the head dimen-

sion and the accelerator’s computational intensity.
[Figure 25, Figure 26]

. Newer hardware generations require larger chunk sizes to approach peak performance.

[Figure 26, Figure 21]
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xLSTM-7B

A. xLSTM 7B Architecture Summary

The xLSTM 7B architecture consists of 32 post-up projection blocks and is described in Fig. 1 and Tab. 4. We use the
GPT-NeoX-20B tokenizer (Black et al., 2022) with vocabulary size 50257 and do not tie the weights for input layers
(embedding) and output layers (logits).

Table 4. Hyperparameters of xLSTM 7B.

NuM VOCAB NuM MODEL  NUM
PARAMS SIZE ~ BLOCKS Dim HEADS
6,865,424,896 50257 32 4096 8

| (,,j

- |
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Figure 8. Improved xXLSTM Block. The lower part is a output-gated sequence-mix layer with the mLSTM at its core, whereas the upper
part is a Gated MLP (SwiGLU) as a feature/channel-mix layer. Multiple Heads are shown in depth, larger light gray boxes without are
linear layers. For the SwiGLU we use a projection factor of 2.66 matching common Transformers. For the query/key dimension we use a
factor of 0.5. The Norm layers are RMS norms (Zhang & Sennrich, 2019), the Headwise Norm is a Layernorm (Ba et al., 2016).
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xLSTM-7B

B. Training Recipe

Optimization. Pre-training was conducted on a high-performance computing cluster comprising 128 NVIDIA H100
GPUs. We use Fully Sharded Data Parallel (FSDP) and activation checkpointing to reduce the parameter and activation
memory footprint. We pre-train xLSTM 7B for a total of 550K (thousand) training steps with batch size 512 and context
length 8192, encompassing a total of 2.3T (trillion) training tokens. We apply batch size ramp-up with batch size 128 for
the first 2000 steps, 256 for the next 2000 steps, and the full batch size (512) afterward. We use the AdamW optimizer
(Loshchilov & Hutter, 2019) with (peak) o = 5 x 1074, 81 = 0.99, B2 = 0.95, ¢ = 1078, weight decay 0.1 and gradient
clipping norm 0.5. The learning rate schedule comprises a linear warm-up over 3000 training steps, an exponential decay
phase that spans 540,000 steps, and a linear cool-down lasting 7000 steps. The exponential decay factor is chosen so that
0.1 x « is reached after 500,000 steps.

Sequence packing. Language datasets come with documents of highly varying lengths. To efficiently train a model
by processing fixed sequence length sequences (e.g. 8192 tokens), multiple shorter documents are typically packed into
a sequence, and the different documents are separated by an end-of-document (EOD) token. In order to avoid leaking
information between independent documents that are packed into the same sequence, we reset the memory states of each
mLSTM cell at the document borders signified by the EOD token. This can be easily achieved by explicitly setting the
forget gate value to zero, resetting the memory state to the zero matrix.

Dataset selection. We only use publicly available high-quality datasets for pre-training. The dataset selection is divided
into two training stages: In the first stage lasting 500K (thousand) training steps, we train exclusively on the DCLM dataset
(Li et al., 2024). In the second stage (50K steps) towards the end of the training, we use a combination of datasets that
prioritizes math, coding, and question-and-answer (Q&A) data. The dataset proportions for the second stage are listed in the

second column of Tab. 5.

Similarly to Zuo et al. (2024), the second training stage includes a collection of small supervised fine-tuning (SFT) Q&A
datasets to improve the model’s understanding of texts involving questions and answers. These SFT datasets are all publicly
available and consist of NuminaMath CoT (LI et al., 2024), MetaMathQA (Yu et al., 2023), Tulu v3.1 (Lambert et al.,
2024), OpenHermes 2.5 (Teknium, 2023), GSMS8K (Cobbe et al., 2021), and Smoltalk (subsets magpie-ultra, longalign, and
self-oss-instruct) (Allal et al., 2024).

For longer context training we replace the high-quality data cool-down by a longer context version keeping the number of
tokens per step and the number of steps fixed. The batch size is reduced from 512 to 128, while increasing the context length
to 32768. We replace a large share of the DCLM dataset part with long context text collections, namely LongDataCollec-
tions (TogetherCompute, 2023), LongAlign10k (Bai et al., 2024), AntiHayStack (Pan, 2024) and LongAlpacal2k (Chen
et al., 2024), see third column of Tab. 5.

Table 5. Dataset Proportions for second training stage in standard and longer context mode.

DATASET NAME PROPORTION STANDARD PROPORTION LONGCTX
DCLM (Li et al., 2024) 40% 20 %
FineWeb-Edu (Lozhkov et al., 2024) 15% 15%
Cosmopedia (Ben Allal et al., 2024) 10% 10%
ProofPile-2 (Azerbayev et al., 2023) 15% 15%
TheStack (Kocetkov et al., 2023) 15% 15%
SFT datasets (see Sec. B) 5% 5%
LongDataCollections (TogetherCompute, 2023) - 15%
LongAlign10k (Bai et al., 2024) - 1%
AntiHayStack (Pan, 2024) - 1%
LongAlpacal 2k (Chen et al., 2024) - 2%

Ablation Training For hyperparameter tuning and ablation trainings (’-abl”) at the 7B scale, we use a shorter training
cycle with 76,000 training steps at context length 8192 and batch size 256, resulting in 160B tokens. We use a linear
warmup of 3000 steps, cosine decay to 10% of the peak learning rate at 75,000 steps and a linear cooldown of 1,000 steps to
learning rate O at the end. Here, we only train on a subset of the DCLM dataset, without high-quality data in the late phase
of pre-training. Peak learning rate and other training hyperparameters are the same as for the main training.
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xLSTM-7B

C. Experiments
C.1. Extended Evaluation

To enable comparability to older models, we evaluate our models on the task selection from the first version of the
HuggingFace leaderboard using HuggingFace’s lighteval (Beeching et al., 2023; Fourrier et al., 2023). The results in Tab. 6
show that there is a trend upwards in metrics from older (e.g. Llama 2) to newer models (e.g. Llama 3.1), but that the
differences and ordering between models vary across the tasks.

Table 6. Model Performance on Huggingface Leaderboard v1 based on lighteval by HuggingFace. 1 indicates larger values are better.

MODEL ARC-CT MMLU T HELLASWAG?T WINOGRANDET TRUTHFULQA T OPENBOOKQA T PIQA T AVERAGE T
TRANSFORMERS

Llama-3.1-8B 0.562 0.663 0.720 0.745 0.362 0.447 0.818 0.617
Llama-2-7B-hf 0.511 0.468 0.687 0.706 0.318 0.412 0.786 0.555
OLMo-7B-hf 0.443 0.286 0.673 0.661 0.301 0.383 0.801 0.507
Qwen2.5-7B 0.617 0.753 0.700 0.717 0.478 0.458 0.804 0.647
Gemma-7B 0.593 0.640 0.721 0.740 0.381 0.436 0.813 0.618
HYBRID MODELS

Zamba2-7B 0.672 0.683 0.740 0.801 0.479 0.468 0.802 0.664
RECURRENT MODELS

Falcon-Mamba-7B 0.599 0.622 0.709 0.743 0.459 0.460 0.822 0.631
Falcon-Mamba-7B (pre-decay) 0.520 0.573 0.699 0.719 0312 0.430 0.801 0.579
Mamba-Codestral-7B (v0.1) 0.486 0.501 0.626 0.618 0.358 0.380 0.771 0.534
RWKV-v5-Eagle-7B 0.449 0.313 0.622 0.663 0.330 0.393 0.772 0.506
RWKV-v6-Finch-7B 0.471 0.442 0.656 0.696 0.347 0.399 0.792 0.543
xLSTM 7B 0.574 0.578 0.714 0.738 0.419 0.448 0.819 0.613
xLSTM 7B LCTX 0.516 0.588 0.715 0.740 0.374 0.429 0.819 0.597

C.2. Ablation Experiments

Effect of the Pre-norm Layer Choice (Fig. 9). Here we asses the effect of different normalization layer choices for the
pre-norm in (12) and the state-norm in (6), both for the xLSTM with a pre-up projection block of Beck et al. (2024) and our
new post-up projection architecture used for xLSTM 7B. We use soft-capping and the negative input bias initialization (see
Sec. 3.2 and 5.3) for both architectures. For this experiment, we train models with 1.4B parameters for 31,000 steps using
context length 8192 and batch size 256. Fig. 9 shows the validation loss and gradient norm for the different architectures and
normalization layer choices over the course of training (only the 15,000 steps are shown). As can be seen, using LayerNorm
as the pre-norm layer leads to very large gradient norms and diverging validation loss after a few training steps, whereas
models with RMSNorm train stably. For the state-norm layer, the norm type has no impact on the training dynamics.
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Figure 9. Comparison of pre-up projection and post-up projection blocks with different combinations of RMSNorm and LayerNorm. At
each step, the plot shows the maximum gradient norm observed within the previous 50 steps.
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Effect of Soft-Capping (Fig. 10). The two runs in Fig. 10 show the effect of soft-capping for two 7B sized xXLSTM
models trained for 76,000 steps at batch size 256 and context length 8192, for an effective 160B tokens.

—— No Softcap ——— With Softcap
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Figure 10. Effect of softcapping. Two 7B sized XLSTM models are trained with and without soft-capping for 160B tokens. The lower
gradient norm noise on the right is a clear indicator for better model performance on the left of the model trained with softcapping. At
each step, the plot shows the maximum gradient norm observed within the previous 50 steps.

Effect of Negative Input Gate Bias Init (Fig. 11). In this experiment we train 160M parameter models with batch size
128 and context length 4096 and vary the input gate bias initialization [0, -2, -5, -10]. The weights of the input gates are
initialized to 0.

In Figure 11 we observe that initializing the input gate biases at -10 effectively mitigates gradient norm spikes and reduces
gradient norm variance during training. In our experiments up to 7B parameters we observed this behavior transfers across
model scales.

We therefore initialize the input gate biases to -10. For an extensive discussion of this behavior we refer to concurrent work
by ?.

—— BiaslInit 0 —— Biaslnit -5
—— Biaslnit -2 —— Biaslnit -10
3.6 102 -

3.5 1
3.4 1

3.3

Validation Loss
Gradient Norm

3.2 1

3.1

3.0 T T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 0.0 0.5 1.0 15 2.0 2.5 3.0 3.5

Steps led Steps led

Figure 11. Effect of the Bias Initialization. We conduct experiments with four different input gate biases at the 160M parameter scale,
with validation loss on depicted to left and gradient norm on the right, along the training steps. The higher input gate bias initializations
show large gradient norm spikes, which results in worse training results. Only the lowest initialization can maintain smooth and low
gradient norms with at the best validation perplexities. The reason for this behavior is studied in more detail in (Beck et al., 2025). At
each step, the plot shows the maximum gradient norm observed within the previous 50 steps.
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Effect of the Learning Rate Scheduler (Fig. 12). In our largest experiments, we choose a linear warmup followed by an
exponential decay as a learning rate schedule in order to enable a continued pre-training with more tokens and without an

additional warmup. However, smaller-scale experiments in Fig. 12 show the benefit of a cosine schedule over an exponential
one.

—— Exponential 76k Steps —— Cosine 76k Steps
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Figure 12. Effect of Learning Rate Scheduler. The tested learning rate schedules are shown on the left, with the corresponding training
perplexities on the right. While the exponential learning rate schedule can be continued trivially, the cosine schedule actually works
slightly better given a fixed number of iterations. The learning rate cooldown to zero at the end gives a similar and significant benefit in
both cases.

Effect of Memory State Size and Input Gate on Long Context Evaluations (Fig. 13, Tab. 7 and 8). In order to test the
influence of the head numbers (cell dimensions) and input gate on long context abilities, we test the ablation models trained
in Sec. 5.3 for their performance in the RULER benchmark (Hsieh et al., 2024). The results in Fig. 13 show that, while
the effect of the head number and equivalently the recurrent memory is inconclusive, the models strongly benefit from the
learnable, exponential input gate for the long context performance.

—&— Default NH8 —&— NH8 IGateFixed -10
—8— LCTX NH16  —@— NH8 IGateFixed 0
NH4 —8— NH32

70

60
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40
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8192 16384 32768 65536 131072
Context Length [Tokens]

4096

Figure 13. RULER average accuracies for different number of heads/cell dimensions, and fixed input gate. The ablations are trained on
160B tokens at 8k context.

Additionally, we evaluate our ablation versions trained for 160B tokens and evaluated on the current and old HuggingFace
LLM Leaderboard as in Tab. 1 and 6, respectively. Results in Tab. 7, 8 show only slight influence of the head dimensions or

fixing input gate. Only fixing the input gate to the very small value of its standard bias initialization has a stronger impact on
the Leaderboard v1.
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Table 7. Model Performance for different number of heads and non-trainable input gate on the Huggingface Leaderboard v2 tasks.
1 indicates larger values are better.

MODEL BBH1T MMLU-PROT MATHT MUSR?T GPQAT IFEVAL?T AVERAGE T
xLSTM 7B abl NH4 0.306 0.114 0.004 0.363 0.253 0.160 0.200
xLSTM 7B abl NH8 0.304 0.115 0.002 0.363 0.248 0.173 0.201
xLSTM 7B abl NH16 0.317 0.119 0.002 0.390 0.258 0.161 0.208
xLSTM 7B abl NH32 0.327 0.120 0.001 0.379 0.256 0.171 0.209
xLSTM 7B abl NH8 IGateFixed 0 0.303 0.117 0.004 0.381 0.229 0.149 0.197
xLSTM 7B abl NH8 IGateFixed -10  0.308 0.109 0.000 0.357 0.253 0.165 0.199
xLSTM 7B 0.381 0.242 0.036 0.379 0.280 0.244 0.260
xLSTM 7B LCTX 0.390 0.252 0.040 0.374 0.253 0.234 0.257

Table 8. Model Performance for different number of heads and non-trainable input gate on the Huggingface Leaderboard v1 tasks.
1 indicates larger values are better.

MODEL ARC-CT MMLU?T HELLASWAGT WINOGRANDET TRUTHFULQA T OPENBOOKQA T PIQA T AVERAGE T
xLSTM 7B abl NH4 0.492 0.296 0.665 0.672 0.282 0.405 0.798 0.516
xLSTM 7B abl NH8 0.487 0.292 0.669 0.680 0.302 0.426 0.791 0.521
xLSTM 7B abl NH16 0.505 0.351 0.668 0.701 0.294 0.409 0.796 0.532
xLSTM 7B abl NH32 0.500 0.378 0.666 0.676 0.325 0411 0.799 0.536
XxLSTM 7B abl NH8 IGateFixed 0 0.464 0.292 0.658 0.672 0.280 0.415 0.788 0.510
xLSTM 7B abl NH8 IGateFixed -10 0.241 0.250 0.340 0.519 0.286 0.226 0.681 0.363
xLSTM 7B 0.574 0.578 0.714 0.738 0.419 0.448 0.819 0.613
xLSTM 7B LCTX 0.516 0.588 0.715 0.740 0.374 0.429 0.819 0.597

D. Speed Comparison to Optimized Inference Frameworks

While we tune the baseline models’ HuggingFace implementations for speed in a similar way as for our xLSTM 7B
architecture, there are other frameworks, e.g. vVLLM (Kwon et al., 2023), which are optimized further for inference speeds.
In Figures (18, 19), we compare our HuggingFace generation speeds to vVLLM generation speeds. In Figures (14, 15, 16, 17),
we show the respective comparison for prefill, prefill+generation time and prefill throughput. We compare xLSTM in
the HuggingFace implementation to Llama-3.1-8B, Llama-2-7B-hf, Falcon-Mamba-7B and Mamba-Codestral-7B in both
optimized HuggingFace and vLLM. For all vLLM speeds, we use PyTorch 2.6.0 to enable Codestral-Mamba-7b, whereas
for the HuggingFace speed experiments, we use PyTorch 2.5.1. Although there are speed improvements in vLLM, especially
for Transformer-based Llama models, xXLSTM 7B continues to be the fastest model compared to others in both frameworks.
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Figure 14. Prefill time (time to first and to first 100 tokens) Figure 15. Prefill time (time to first and to first 100 tokens)
for HuggingFace implementations. Repetition of Figure 6 for for vLLM implementations, except XLSTM 7B (HuggingFace
comparison to VLLM on the right. implementation).
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Figure 16. Pre-fill throughput for HuggingFace implementa-
tions. Repetition of Figure 7 to compare to vLLM on the right.
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Figure 18. Generation Time comparison HuggingFace to
vLLM. While for short generation sequences, all models are
close in their generation time, for the vLLM backend is faster
for Transformers than for Mamba models within the 16k gen-
erated tokens. XLSTM in the HuggingFace backend continues
to be the fastest model from short to long sequences.
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Figure 17. Pre-fill throughput for HuggingFace implementa-
tions, except for XLSTM 7B (HuggingFace implementation).
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Figure 19. Generation Throughput comparison HuggingFace
to vLLM. Transformers (Llama models) show a strong speed
up in VLLM, but still XLSTM is the fastest model throughout
the prefill context lengths. There is an odd transition for
Mamba models from 4k to 8k prefill context.
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E. FLOP Counting

We count the number of FLOPs in a forward pass of the mLSTM. We use a factor of 2 to describe the multiply accumulate
cost.

We use factors denoted as F_X to describe the number of FLOPs for operation X (e.g. F_exp for the exponential function).
By default we set all of these factors to 1.

E.1. FLOP:s for the mLSTM Operation

¢ Inter-chunk recurrent:

— Chunkwise gates: num_heads x num_chunks
X (0.5xchunk_size x (chunk_size + 1) + 2xchunk_size )

— Gates & max state: num_heads X num_chunks
x (3 + F_max + F_exp + chunk_size x (3 +2 x F_exp))

— Numerator: num_heads x num_chunks
x (2xd_gk x d_v +4xchunk_size x d_gk x d_v + 3xchunk size x d_gk)

— Denominator: num_heads x num_chunks x ( d_gk + 4 xchunk_size x d_qgk )
¢ Intra-chunk parallel:

— Gate matrix: num_heads x num_chunks
x (0.5 x chunk_size x (chunk_size + 1)
+ chunk_size x chunk_size x (3 + F_mask + F_max + F_exp)
+ chunk _size x (1 + F_max) )

— Gated Attn logits: num_heads x num_chunks
x 2xchunk_size x chunk_size x (1 +d_gk)

— Numerator: num_heads x num_chunks
x 2xchunk_size X chunk_size x d_v

— Denominator: num_heads x num_chunks x 2 x chunk_size x chunk_size

— Output combination: num_heads X num_chunks
X (chunk_size x (1 + F_max)
+ chunk_size x (2 + F_abs + F_exp + F-max +2xd_v))

E.2. FLOPs for the mLSTM in a Transformer Backbone

For computing the number of FLOPs we follow the procedure from Hoffmann et al. (2022). We include the FLOPs
contributed by the embedding matrices. We do not include RMS- or Layer-Norm and skip connection FLOPs We assume
that the backward pass has 2 times the number of FLOPs of the forward pass. For the forward pass, the number of FLOPs of
the mLSTM for a single sequence can be approximated by:

* Embeddings
— 2 x seq-len x vocab_size x d_model
* mLSTM (single layer)

— Query, key, value, input and forget gate projections:
2 x seq_len x d_model x num_heads x (2 x d_gk + d_v + 2)

— Output gate and projection:
4 x seq-len x d_model X num_heads x d_v
+ seq_len x num_heads x d_v x F_sig

— mLSTM cell: See above.

* Gated Feedforward (single layer)
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— 6 x seqlen x d_-model x d_-model x proj_factor_ff
+ 2 x seq_len x d_model x F_swish

* Final Logits
— 2 x seq_len x d_model x vocab_size

« Total forward pass FLOPs:
embeddings + num_layers x (mLSTM + feedforward) + final_logits

E.3. FLOPs for the Transformer with Self-Attention

We use the FLOP computations from Hoffmann et al. (2022), with the difference that we use gated feedforward blocks.

* Embeddings
— 2 x seqen x vocab_size x d_model
* Attention (single layer)

— Key, query and value projections:
2 x seq-len x d_model x num_heads x (2 x d_gk + d_v)

— Key @ query logits: 2 x seq_len x seq-len x (d_gk x num_heads)

— Softmax: 3 x seq_len x seq_len x num_heads

— Softmax @ query reductions: 2 x seq_len x seq_len x (num_heads x d_gk)
— Final linear: 2 x seq_len x d_model x (num_heads x d_v)

* Gated Feedforward (single layer)

— 6 x seq_len x d_model x d_model x proj_factor_ff
+ 2 x seq-len x d_model x F_swish

* Final Logits
— 2 x seq-len x d_model x vocab_size

* Total forward pass FLOPs:
embeddings + num_layers X (attention + feedforward) + final_logits

F. Parameter Counting
In this section we count the number of paramters in the mLSTM and compare it to the number of parameters in a Transformer
with self-attention. We assume that the model does not use weight tying and omits biases.
F.1. Parameter Counting for the mLSTM
¢ Embeddings
— vocab_size x d_model
« mLSTM (single layer)

— gkv: d_-model x num_heads x (2 x d_gk + d_v)
Input and forget gate: 2 x d_model x num_heads + 2 x num_heads

Output gate: d_model x d_model
Output projection: d_model x d_model
— Norm: d_model

* Gated Feedforward (single layer)
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— 3 x d_model x d_model x proj_factor_ff
* Norm (single layer)

— d_model
* Final Logits:

— d_model x vocab_size

¢ Total number of parameters:
embeddings + num _layers x (mLSTM + feedforward + 2 X norm) + norm + final logits

F.2. Parameter Counting for the Transformer with Self-Attention
* Embeddings
— vocab_size x d_model
 Attention (single layer)

— gkv: d_model x num_heads x (2 x d_gk +d_v)
— Output projection: d_model x d_model

Gated Feedforward (single layer)

— 3 x d_model x d_model x proj_factor_ff
* Norm (single layer)

— d_model
* Final Logits:

— d_model x vocab_size

¢ Total number of parameters:
embeddings + num_layers x (attention + feedforward + 2 X norm) + norm + final_logits
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A EXTENDED TRAINING SCALING BEHAVIOR

A.1 DETAILS ON THE EXPERIMENTAL SETUP

We provide additional details on our experiments, that we conducted on a cluster of NVIDIA H100
GPUs.

Model Configurations. In Appendix D we provide a list of model architecture configurations for
all Transformer and xLLSTM models used in our scaling law study in Token/Param (App. D.1) and
IsoFLOP (App. D.2) training setups.

General Hyperparameters. We use the AdamW optimizer with 3; = 0.99, 8y = 0.95, ¢ = 1078,
weight decay 0.1 and gradient clipping norm 0.5. Our learning rate schedule comprises three stages:
A linear warm-up of 750 training steps, a cosine decay to 10% of the peak learning rate and a
final linear cool-down of 1000 training steps. While we keep the steps for warm-up and cool-down
constant, we match length of our learning rate decay to the token budget, which is either determined
by a specific token-to-parameter ratio or a compute budget for a given model size (see Sec. 3.1).
Unless specified otherwise, we use a context length of 8192 for our scaling law study.

Hyperparameters for Token/Param setup. We specify our batch sizes and learning rates for
our experiments in the overtraining regime with large token-to-parameter ratios for xLSTM and
Transformer models in Tab. 19 and 20, respectively. For larger models we decrease the learning rate
and use larger batch sizes. We find that for very large token-to-parameter ratios the performance in
terms of validation loss becomes less sensitive to the choice of learning rate.

Hyperparameters for IsoFLOP setup. For our IsoFLOP experiments we use a batch size of 1M
tokens for all but the largest compute budget of 6e+20 FLOPs, where we double the batch size to
2M tokens, as the training runs would become prohibitively long (see Tab. 1). In contrast to the
Token/Param experiments, we do not increase the batch size with model size, since we found that this
leads to loss offsets in the isoflop profiles (see Fig. 7, left). Instead, we keep the batch size constant
for each compute budget, regardless of the model size. We validate this choice by repeating the
experiments for the isoflop profile with compute budget 1e+20 with a batch size of 1M and 2M tokens.
We find that the larger batch size yields a higher validation loss due to fewer training steps, but does
not have a major impact on the optimal number of parameters N* for this compute budget (see Fig. 7,
right). Starting from the Token/Param learning rates, we tune the learning rates for selected model
sizes, and use the best learning rates for models of similar size.

Table 1: Batch sizes used for the IsoFLOP training setup at context length 1" = 8192. For the other
context lengths T" we adjust B such that batch size in number of tokens B x 7' remains constant.

IsoFLOP | B (seqs) B x T (tokens)

6e+18 128 1,048,576
le+19 128 1,048,576
3e+19 128 1,048,576
le+20 128 1,048,576
6e+20 256 2,097,152

A.2 DETAILS ON THE PARAMETRIC LOSS SURFACE FIT

For the parametric loss surface fit ﬁ(N , D) in Figure 1 we follow the procedure outlined in Bus-
bridge et al. (2025, App. F.1). We fit the coefficients { E, A, B, a, 3,~} for the parametric func-
tion of the loss surface ﬁ(N ,D) in (2) with different values for the Huber §. Similar to Bus-
bridge et al. (2025), we observe that including +, significantly improves the quality of our fits
(see Fig. 8. We use the the Token/Param training configurations for Transformer (31 samples)
and xLSTM (35 samples) from our dataset of training runs and fit over a grid of L-BFGS-B
initializations given by: log A € {0.0,5.0,10.0,15.0,20.0}, log B € {0.0,5.0,10.0, 15.0, 20.0},
logE € {-1.0,-0.5,0.0,0.5,1.0}, « € {0.0,0.2,0.5,1.0}, 8 € {0.0,0.2,0.5,1.0} and v €
{0.0,0.5,1.0,1.5}.
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Figure 7: Impact of the batch size on IsoFLOP profiles. Left: IsoFLOP curves with large batch size
and different learning rates for large models. Varying the batch size for different model sizes, leads
to offsets in the IsoFLOP profile, which are more pronounced for smaller compute budgets. Right:
IsoFLOP profile for compute budget 1e+20 with different batch sizes. The larger batch size leads to
larger loss, but similar optimal model size.

In Tab. 2, we report the coefficients that achieve the lowest MSE on the fit data out of all initializations
for different Huber 6. We find that the optimal fit parameters are sensitive to the choice of §. For
0 > 0.1 the optimal values for the fit parameters did not change in the digits shown in Tab. 2.

Table 2: Optimal fit parameters for the loss surface f/(N , D) model from equation (2) for Transformer
and xLSTM models for different Huber §. In Figure 1 we plot the fit for § = 1073,

Huber§ | logA logB logE « Ié; 5

1075 | 1296 14.35 0.05 0.58 0.55 0.28
Transformer 1073 | 11.99 13.35 0.01 0.53 051 0.29
>10"' | 1445 16.33 0.09 0.64 063 0.25

107% | 16.13 17.10 0.07 0.71 0.66 0.24
xLSTM 1073 | 1622 17.31 011 0.73 0.67 0.24
>10"' | 1546 1653 0.18 0.71 0.65 0.26
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Figure 8: Comparison between the parametric fit with v = 1 (Hoffmann et al., 2022) and -y as free
parameter (Busbridge et al., 2025). Including ~ as fit parameter improves the fit quality.
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A.3 POWER-LAW EXPONENTS IN OVER-TRAINING
In Tab. 3 we report the power-law exponents for different token-to-parameter ratios.

Table 3: Power-law exponents 7 for increasing token-to-parameter ratios M.

M Transformer xLSTM

22 0.050 0.047
44 0.048 0.046
110 0.047 0.046
220 0.048 0.047
550 0.049 0.047
1100 - 0.047

A.4 ADDITIONAL RESULTS: ISOFLOP APPROACH

Comparison of our scaling law to Porian et al. (2024). In order to validate our scaling law
framework, we compare our power-law fits for the optimal model size from Fig. 4 with the results
from Porian et al. (2024). Porian et al. (2024) investigate and resolve the discrepancies in scaling laws
between the influential works by Kaplan et al. (2020) and Hoffmann et al. (2022). We find that our
power-law coefficient aq,s = 0.575 is very close to the coefficient reported in Figure 1d) from Porian
et al. (2024) with aporiana = 0.571 and even falls well into their confidence interval of (0.56, 0.59),
despite the well-documented reproducibility challenges in scaling laws (Porian et al., 2024; Li et al.,
2025; McLeish et al., 2025). Porian et al. (2024) report that for their apoyiana they match their learning
rate cosine decay schedule to each token budget — a practice that we follow in our experimental setup
(see App. A.1. This agreement validates our framework and affirms its credibility. As the final step,
to fully match the coefficients reported by Hoffmann et al. (2022), Porian et al. (2024) report that it is
necessary to tune learning rate, batch size and AdamW [ parameter individually for each model
size. However, in our case this would require considerably more compute resources due to our much
larger compute budgets (6e+18 - 6e+20), and hence larger model sizes used for our scaling law study.

Compute-optimal dataset size. In the main paper (Sec. 3.4, Fig. 4), we presented results for the
compute-optimal model size. In Fig. 9 we present results w.r.t. the number of training tokens. We
observe that compute-optimal xLSTMs and Transformers are trained on a similar number of tokens.

400B
—— xLSTM b=0.417, B'=77.748 / Compute
3.4 2008  --- Transformer b=0.424, B'=58.460 7 —— 6e+18
@ o 4 le+19
8 3.2 g 100B 3e+19
< e — 1le+20
_% 3.0 o 40B — 6e+20
kel c Training Runs
=28 s 208 - _Tg f
= 't > ranstformer
56 10B —e— XxLSTM
' FLOP Optima
4B # Transformer
2B 4B 10B 20B 40B 100B200B 10  102° 102t 10?2 10% ® xLSTM
Training Tokens Compute (FLOPs)

Figure 9: Left: IsoFLOP curves for varying number of training tokens with a marker at the minimum
of the fit. Right: Plot of the power-law fit for the compute optimal number of training tokens D*(C').
Colors indicate compute budget and marker types indicate the model types.
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A.5 ADDITIONAL RESULTS: ISOFLOP APPROACH FOR DIFFERENT CONTEXT LENGTHS

Complementary to the IsoFLOP results in Sec 3.5, where we showed scaling behavior w.r.t. the model
parameters, we also show the scaling behavior w.r.t. the dataset size. The results are provided in
Figure 10, showing that for XLSTM it slightly increases with context length, whereas for Transformer
it substantially decreases. This is caused by the quadratic cost of the attention mechanism that
becomes dominant at larger context lenghts, causing substantial compute that shifts compute-optimal
models towards smaller models that are trained on less tokens. For all considered context lenghts, it
is favorable to train an XLSTM model compared to a Transformer model under the same compute
budget. The longer the training context length, the more favorable it is to train an XLSTM compared
to a Transformer.
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Figure 10: IsoFLOP curves for xLSTM and Transformer for different context lengts and varying
number of training tokens.

By rearranging the data obtained from the IsoFLOP approach under different context lengths, one
can also fit scaling laws for the context length. This is done equivalently to scaling laws for the
model parameters and number of training tokens (Eq. (3)). Figure 11 shows the results w.r.t. the
number of model parameters and Figure 12 shows the results w.r.t. the number of training tokens. The
obtained scaling laws mirror the findings from before. Compute-optimal XLSTM models have more
or less constant model size and use slightly more tokens w.r.t. the context length. Compute-optimal
Transformer models are becoming smaller and use less training tokens w.r.t. the context length.
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Figure 11: Left: IsoFLOP curves for XLSTM and Llama as a function of model parameters at 3
different compute budgets. Right: Plot of the power-law fits for the compute optimal number of
parameters dependent on the context length N*(T). Colors indicate context length and marker types
indicate the model types.
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Figure 12: Left: IsoFLOP curves for xLSTM and Llama as a function of training token at 3 different
compute budgets. Right: Plot of the power-law fits for the compute optimal number of parameters
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B ACCOUNTING: PARAMETERS, CACHE SI1ZES, FLOPS, MEMORY
OPERATIONS

In this section, we count number of parameters (App. B.1), memory state or KV cache size B.2,
FLOPs (App. B.3), and memory operations (App. B.4) for mLSTM models based on the architecture
of xXLSTM 7B (Beck et al., 2025b) and Transformer models with Self-Attention based on the Llama
3 architecture (Grattafiori et al., 2024).

We use the notation defined in Tab. 4.

We start with counting the number of memory operations and FLOPs for matrix multiplication, which
is a very common operation in neural networks. A linear layer with input X and output Y and weight
matrix W can be written as

Y = w' . S)
(Bxdow)  (BXdin) (dinXdou)

This linear layer has 2 Bd;,do, FLOPs:
FLOPSjinear = 2Bdindou ©6)
In order to compute the output Y, we need to read the input X and the weights W and write the
output Y. This yields
Bytes;ear = B(din + dowt) X bytesyy + dindow X bytesy, @)

memory operations in loaded and stored bytes. We will use these counts throughout the remainder of
this section.

Table 4: Notation for FLOP and Memory Operation Counts.

Symbol Description

B Batch size

T, (T, T,) Sequence length, (prefill length, generation length)
S Query sequence length (only for Self-Attention)

L Chunk size

dny Head dimension for values and hidden states

dg Head dimension for queries and keys

Amodel Model / Embedding dimension

dst Feedforward dimension

D Feedforward projection factor

Dk Query key projection factor

Thead(,q) Number of (query) heads

Nhead, kv Number of key and value heads

Tchunk Number of chunks

Thyocab Vocabulary size

Niayer Number of layers

Fop FLOPs for the operation OP (e.g. exp)

Flausal Factor that accounts for causality, typically 0.5
bytesy Number of bytes used for each element in tensor X
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B.1 PARAMETER COUNTS

We count the number of parameters of mLSTM models (B.1.1) and Transformer models (B.1.2). We
include embedding and normalization layer parameters in our parameter counts.

B.1.1 MLSTM PARAMS

For the mLSTM models, we use the optmized xLLSTM architecture from Beck et al. (2025b) and

count the parameters in Tab. 5.

Table 5: Parameter counts for the mLSTM Model.

Parameters

Embeddings: Nyocabdmodel
mLSTM (single layer)

PreNorm: Amodel

QKYV: AmodelMhead (2dgk + dhy)
Inpute & Forget Gates: 2dmodelMhead + 27head
Output Gate: dmodel Mhead Ahv
Output Norm: Nhead @hy
Output Projection: inodel head Ahv

Total mLSTM layer NypsT™ layer:

dmodelnhead(quk + dhy + 2) + 2dr2nodel + 2Nhead + 2dmodel

Feedforward (single layer)

PreNorm: dimodel
MLPs: 3dmodel dit
Total Feedforward N ayer: 3dmodetdir + dmodel
Output Norm: Amodel
Unembedding: Amodel Mvocab

Total mLSTM model N, stm:

nlayer(NmLSTM,layer + fo,layer) + 2dmodelnvocab + dmodel

B.1.2 TRANSFORMER PARAMS

For the Transformer models, we assume the Llama architecture with Grouped-Query Attention
from Grattafiori et al. (2024) and count the parameters in Tab. 6.

B.2 MEMORY STATE AND KV-CACHE SIZE

In Tab. 7 we list the memory state and KV cache sizes for the mLSTM and Transformer model archi-
tectures. We compare the mLSTM with standard Multi-Head Attention (MHA) (Vaswani et al., 2017),
Grouped-Query Attention (GQA) (Ainslie et al., 2023) and Multi-Head Latent Attention (DeepSeek-
Al, 2024a).

In contrast to the KV caches of the attention variants, the mLSTM has a fixed size memory state that
does not depend on the sequence length 7.

We compare the size of the memory state and KV cache sizes in number of elements. To obtain the
number of bytes, we multiply by number of bytes per element bytesy.
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Table 6: Parameter counts for the Transformer Self-Attention Model.

Parameters

Embeddings: Thyocab@model

Self-Attention (single layer)

PreNorm: model

QKV: Clmndel (qunhead,q + (qu + dhv)nhead,kv)
Output Projection: AmodelMhead g Bhv

Total Attention layer NAtt,layer: dmodel(qunhead,q + qunhead,kv + dhvnhead,kv) + dgmde] + dmodel
Feedforward (single layer)

PreNorm: model

MLPs: 3dmode1dse

Total Feedforward N ayer: 3dmodeldst + dmodel

Output Norm: Amodel

Unembedding: @modelMvocab

Total Transformer model V, Att: nlayer(N Att,layer + N ff,layer) + 2dmodelnvocab + dmodel

Table 7: Memory State and KV-Cache Sizes for different Sequence-Mix operations. All terms
denote the number of elements.

Sequence Mix Operation Memory Size in #Elements
Multi-Head Attention (MHA): 2Nead g T
Grouped-Query Attention (GQA): 2Npead kv Aoy T
Multi-Head Latend Attention (MLA): %dth

mLSTM: Nhead,q (Ahvdgx + dgk + 1)

B.3 FLOP COUNTS

In this section, we count the FLOPs for the mLSTM and the Transformer model architecture. For
each model architecture we count the sequence length dependent FLOPs for the sequence mix layer
first, i.e. the mLSTM cell (B.3.1) and the Self-Attention layer (B.3.3), and then combine them with
the FLOPs of the other layers in the model architecture to obtain the total FLOPs for the mLSTM
(B.3.2) and the Transformer model (B.3.4).

We do not drop subleading terms and set also count FLOPs for all operations equally, i.e. Fop = 1.
We also count the FLOPs for the normalization layers with Fj,;, = 3 (we assume the factor of 3
because we have mean, variance and division operations). The skip connection FLOPs are counted
with Fyi, = 1, or if neglected with Fy;, = 0. Following our training configuration, we use the
chunkwise-parallel formulation with chunk size I = 64 and Ftayse = 0.5 for the FLOP counts and
scaling laws in the main text.

B.3.1 MLSTM CELL FLOPs

The mLSTM is a linear RNN with gating and can be computed either with a recurrent, a fully parallel
or a chunkwise-parallel formulation (Beck et al., 2025a). Each of these formulations has a different
FLOP and memory operation count. For training and for prefill in inference the mLSTM relies
on the chunkwise-parallel formulation, which parallelizes the computation over the input sequence
and can therefore fully utilize modern hardware. For generation, the mLSTM uses the recurrent
formulation, which uses constant compute and memory per generation step (i.e. compute and memory
requirements are independent of the sequence length).

In this section, we count the number of FLOPs for both the chunkwise-parallel and the recurrent
formulation of the mLSTM cell.
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Chunkwise-Parallel Formulation (Tab. 8, Eq. 8). We list the FLOP counts for the individual terms
of the chunkwise-parallel mLSTM formulation for a single head and a single chunk in Tab. 8.

To obtain the total FLOPs for a full sequence of length 7', we multiply these counts by the number of
(query) heads npeaq and chunks nepunk = 7'/ L. This yields

FLOPSmLSTM,CWp = Nhead X (TLFcausal (Q(qu + dhv) + 8) + TL
+ 2T Feusa + T (4qudhv + 6qu + ddpy + 13) 3

T
+ 7 (2dgidny + 2dgx + 5) ) .

Table 8: FLOP counts for the chunkwise-parallel mLSTM formulation for mLSTM. All terms
denote the FLOP count per head and chunk.

FLOPs Exact Simplified (Fop = 1)
Recurrent computation of the inter chunk states
2L+ $L(L+1)

. 2
Gates: +L(1 + Fop + Fiog + Fag) + 3 + o + Foxp 0-5L7+6.5L +5
Numerator: qukdhv + 2qukdhv + quk qukdhv + 2qukdhv + quk
Denominator: 2dgx + 2Ldg 2dgx + 2Ldg

Parallel computation of the intra chunk outputs

Cumulative Forget Gates: LL(L +1) + L(Fiog + Fug) 0.5L% +2.5L

Gate Matrix: Frausa X (2L2 (34 Fexp + Funax) + L(1 + Fruax)) Fuusa % (5L% +2L)
Intra Outputs: Fuusa X (2L*(dgx + dny) + 3L?) Fuusal X (2L*(dg + dny) + 3L?)
Parallel computation of the inter chunk outputs

Inter Outputs: 2Ldgdny + 3Ldgk 2Ldgdny + 3Ldgk
Combination of inter and intra chunk outputs

Output Combination: 2Ldny + L(1 4 Fiax + Fabs + Fexp) 2Ldp, + 4L

L? Fasa (2(dgk + die) + 8) + L? + 2L Feasa
Total: — +L (4dgxdny + 6dgk + 4dny + 13)
+ (2dgkdny + 2dgx + 5)

Recurrent Formulation (Tab. 9, Eq. 9). We list the FLOP counts for the individual terms of the
recurrent mLSTM formulation for a single head and a single time step in Tab. 9.

To obtain the total counts for one generation step, we multiply by the number of heads npe,q. This
yields
FLOPSmLSTM,rec = NMhead X (6qudhv + 7qu + dhv + 12) . (9)

Table 9: FLOP counts for the recurrent mLSTM formulation for mLSTM. All terms denote the
FLOP count for a single timestep per head.

FLOPs Exact Simplified (Fop = 1)
Gates: 4 4 2Fep + Flog + Fiig + Finax 9

Memory Cell Update: 4d g dhy 4d g dhy
Denominator & Scale:  Gdgx + dhy + 1 + Fips + Finax 6dgx + dny + 3
Output: thvqu + qu thvqu + qu
Total: — 6dgxdny + Tdgx + diy + 12

B.3.2 MLSTM MoDEL FLOPS

The number of FLOPs for the backbone is identical for training, prefill and generation as the operations
(embeddings, linear layers and layernorms) do not depend on the sequence length. Therefore, we
count the FLOPs per token for the mLSTM backbone. To obtain the total FLOPs for the specific
setting we have to use the respective expression for the mLSTM cell FLOPs from Appendix B.3.1.

mLSTM Backbone (Tab. 10). We count the FLOPs for the mLSTM backbone for a single token
in Tab. 10 and leave the mL.STM cell FLOPs unspecified. The number of tokens for one batch of
sequences is BT
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Table 10: FLOP counts for the mLSTM backbone. All terms denote the FLOP count per token, i.e.
to obtain the FLOPs for one batch we multiply by BT tokens.

FLOPs

Embeddings: —

mLSTM (single layer)

PreNorm & Skip: Amodel (Fexip + Form)
QKV: deodelnhead(quk + dhv)
Inpute & Forget Gates: 2dmodelMhead + 2Mhead
mLSTM Cell: FLOPsyst™
Olltpllt Gate: 2dmodelnheaddhv + nheaddth sig
Output Norm: NheadAhy Frorm
Output Projection: 2dmodel Thead dny

Total mLSTM layer FLOPs 1 sTM Jayer: —
Feedforward (single layer)

PreNorm & Skip: Amodel (Fikip + Frorm)
MLPs: 6dmoderdir
Activations: di(1 + Fiwish)
Total Feedforward FLOPSttjayer: —

Output Norm: dmodel Frorm
Unembedding: 2dmodelnvocab

Total mLSTM model FLOPS 1 sTM model: —

B.3.3 SELF-ATTENTION FLOPS

We count the FLOPs for a single Self-Attention head during training or prefill and generation in
Tab. 11. We denote the number of keys and values in the sequence as 7', and the number of queries
as S. During prefill we have S = T, since the input sequence is processed in parallel and during
autoregressive generation we have S = 1, since we generate one token at a time. We typically use
Fiottmax = D and Fiasa = 0.5 following Busbridge et al. (2025) as FLOP factor for softmax (sm).

Table 11: FLOP counts for Self-Attention. All terms denote the FLOP count per (query) head.

FLOPs Generic Prefill (S =1T) Generate (S = 1)
Attention computation

LOgit52 2Squk X Fcausa] 2T2qu X Fcausal 2quk X Fcausul
Attention: STFsoﬂmax X Fcausal Tzanﬂmax X Fcausal TF;oflmax X Fcausa]
Hiddens/Outputs: 25T dny X Foausal 2T%dpy X Fequsal 2T dhy X Frausal

Total: 25T Feausal (dqk + diy + 0.5Fun) 272 Feausat (g + diy + 0.5Fun) 2T Feauaat (dgk + dny + 0.5Fim )

Self-Attention in Training (forward only) and Prefill (Eq. 10). To obtain the FLOPs for all
Self-Attention heads for a full sequence 1" or T},, we multiply by the number of (query) heads nheadq
and the number of tokens 7". This yields

FLOPSAn,train—pref = 2F‘causalT‘znhead,q (qu + dhv + 05F5m) . (10)

Self-Attention FLOPs in Generation (Eq. 16). During generation the number of FLOPs per token
is dependent on the number of previous tokens T" = T}, + t,, where T}, is the number of prefill tokens
and tg is the number of generated tokens so far. We denote the number of total tokens to be generated
as T,. To obtain the FLOP counts for the t,-th generated token, we need to multiply the FLOPs for
the Self-Attention layer by the number of (query) heads 7pead,q- We obtain the FLOPs for the ¢,-th
generated token as

FLOPSAtt,gen-step(tg) = 2-Fcausalnhead,q (qu + dhv + 05F§m) (Tp + tg) . (1 1)
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With a = 2F ysa1Mheadq (qu + dpy + 0.5Fsm) we can compute the total FLOPs for T, generated
tokens as the sum of FLOPs for each generated token as

Ty
FLOPSAtt,gen-seq = Z FLOPSAlt,gen»slep(tg) (12)
ty=1
Ty
= (aT} + aty) (13)
ty=1
Ty
=alyTy+a ) t (14)
tg=1
1
=aTl T, + §aTg(Tg +1). (15)

As a result we obtain the total FLOPs with a prefill or prompt length 7}, and a total number of
generated tokens T, as

1
FLOPSAtt,gen-seq - 2Fcausalnhead,q (qu + dhv + O5F§m) (TpTg + iTg(Tg + 1)) . (16)

B.3.4 TRANSFORMER MODEL FLOPSs

Similar to the mLSTM backbone in Appendix B.3.2, the number of FLOPs for the Transformer
backbone is identical for training, prefill and generation as the operations (embeddings, linear layers
and layernorms) do not depend on the sequence length. Therefore, we count the FLOPs per token
for the Transformer backbone. To obtain the total FLOPs for the specific setting we have to use the
respective expression for the Self-Attention layer FLOPs from Appendix B.3.3.

Transformer Backbone (Tab. 12). We count the FLOPs for the Transformer backbone for a single
token in Tab. 12 and leave the Self-Attention FLOPs unspecified. The number of tokens for one batch
of sequences is BT'.

Table 12: FLOP counts for the Transformer backbone. All terms denote the FLOP count per
token, i.e. to obtain the FLOPs for one batch we multiply by BT tokens.

FLOPs

Embeddings: —

Attention (single layer)

PreNorm & Skip: dmodel (Fikip + Frorm)

QKV: 2dmodel(qunhead,q + qunhead,kv + dhvnhead,kv)
Attention: FLOPsa

Output Projection: 2dmodelMhead,qhy

Total Attention layer FLOPs o ayer: —

Feedforward (single layer)

PreNorm & SKip: Amodet (Fikip + Frorm)
MLPs: 6dmodet At
Activations: dir(1 + Fewish)
Total Feedforward FLOPSg jayer: —

Olltpllt Norm: dmodel E norm
Unembedding: 2dmodelMvocab

Total Transformer model FLOPS s model: —
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B.4 MEMORY OPERATION COUNTS

In this section, we count the memory operations for the mLSTM and the Transformer model architec-
ture. We follow the same outline as for the FLOP counts in Appendix B.3 and first count the memory
operations for the mLSTM cell (B.4.1) and the Self-Attention layer (B.4.3), and then combine them
with the memory operations of the other layers in the model backbone to obtain the total memory
operations for the mLSTM (B.4.2) and the Transformer model (B.4.4). We model weight MemOps
as a one-time streaming cost (perfect on-chip reuse), i.e., independent of the number of token in the
batch BT'. This is reasonable with persistent/fused kernels and per-rank weight matrices that fit in
on-chip cache. Depending on the exact experimental configuration, this assumption might not hold as
we observe when modeling the step time through MemOps in Section C.3.

We include the memory operation count for the normalization layers, but can neglect them by setting
bytes = 0 and bytes = 0.

norm act,norm

B.4.1 MLSTM CELL MEMOPS

Similar to the FLOP counts in Appendix B.3.1, we count the memory operations for the mLSTM cell
for both the chunkwise-parallel and the recurrent formulation.

Chunkwise-Parallel Formulation (Tab. 13, Eq. 17). The implementation of the chunkwise-parallel
mLSTM formulation consists of two kernels (Beck et al., 2025a). We count the memory operations
for the loading and storing of the inputs and outputs of each kernel for a single chunk and head in
Tab. 13.

By multiplying with the number of heads rnpe,q and the number of chunks nennk = 7'/ L, we obtain
the total memory operation counts for the chunkwise-parallel mLSTM formulation as

T
BYteS uustmewp = Thead T (4L x bytes; + 3L (dny + dgi) X bytesy, an

+ 2nhead (L + dhvqu + qu + 1) X byteSCmn)'

Table 13: Memory operation counts for the chunkwise-parallel mLSTM formulation. All terms
denote the memory operation count per head and chunk.

Bytes

Inter-chunk Recurrent Kernel
Load:  L(dg + dny) X bytesg, + 2L x bytes;e
Store: (dgkdny + dgx + 1) x bytese,,,,

Intra-chunk Parallel Kernel

L(2dgk + dnv) % bytesy, + 2L x bytes;
+(dgxdy + dgx + 1) X bytesc,,,,,

Store: Ldy, x bytes ., + 2L x bytes,,,..

Load:

qkv

4L x bytes;
Total: +3L (dnv + dgk) X bytesy,
+2 (L + dnvdgx + dgk + 1) X bytesc,,..

Recurrent Formulation (Tab. 14, Eq. 18). During text generation we use the recurrent formulation,
which loads the previous memory state and the current input and stores the output and the next
memory state. We obtain the total memory operation counts for the recurrent mLSTM formulation
by multiplying the counts in Tab. 14 with the number of heads npeqq:

BYeS 1 srmrec = Mhead X (2 X bytesie + 2(dny + dg) X bytesy, + 2dndg X bytes,,, ).  (18)

B.4.2 MLSTM MODEL MEMOPS

The memory operations of each layer of the backone (excluding the mLSTM cell) consist of the input
and output activations as well as the parameters. The inputs and outputs depend on the number of
tokens BT in the batch, whereas the parameters are independent of the number of tokens.
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Table 14: Memory operation counts for the recurrent mLSTM formulation. All terms denote
the memory operation count for a single timestep per head. We assume the states are materialized at
every timestep.

Bytes

(2dg + dny) x bytesy,, + 2 X bytes;c
+(dgkdny + dg + 1) X bytesc,,...

Store:  dny X bytesy, + (dgxdhv + dgk + 1) X bytesc,,,,

Load:

2 x bytes; + 2(dnv + dak) X bytesy,

Total: +2dhvqu X byteSCmn

The total memory operations for each layer are the sum of the memory operations for the input and
output activations and the parameters and are given in Tab. 15. By default, we assume that all weights
are stored in the same precision and use the same number of bytes bytesy;, for all weights.

Table 15: Memory Operation counts for the mLSTM Model.

Memory Ops in bytes Input & Output Activations Weights
Embeddings: BTnyocabdmodel X bytesyy

mLSTM (single layer)

PreNorm: BT dmodel X bYLeS 4 norm diodel X bytesy,

QKV: BT (dmodet + Mhead (2dqx + diy)) X bytesgy,  dmodeihead(2dgk + dhy) X bytesy,
Inpute & Forget Gates: 2BT (dmodel + Mhead) X bytes; (2dmodel Mhead + 27head) X bytesy,
mLSTM Cell: Bytes,istv -

Output Gate: BT (dmodel + Mheaddny) X bytes,, dmodeiThead dhy X bytesyy,
Output Norm: BT nheaddny X BYES ¢ norm Thead@hy X bytesy,

Output Projection: BT (dmodel + Mheaddny) X bytes, dinodelMheaddny X bytesyy,

Total mLSTM layer Bytes ;; sty jayer: —

Feedforward (single layer)
PreNorm: BT dmodel X bytesmmm dmodel X bytesy,

‘norm

MLPs: 3BT(dmodel + dff) X bytesacl,ff 3dm0dﬂd“byteswv“
Total Feedforward Bytesg e, —

Output Norm: BT dmodel X bYteS ¢ norm dmodel X bytesy,

Unembedding: BT<dmnde] + nvocab) X bytesuc[ dmﬂde]n‘/‘wab X bytesVVemh
Total mLSTM model N stum: —

B.4.3 SELF-ATTENTION MEMOPS

Similar to the FLOP counts in Appendix B.3.3, we count the memory operations for a single
Self-Attention head during training or prefill and generation.

These two cases have very different memory operation counts, as during training and prefill we need
to load the full sequence of tokens only once, whereas during autoregressive generation we have to
load all previous tokens T}, + ¢, (i.e. the whole KV cace) for each generated token.

We consider FlashAttention implementations for the Self-Attention operation (Dao, 2024), where the
Attention logits are not materialized in HBM. Therefore, we only count the memory operations for
loading the query, key and value inputs and the output of Self-Attention in Tab. 16.

Self-Attention in Training and Prefill (Eq. 19). During training and prefill we need to load the full
sequence of 1" or T, tokens only once. The total memory operation counts are given by

BYtes o train-prer = (T (dgk + dhy)(Mhead,q + nhead,kv)) X bytesgy, - (19)

Self-Attention in Generation (Eq. 21). Similar to the FLOP counts in Appendix B.3.3, also the
memory operation counts for the Self-Attention layer during generation depend on the number of
previous tokens T' = T}, + t,, where T}, is the number of prefill tokens and ¢, is the number of
generated tokens so far.
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Table 16: Memory operation counts for FlashAttention. For training and prefill 7' = S, while for
generation S' = 1.

Bytes Generic
Load: (quknhead,q + T(qu + dhv)nhead,kv) X bytesqu
Store: SdhyNhead,q X bytesqu

Total:  (S(dgk + di)nheadq + T'(dgk + diy ) Pheadkv) X bytesg,

The number of memory operations for the ,-th generated token is given by
BytesAtt,gen—step(tg) = ((qu + th)”head,q + (TP + tg)(qu + dhv)nhead,kv) X bytesqu (20)

Similar to equations (12)-(15), we can compute the total number of memory operations for T,
generated tokens by summing up the per-step memory operations

ByteSAtt,gen-seq = bytesqu X (Tg(qu + dhv)nhead,q
. @1)
+ (T, + §Tg(Tg + 1)) (dgx + dhv)nhead,kv>

B.4.4 TRANSFORMER MODEL MEMOPS

Similar to the mLSTM backbone in Appendix B.4.2, the number of memory operations for the
Transformer backbone (excluding the Self-Attention layer) consist of the input and output activations
as well as the parameters. The memory operations for input and output activations depend on the
number of tokens BT in the batch, whereas the parameters are independent of the number of tokens.

The total memory operations for each layer are the sum of the memory operations for the input and
output activations and the parameters and are given in Tab. 17. By default, we assume that all weights
are stored in the same precision and use the same number of bytes bytesy,, for all weights.

Table 17: Memory Operation counts for the Transformer Model.

Memory Ops in bytes Input & Output Activations Weights

Embeddings: BT Nyocab@model X bytf:swc -

Attention (single layer)

PreNorm: BT dmodel X bYES, o norm dimodel X bytesy,

QKYV: BT (dmodel + Thead (2dgx + dny)) X bytesy,  dmodel (dgkihead.q + (dgk + dhy)Ttheadv) X bytesyy,,
Attention: Bytes —

Output Projection: BT (dimodel + Theadqdny) X bytes,, modelMheadq v X bytesyy,

Total Attention layer Bytes sy e,

Feedforward (single layer)
PreNorm: BTdodel X bytes, i norm dmoder X bytesyy,
MLPs: 3BT (dmodel + dit) X bytes,., g 3dmoderdiebytesyy,

Total Feedforward Bytes,ye,:

Output Norm: BTdodel X bytes, i norm dmodel X bytesyy,
Unembedding: BT (dmodel + Tvocab) X bytes,q dmodelMvocab X bytesy,

Total Transformer model Ny:
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C MODELING INFERENCE CHARACTERISTICS

In this section, we create a model of the theoretical runtimes of operations in the XLSTM and
Transformer model architectures to model their inference characteristics (TTFT and step time). This
theoretical model is based on the FLOP and the memory operation counts in Appendix B.

This theoretical model of inference characteristics has two purposes: First, it allows to investigate the
theoretical differences in maximal inference speed between XLSTM and Transformer architectures
and explain the empirically observed behavior. Second, based on TTFT and step time measurements
for specific architecture configurations, it allows to predict the theoretical inference speed for other
(possibly larger) configurations and take this into account for selecting the optimal architecture
configuration based on our scaling laws. This is important if there are certain requirements on
maximal TTFTs or step times for a particular use-case. With this theoretical model, it is easily
possible to determine model configurations which satisfy those conditions.

C.1 BACKGROUND: THEORETICAL RUNTIME

In order to estimate the total theoretical runtime of workloads on GPUs or TPUs, we can break down
the runtime into three components (Austin et al., 2025, Part 1):

¢ Compute time 7 ops: The time it takes to perform the FLOPs of the workload on the
GPU(s).

* Memory time 7 .,: The time for memory loads and stores from and to GPU memory
during a workload.

¢ Communication time 7 comm: The time for communicating or transferring data (e.g. inter-
mediate results) between multiple GPUs taking part in a workload.

Given the number of floating point operations FLOPs,,,, the number of bytes Bytes

be loaded and stored, and the number of bytes Bytes

GPUs, we can compute the individual runtimes as
FLOPSa]go Bytesmem,algo Bytescomm,algo

T FLOPs,algo = 5 Tmem,algo = and T comm,algo = ) (22)
Q acc ﬁ acc 7 Bytes

mem,algo that Must

comm,algo that must be communicated between

where o acc, Bacc and ¥ pytes are the accelerator specific compute speed in FLOPs/s, the accelerator
memory bandwidth in Bytes/s and the accelerator communication bandwidth in Bytes/s, respectively.

For accelerator speed « 4., accelerator memory bandwidth (.., and accelerator communication
bandwidth v gy, We use the hardware specifications of NVIDIA V1003, A100*, H100° and B200°
GPUs, which we summarize in Tab. 18.

Table 18: Hardware Accelerator Specification for NVIDIA GPUs used in this analysis. Values
without sparsity. If only the value with sparsity is known, we divide by 2.

. . . . Communication
bfloatl6 Memory Bandwidth  Arithmetic Intensity .

GPU Year Bandwidth

[FLOPs/s] [Byte/s] [FLOPs/byte] [Byte/s]
V100 SXM2 2017 120e12 0.9¢12 133 0.3e12
A100 SXM 2020 312el12 2.039¢12 161 0.6e12
H100 SXM 2022 989¢12 3.35e12 295 0.9¢12
B200 HGX 2025 2250e12 7.7e12 292 1.8e12

If there is no overlap between computation and memory or communication operations, or in other
words if we cannot load, store or communicate data while the GPU is doing FLOPs, the total runtime

*https://www.nvidia.com/en-au/data-center/v100/
*https://www.nvidia.com/en-us/data-center/al00/
‘https://www.nvidia.com/en-au/data-center/h100/
Snttps://resources.nvidia.com/en-us-blackwell-architecture/datasheet
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is the sum of the two, i.e.

Talgo,upper = T FLOPs,algo T Tmem/comm,algo- (23)
If the computation and memory or communication operations can be overlapped (i.e. happen in
parallel), the total runtime is the maximum of the two, i.e.

7-algo,lower = Imax (TFLOPs,algm 7—mem/comm,algo) . (24)

This means the runtime is lower bounded by the maximum of the two and upper bounded by their
sum (Austin et al., 2025, Part 1).

Roofline model. A helpful model for determining whether runtime is bounded by computation
(compute-bound) or by memory/bandwidth (memory-bound) is the roofline model (Williams et al.,
2009), see Figure 13 for an illustration. The roofline relates the attainable FLOPs/s with the arithmetic
intensity I,j4, of the operation performed on the GPU which is given by

FLOPs 0

25
Bytes 25)

Ialgo = .
algo
Thus, the arithmetic intensity is the FLOPs per byte for a given operation. When the arithmetic
intensity of operations increases, the attainable FLOPs/s increase linearly - operations are essentially
memory-bound; the GPU has to wait for bytes to arrive to perform calculations. In this setting, the
runtime is effectively given by Timem/comm,algo-

Upon reaching the arithmetic intensity of the accelerator I, (see
. . @ NS Memory Bound

Tab. 18 for specifications for common GPU types), the “roofline

. . . Compute Bound

is reached and operations are essentially compute bound; the

GPU still performs calculations while the next inputs are ready.

In this setting, the runtime is effectively given by TrLops,algo-

Inference stages. As outlined in Section 4, inference with LLMs
is typically split into two stages, prefill and generation.

Realized FLOPs/s

For the prefill stage, the TTFT is the key performance metric
which is the runtime of the LLM in processing an input sequence
if a certain prefill length, building up caches (Transformer) /
memory cells (xLSTM) and generating the first token. Following
Austin et al. (2025, Part 7), we assume that even at relatively low prefill lengths of 256, inference is
dominated by large matrix multiplications for both Transformers and XLSTM and therefore consider
the prefill stage the be compute bound. While this might not perfectly model very small prefill lengths,
those are generally dominated by constant overheads.

Arithmetic Intensity (FLOPs/Byte)

Figure 13: Roofline model.

For the generation stage, step time is the key performance metric which is the runtime of the LLM
in generating a new token after having processed the the whole input sequence up to the last token.
This means that during a forward pass, only a tiny amount of compute is necessary to account for this
new token. However, for Transformers it is necessary to load from the KV cache, which is a very
bandwidth-intensive operations, followed by streaming weights and storing and loading activations
for both architectures. Consequently, arithmetic intensities during generation are generally rather
low (see also Austin et al., 2025, Part 7). We thus assume that during the generation stage, both
Transformers and xXLSTM are memory bound.

C.2 PREFILL STAGE: TIME TO FIRST TOKEN

As we assume to be compute bound during prefill, we model the runtime of the prefill stage which
corresponds to the TTFT as (c.f. Eq. (4)):

FLOPSug |

O eff

TFLOPs,algo = (26)
FLOPs,4, can be calculated analytically given the FLOPs calculations provided in Appendix B.3,
« off and € need to be fitted using the measured data. Exemplarily, we show the runtimes fitted for the
measured TTFT in Figure 14 (Transfomer) and Figure 15 (xXLSTM) for different model sizes. We fit
« off and e per model configuration on TTFTs obtained under various combinations of batch sizes
and prefill lengths. Our fits show excellent agreement between the predictions from our quantitative
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Figure 14: Time to first token, measured and fitted, for a 7B Transformer model as a function of
prefill for different batch sizes.
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Figure 15: Time to first token, measured and fitted, for a 400M xLSTM model as a function of prefill
for different batch sizes.

runtime model and the measured data. In Figure 16 we further show the quotient of the fitted v e
and the hardware parameter o, for all model sizes. If aefr/ 4 = 1, the hardware would be
perfectly utilized according to our model. We see that for both Transformers and xLSTM, the quotient
increases, thus larger models utilize the hardware better. Furthermore, both models show relatively
similar trends and magnitudes, indicating that the empirical measurement setup allowed for a fair
comparison.

C.3 GENERATION STAGE: STEP TIME

As we assume to be memory-bound during generation stage, we model the runtime of the generation
stage which corresponds to the step time as (c.f. Eq. 4):

Bytes
T mem,algo = — memalgo +e€. 27)
6 eff
Bytes em,aigo €an be calculated analytically given the MemOps calculations provided in Appendix B.4,

Beir and € need to be fitted using the measured data. Furthermore, we found that the fit quality for
Transformer further improved by fitting another constant that scales with the batch size. Exemplarily,
we show the runtimes fitted for the measured step times in Figure 17 (Transformer) and Figure 18
(xLSTM) for different model sizes. Again, we find a very good agreement between the predictions
from our quantitative runtime model and the measured data.
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Figure 16: Comparing the fitted a. to the accelerator a,. (98912 for a H100 see Tab. 18). With
our experimental setup, we attain similar effective FLOPs for both the Transformer and xXLSTM. As
expected, the accelerator is better utilized by larger models.
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Figure 17: Step time, measured and fitted, for a 7B Transformer model as a function of prefill for
different batch sizes.
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Figure 18: Step time, measured and fitted, for a 400M xLSTM model as a function of prefill for
different batch sizes.
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D MODEL CONFIGURATIONS

In this section, we list the model hyperparameters and sizes of all training runs in Token/Param
(Sec. D.1) and IsoFLOP (Sec. D.2) of the dataset for our scaling law study.

D.1 MODEL SIZES AND HYPERPARAMETERS IN TOKEN/PARAM CONFIGURATION

Table 19: List of hyperparameters for xLSTM models trained with the Token/Param configuration
with context length 7" = 8192.

#Params (M) ‘ dmodel dft qu dhv Nheads Niayer B (SeqS) LR
164 768 2112 64 128 6 12 128 3e-3

406 | 1024 2752 128 256 4 24 128  3e-3, le-3

841 1536 4160 192 384 4 24 256 le-3, 8e-4

1420 | 2048 5504 256 512 4 24 256 8e-4, Te-4

2780 | 2560 6848 256 512 5 32 512 Te-4

6865 | 4096 10944 256 512 8 32 256,512 Se-4,4e-4

Table 20: List of hyperparameters for Transformer models trained with the Token/Param
configuration with context length 1" = 8192.

#Params (M) ‘ dmodel dff dhv TMheads nlayer B (SeqS) LR
162 768 2048 64 12 12 128  3e-3, 1e-3

406 1024 2752 64 16 24 128  3e-3, 1e-3

834 | 1536 4096 96 16 24 256 le-3

1420 | 2048 5504 128 16 24 256 8e-4

2779 | 2560 6848 80 32 32 512 Te-4

6863 | 4096 10944 128 32 32 256,512 Se-4
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D.2 MODEL SIZES AND HYPERPARAMETERS IN ISOFLOP CONFIGURATION

Table 21: List of hyperparameters for xXLSTM models trained with the IsoOFLOP configuration.

#Params (M) ‘ Amodel dsg qu dhy  Theads TNiayer

83 512 1408 64 128
90 512 1408 64 128
96 512 1408 64 128
102 512 1408 64 128
114 640 1728 64 128
123 640 1728 64 128
128 640 1728 64 128
133 640 1728 64 128
143 640 1728 64 128
164 768 2112 64 128
185 768 2112 64 128
207 896 2432 64 128
207 768 2112 64 128
236 896 2432 64 128
265 896 2432 64 128
295 896 2432 64 128
324 896 2432 64 128
330 | 1024 2752 128 256
353 896 2432 64 128
368 | 1024 2752 128 256
406 | 1024 2752 128 256
444 | 1024 2752 128 256
482 | 1024 2752 128 256
503 | 1152 3136 64 128
552 | 1152 3136 64 128
601 | 1152 3136 64 128
604 | 1280 3456 128 256
664 | 1280 3456 128 256
715 | 1408 3776 64 128
724 | 1280 3456 128 256
787 | 1408 3776 64 128
841 | 1536 4160 128 256
859 | 1408 3776 64 128
927 | 1536 4160 128 256
1013 | 1536 4160 128 256
1108 | 1792 4800 128 256
1224 | 1792 4800 128 256
1340 | 1792 4800 128 256
1421 | 2048 5504 128 256
1573 | 2048 5504 128 256
1772 | 2304 6208 128 256
1876 | 2048 5504 128 256
1964 | 2304 6208 128 256
2028 | 2048 5504 128 256
2157 | 2304 6208 128 256
2350 | 2304 6208 128 256
2781 | 2560 6848 128 256 10 32
3017 | 2560 6848 128 256 10 35
3150 | 2816 7552 128 256 11 30
3254 | 2560 6848 128 256 10 38
3342 | 2816 7552 128 256 11 32
3533 | 2816 7552 128 256 11 34
3724 | 2816 7552 128 256 11 36
3726 | 3072 8256 128 256 12 30
3954 | 3072 8256 128 256 12 32
4410 | 3072 8256 128 256 12 36
4597 | 3328 8896 128 256 13 32
5130 | 3328 8896 128 256 13 36
5311 | 3584 9600 128 256 14 32
5930 | 3584 9600 128 256 14 36
6464 | 4096 10944 128 256 16 30
6867 | 4096 10944 128 256 16 32

—_

—_
NolNelieIiNole JNoNeLRe SRR IEN IEN o) e I e M 24Nl ¥, IV, BN NN R S S S S BRI IR N BEN e NN e e NIV IV, IRV, U, Y R S
198
(=)

—

37



Appendix D Appendix for Section 3.4: xXLSTM Scaling Laws 221
Published as a conference paper at ICLR 2026

Table 22: List of hyperparameters for Transformer models trained with the IsoFLOP configura-
tion.

#Params (M) ‘ dmodel dff dv Tlheads Niayer
83 512 1408 o4 8 10

90 512 1408 64 8 12

96 512 1408 64 8 14

102 512 1408 64 8 16

113 640 1728 64 10 10
128 640 1728 o4 10 13
133 640 1728 64 10 14
143 640 1728 64 10 16
162 768 2048 64 12 12
183 768 2048 64 12 15
204 768 2048 64 12 18
207 896 2432 64 14 12
236 896 2432 64 14 15
265 896 2432 64 14 18
294 896 2432 64 14 21
324 896 2432 64 14 24
330 | 1024 2752 64 16 18
368 | 1024 2752 64 16 21
406 | 1024 2752 64 16 24
444 | 1024 2752 64 16 27
482 | 1024 2752 64 16 30

498 | 1152 3072 128 9 24
545 | 1152 3072 128 9 27
593 | 1152 3072 128 9 30

604 | 1280 3456 128 10 24
664 | 1280 3456 128 10 27
714 | 1408 3776 128 11 24
723 | 1280 3456 128 10 30
786 | 1408 3776 128 11 27
834 | 1536 4096 128 12 24
858 | 1408 3776 128 11 30
919 | 1536 4096 128 12 27
1003 | 1536 4096 128 12 30
1107 | 1792 4800 128 14 24
1223 | 1792 4800 128 14 27
1339 | 1792 4800 128 14 30
1420 | 2048 5504 128 16 24
1572 | 2048 5504 128 16 27
1723 | 2048 5504 128 16 30
1760 | 2304 6144 128 18 24
1951 | 2304 6144 128 18 27
2142 | 2304 6144 128 18 30
2334 | 2304 6144 128 18 33
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E CoOMPUTE OPTIMAL PARAMETER, TOKEN AND FLOP COUNT ESTIMATES

In this section, we determine compute-optimal training setups for various model sizes based on the
scaling laws derived from our IsoFLOP approach in sections 3.4 and 3.5. In Section E.1, we show
the configurations for our power laws obtained for a context length of 8192 (see Figures 4 and 9),
while in Section E.2 we present the compute optimal configurations obtained from our power law fits
for varying context lengths (see Figures 5 and 10). The power law fits for Section E.2 contain fewer
IsoFLOP profiles than the fits for Section E. 1.

We construct these tables by first choosing a range of model sizes, then identifying the optimal
compute budget associated with each size (for example, from Figures 4 or 5), and finally inferring the
corresponding optimal number of training tokens, such as from Figures 9 or 10.

Across all tables in sections E.1 and E.2, we observe that Transformer models have a higher compute-
optimal token-to-parameter ratio than xLSTM models.

Moreover, in contrast to the Chinchilla scaling laws, which find that the optimal token-to-parameter
ratio is constant at around 22 across model sizes (Hoffmann et al., 2022, Table 3), our compute
optimal token-to-parameter ratio decreases for larger models. This difference arises primarily from
the distinct exponents in the scaling laws (Ours: a = 0.575, b = 0.424 vs. (Hoffmann et al., 2022,
Table 2): a = 0.49(0.462,0.534), b = 0.51(0.483, 529)). Porian et al. (2024) have investigated these
discrepancies and found the root cause to be in the learning rate decay for the training runs in the
IsoFLOP configurations (see also Appendix A.3). They found exponents comparable to those in our
work and were able to reproduce the Chinchilla scaling law exponents by using a fixed learning rate
across all [soFLOP training runs.

E.1 CoOMPUTE OPTIMAL CONFIGURATIONS FOR CONTEXT LENGTH 8192

Table 23: Estimated optimal training FLOPs, Tokens, and Token/Param Ratio for varying model sizes
from IsoFLOP power-law fits for Transformer and xXLSTM models trained with context length
8192. The table is obtained from Figures 4 and 9.

Transformer xLSTM

#FLOPs #Tokens Token/ #FLOPs #Tokens Token/
A'=0.0023 B’ =585 Param | A’ =0.012 B’ =77.7 Param
a=0.575 b=0.424 Ratio a = 0.547 b=0.417 Ratio

#Params
100M 3.24e18 4.17B 41.7 1.33e18 2.83B 28.3
400M 3.61e19 11.6B 29.0 1.68e19 8.15B 20.4
1B 1.78e20 22.8B 22.8 8.97¢19 16.4B 16.4
2B 5.94e20 38.1B 19.0 3.18e20 27.8B 13.9
4B 1.98e21 63.5B 159 1.13e21 47.1B 11.8
8B 6.62e21 106B 13.2 4.01e21 79.9B 10.0
10B 9.76e21 125B 12.5 6.03e21 94.8B 9.5
14B 1.75e22 160B 11.4 1.11e22 122B 8.7
32B 7.38e22 295B 9.2 5.05e22 230B 7.2
67B 2.67e23 508B 7.6 1.95e23 404B 6.0
175B 1.42e24 1.03T 5.9 1.13e24 840B 4.8
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E.2 CoMPUTE OPTIMAL CONFIGURATIONS FOR VARYING CONTEXT LENGTHS

Table 24: Estimated optimal training FLOPs, Tokens, and Token/Param Ratio across context lengths
from IsoFLOP context-specific power-law fits for Transformer models. The table is obtained from
Figures 5 and 10.

ctx length: 2048 8192 16384
#FLOPs #Tokens Token/ #FLOPs #Tokens Token/ #FLOPs #Tokens Token/
A'=00069 B =74 Param | A'’=0.0021 B’ =65 Param | A’ =0.0025 B’ =34.5 Param
a=0.553 b=0.423 Ratio a = 0.577 b=0.422 Ratio a = 0.569 b=0.432 Ratio

#Params

100M ‘ 2.27el18 4.24B 42.4 3.26e18 4.19B 41.9 4.19e18 3.91B 39.1
400M 2.78e19 12.2B 30.5 3.5919 11.5B 28.8 4.78e19 11.2B 28.0
1B \ 1.46e20 24.6B 24.6 1.76e20 22.5B 22.5 2.39¢20 22.5B 22.5
2B 5.09¢20 41.7B 20.8 5.84e20 37.4B 18.7 8.07¢20 38.1B 19.0
4B \ 1.78e21 70.8B 17.7 1.94e21 62.1B 15.5 2.73e21 64.5B 16.1
8B 6.23e21 120B 15.0 6.44e21 103B 12.9 9.21e21 109B 13.6
10B \ 9.32e21 143B 14.3 9.48e21 121B 12.1 1.36e22 129B 12.9
14B 1.71e22 184B 13.1 1.7¢22 155B 11.1 2.46e22 167B 11.9
32B \ 7.62e22 346B 10.8 7.11e22 284B 8.9 1.05e23 313B 9.8
67B 2.9e23 609B 9.1 2.56e23 487B 7.3 3.85e23 549B 8.2
175B ‘ 1.64e24 1.27T 7.3 1.35e24 982B 5.6 2.08e24 1.14T 6.5

Table 25: Estimated optimal training FLOPs, Tokens, and Token/Param Ratio across context lengths
from IsoFLOP context-specific power-law fits for XLSTM models. The table is obtained from
Figures 5 and 10.

ctx length: 2048 8192 16384
#FLOPs #Tokens  Token/ #FLOPs #Tokens Token/ #FLOPs #Tokens  Token/
A’ =0.0086 B’ =141 Param | A’ =0.0161 B’ =46.8 Param | A’ =0.005 B’ =336 Param
a = 0.555 b=0.403 Ratio a = 0.541 b=0.429  Ratio a=0.566 b=0.385 Ratio

#Params

100M 1.32e18 2.83B 28.3 1.3e18 2.74B 27.4 ‘ 1.58e18 3.44B 34.4
400M 1.6e19 7.73B 19.3 1.69¢19 8.22B 20.6 1.83e19 8.85B 22.1
1B 8.32e19 15B 15.0 9.21e19 17B 17.0 ‘ 9.23e19 16.5B 16.5
2B 2.9e20 249B 12.4 3.32e20 29.5B 14.8 3.14e20 26.5B 13.2
4B 1.01e21 41.1B 10.3 1.2e21 51B 12.8 ‘ 1.07e21 42.4B 10.6
8B 3.51e21 68B 8.5 4.31e21 88.4B 11.0 3.64e21 68B 8.5
10B 5.25e21 79.9B 8.0 6.52e21 106B 10.6 ‘ 5.39%21 79.1B 7.9
14B 9.62e21 102B 7.3 1.21e22 138B 9.9 9.77e21 99.5B 7.1
32B 4.26e22 186B 5.8 5.6e22 266B 8.3 ‘ 4.21e22 175B 5.5
67B 1.61e23 318B 4.7 2.2e23 477B 7.1 1.55e23 289B 4.3
175B 9.07e23 638B 3.6 1.3e24 1.02T 5.8 ‘ 8.47e23 555B 3.2
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