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Motivation

* Successes of Transformer with Self-Attention:
o ChatGPT, Diffusion Models, Computer Vision, Climate Modelling, ...

* Drawbacks of Self-Attention:
o Scales quadratically with sequence length
° Very expensive (ChatGPT could cost 700k $ per day [1])

* Many have tried to improve Self-Attention:
o Approximation based: Approximating the softmax or the attention matrix
o State Space Models based: H3, Hyena
o RWKYV: Linear recurrence

* Qur work: xLSTM

' z U [1] https://www.businessinsider.com/how-much-chatgpt-costs-openai-to-run-estimate-report-2023-4?r=US&IR=T&utm_source=copy-
link&utm_medium=referral&utm_content=topbar


https://www.businessinsider.com/how-much-chatgpt-costs-openai-to-run-estimate-report-2023-4?r=US&IR=T&utm_source=copy-link&utm_medium=referral&utm_content=topbar
https://www.businessinsider.com/how-much-chatgpt-costs-openai-to-run-estimate-report-2023-4?r=US&IR=T&utm_source=copy-link&utm_medium=referral&utm_content=topbar

Outline

* The competitor: Self-Attention and the Transformer architecture
* The contenders: XxLSTM Family
* The competitions: Outline of the Experiments

JXU



The competitor: Self-Attention
and the Transformer architecture



Transformer Decoder Only Architecture Sequence length:

Embedding dim.: dmodel

Transformer Decoder Transformer Block Vocabulary size:
output probabilities '

P € RS XMvocab X/ = RSdeodel

Nvocab

X’ E RSXdrnodel
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*tied weights (optional) X & RSdeodel
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Multi-Head Attention

Y & RSdeodel

MH Self-Attention ‘

1
X - RSdeodel

4

Linear
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Y E RSdeodel
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Sequence length: S
Embedding dim.: d,,,odel
Head dimension: dpead

Num. of heads: Nhead
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Self-Attention

! VQKT ) )
SelfAttention(Q, K, V) = (Softmax (— O©D|V
( ) dhcad

J z U Vaswani, Ashish, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N. Gomez, Lukasz Kaiser, and lllia Polosukhin. “Attention Is All You Need.” 2017.
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combination matrix values

Sequence length: S
Head dimension: dpead

Q, K,V € R%*dnead

1 0 ...
D = 1 1 ... ERSXS

G, Ky, vp € R%ead



The QKV Product

VI=(QK'")V
a1 o
. CH
qs vg
gk q ks - qiks o
ok gks - @ ks | [vg
qski  qska -+ qsks v
vii (g1 k1)v] + (q] k2)vd + -+ (g1 ks)v
i || (ko] + (a2 k)l + oo+ (a3 ks)vg
v (g5k1)v] + (g5ka)vy + -+ + (g5ks)vy

Sequence length: S
Head dimension: dpead

Q, K,V € R nead

1 0 ...
D = 1 1 ... ERSXS

G, Ky, vp € R%ead

With causal masking:

mam) V' = (QK'©D)V



The QKDV Product

VI =( QK" oD)V

’U;ILT (QIkl)’UI

vy (g3 k1)v1 + (g3 k2)vg

vy (g5k1)v] + (g5k2)vy + -+ + (q5ks)v
g1 (k1vy)

g3 (k1v] + kavl)

qg(kle — kQU—Ql_ + -4 k'gvg)

‘ Compact form for every time step:

JXU

Sequence length: S
Head dimension: dpead

Q, K,V € R nead

1 0 ...
D = 1 1 ... ERSXS

G, Ky, vp € R%ead

Associative property
of matrix multiplication:

(q; kj)v; = q; (kjv})

This is one core idea
of Linear Attention!




The SOftmax Sequence length: S

Head dimension: dpead

queries, keys, values

_ d
Foravector =z =|[xy,22,...,24-1,24] €R g1, Ky, v, € Rifnead

we can compute the softmax with

e e
(softmax(z)); = =
etlT + er2 4 |, + eTd n
QKVD Product with Softmax (i.e. Self-Attention):
t . t X i
T edt ki o] ed: ki -
(V) — = V:
i i ij i T t T 7
q; k1 q; k2 q; ki ql k
RN RSN P B s
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The Softmax

For avector « = [z1,29,...,2q-1,2%q] € R
we can compute the softmax with Not numerically stable!
e’ e’
(softmax(x)); = = x
erl + e*2 + ... 4 evd n

Numerically stable softmax:
Numerically stable!

emi—maxﬁzl Tl ezr:@-—m
(softmax(z)); = _ v/

d d
eT1—maxy . Tk 4o+ eTd—Mmaxy , Tk n

Stable softmax requires three passes over the vector x!
(1. Computing m, 2. Computing n, 3. Computing softmax(x))

JXU T



The “Online Softmax”

Numerically stable softmax:

vector: « = [z, 2a,...,Tq_1,24] € RY

emi—maxﬁzl I e:ni—m

(SOft]:]ila’}(({""p))Z = e:rl—max‘g‘zl I + _i_ eCUd—mc‘lX%:l I - n

Algorithm 1 "Online Softmax”

Online Softmax requires only 2 passes over Xx!

1: procedure ONLINENORMALIZERSOFTMAX ()
2 mo = — inf
3 no = 0 Can also be used for parallel computation
4 fori=1toddo of the softmax on a GPU:
o: m; = max(mz-_l, LCZ)
6 g = T - €Mi—1T T i m = max(ma, mpg),
7 end for
o . ,ma—max(ma,mp) . ,mp—max(ma,mpg)

8 for i =1 to d do n=mna-e€ +np-e

_ eTiTmyg
9 (softmax(z)); = -
10: end for ] o ] ]
11: end procedure * This trick is used in Flash Attention!

« We also use it for the xLSTM!

J z U Milakov, Maxim, and Natalia Gimelshein. “Online Normalizer Calculation for Softmax.”, 2018.
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The contenders: XLSTM Family



Transformer Decoder Only Architecture

Transformer Decoder
output probabilities

P E Rsxnvocab

Transformer Block

X = RSdeodel
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Token Embedding*
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input tokens € RS
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Embedding dim.: dmodel

Transformer Block Vocabulary size:
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Transformer Decoder Only Architecture

Transformer Decoder
output probabilities

P E Rsxnvocab

N x Transformer Block
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Token Embedding*

v
— +

*tied weights (optional)
input tokens € RS
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X’ E RSdeodel
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4
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J ! U Vaswani, Ashish, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N. Gomez, Lukasz Kaiser, and lllia Polosukhin. “Attention Is All You Need.” 2017. 15



The XLSTM Family Tree

The xLSTM Family Tree has two branches:

JXU

dot-product
interactions

Attention

recurrent
weights

LSTM
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The original LSTM

Four Gates:
forget gate f; € R%nead
input gate i, € Rnead
cell gate z, € Ruead

output gate oy € Rébead

Input & Recurrent weights:

Wg c Rdhead Xdmodel fOI' qg c {.f; ,i’ z, O}

Rg c Rdhem‘l X dhead fOI‘ q (- {f’ ?:’ Z? O}

b, € R¥ead  for g € {f,i,2,0}

Input / Embedding dim.: dmodel
Hidden / Head dimension: dyead

Two States:

memory cell state: ¢ € R%bead

hidden state: h; € R%ead

gt = $tW;_ + htR—g +b, forge{f,i,z 0} € R @head

Forward updates:

Ct+1

ht—l—l

o(f:) ®c; +o(iy) ® tanh(z)

o(o;) ® tanh(cy1)

JXU

fo=a(f), ir=alis)

>

fz} = tanh(zt), 5t = U(Ot)

Ctr1 = [t ©ct + 1 © 2

h,t_|_1 = 5i; ® tanh(cprl)




The XLSTM Family Tree

dot-product
interactions

recurrent

weights

softmax,
QKV Attention LSTM
e
7
7
//
Linear Attention, .7
drop softmax Retention, IR
TransNormer, ,/’
RWKV5/6 ad
Ve
7

7’
e
7’
matrix-valued \/ -

memory state
or

vector-valued

memory cells

JXU

recurrent weights,
gating mechanism
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Multi-Head vLSTM

VLSTM has a
parallel & recurrent form

yt - Rdmodel
Y e RSdeodel

I
1
X - RSdeodel
-'L't - Rdmodel

JXU

yt - Rdmodel
Y - RSdeodel

4

Sequence length: S

Embedding dim.: dyodel
Head dimension: d}ead
Num. of heads:  7head

g (‘97 Nhead X dhead)

queries, keys, values

Linear
)
vLSTM X Mhead
Q K V
Linear Linear Linear
uTI Y A

P Q’ K, V = RSthead
qt, ktv Ut S Rdhead

1
X E RSdeodel

+ forget, input & output gate

-Tt E Rdmodel
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The VLSTM - Recurrent Formulation Embedding dim.: dumodel

Head dimension: djead

Three Gates: Input projections: Three States:
d ea d ea
forget gate f; = xtW}r +bf € R queries g; € R%end memory cell state ¢; € Read X Mhead
] d ea
input gate i; = xtWZT +b; € R keys k; € R%head normalizer state n; € R%head
] d eac
output gate o; = a:tWOT +b, € Rnead values v; € R%nead hidden state h; € R%kead

Forward updates:

cir1=0(ft) ©ct + e ® ktv;l— F=olf)), i = cty1 = [t ©ct +1: O ktUI
nep1 = o(fe) @ ng + € © ky | > Moyt = fr O my + ¢ © ky
T - T
q; Ct+1 o = o(0¢) ~ 4 Ce41
hipy =0(0) © — t t Pipr =01 £
ot T+l Qi Nt+1

thCt+1
max(|q—trnt+1|7 1'0)

JXU 20

Unstable due to sum of dot-products —— h,.; = (o) ®



The vLSTM - Parallel Formulation

Gate Matrices:

Sequence length: S

Embedding dim.:

dmodel

Head dimension: dpead

Input projections: States:
forget gates F=X W}r + b € RS*1 queries Q € RS*dnead hidden states H € RSX%head
input gates 1 = XW; +b; € RS*! keys K € RS*hesa
output gates O = X VVOT +b, € R5X%head values V € R®*%head
1 0
D = F®exp(l) € R9*S - A% 1

o

c RSXS

—
- O

o(2)o(fs)..o(fs) olfs)...o(fs) ... olfs) 1

Forward updates:

8. -
H=0(0)oCV, whereC=_—5—= candC=QK' ©D
—1 Cij
J
/ .
Unstable due to sum of dot-products —— (C =

max (| Zle éij|, 1.0)
JXU

.

0 forj > 1
1 fOI' j =71
Lo 0(fi) forj <i

(il 0 ... 0
1 1y ... o
ERSXS

\i1 iz ... is
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The vLSTM - Intuition

* Compared to Linear Attention:
° vLSTM does not use feature functions on keys and queries.
° vLSTM is more like Retention in that sense.

* Compared to Retention:
° vLSTM is like Retention, but retention only uses fixed decay factors.
° Retention has imaginary parameterization of Q and K.
° We use a gating mechanism like LSTM with exponential input gate.

* With these gates we increase the non-linearity.

* The hope is that we achieve the performance and an information routing
like the softmax.

JXU
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The XLSTM Family Tree

dot-product
interactions

softmax,
QKY Attention
N
\
\
\
\
Linear Attention, N
drop softmax . N
Retention, N
TransNormer,
RWKV-5/6 e
7

7’
7’
e
7’
matrix-valued \/’

memory state
or

vector-valued

memory cells

JXU

recurrent
weights
recurrent weights,
ating mechanism
LSTM ° °
e |
,° diagonalize
e LRU, recurrent weights,
. State Space Models no gates
RWKV-4 learnable decay
. parameters,
S / no hidden-hidden
N ) )
N interaction vector-valued
SLSTM memcz’:/ state

scalar-valued
memory cells
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Multi-Head sLSTM Sequence length: S

Embedding dim.: d,,odel

sLSTM has a yi € Rdmodel Head dimension: djeaq
recurrent form only ‘ Num. of heads:  Tthead

4

Linear
1 > (nhead X dhead)

yt e Rdmodel

< Recurrent weights
= R c Rdhead Xdhead
I SLSTM _IJ X NMhead

t T

-'L't E Rdmodel V\
Linear

A

1

2, € Rdmodel + forget, input & output gate

JXU 24



The sLSTM & sLSTMhin Embedding dim.: dmodel

Head dimension: djead

Four Gates: Input & Recurrent weights: Three States:
forget gate f;, € Rfuead W, e Rbead Xdmodel  for ge{f,i,zo0} memory cell state ¢, € Rbead
input gate i; € R¥ead R, € RendXdnend  for g ¢ {f i 2 0} normalizer state n, € R¥bead
E: 1 d ea
cell gate z, € Read b, € R%ead  for g € {f,i, 2 0} hidden state h; € R%ead

output gate o, € Ruead

SLSTM sLSTMhin

fo =2 W} + hR} + by fi=zW; + by
<t — ZUtW;r + htRl— + bz 2t — ﬂ?tW;r + bz
Or = iCth)— + htR—g + bo O — LEtW(T + bo

JXU 25



The sLSTM Recurrence

Four Gates: Input & Recurrent weights:
forget gate f; € Rnead W, € RinesaXdmoder  for g € {f 4 2 0}
input gate i, € Rnead R, € Rnead Xdhead  for g € {f, 4,2, 0}

cell gate z; € R%ead b, € Read  for g € {f.i,2, 0}

output gate oy € R%uead

Forward updates:

Ct+1 :O'(ft)QCt—l—e. © 2 ﬁ:U(ft); i, = et
niy1 = o(fr) ©ng + et | >

C ~ ~
t) o t+1

Zt =z, 0p=o0(0¢)

-~

hita :U(

Nt4+1

JXU

Embedding dim.: duodel

Head dimension: djead

Three States:
memory cell state ¢, € Rbead
normalizer state n, € Rbead

hidden state h, € R%nead

ct+1:ft®ct+it®3t

Nir1 = ft ® Tyt -+ ’I:t
Ct+1

]’Lt_|_1 — at ®

Nt4+1
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The XLSTM Family Tree

dot-product
interactions

softmax,
QKY Attention
N
\
\
\
\
Linear Attention, N
drop softmax . N
Retention, S
S 7
TransNormer, DR
RWKV-5/6 PR
7

7’
7’
e
7’
matrix-valued \/’

memory state
or

vector-valued \
memory cells

recurrent
weights
recurrent weights,
ating mechanism
LSTM ° °
e |
,° diagonalize
e LRU, recurrent weights,
. State Space Models no gates
RWKV-4 learnable decay
. parameters,
S / no hidden-hidden
N ) )
N interaction vector-valued
SLSTM memoc::/ state

XLSTM

JXU

scalar-valued
memory cells
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The xLSTM X' € RS> dmodel

XLSTM Block

JXU

Sequence length: S
Embedding dim.: d,,0qdel
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The XLSTM Family - Summary

dot-product recurrent

interactions

weights

o = 5 : et ks o ctr1 = 0(ft) ©® ¢y + oliy) ® tanh(z;)
t t Tk ! i LSTM
=1 Zj:l et & Attention ht—l—l = U(Ot) ® taﬂh(CH_l)
\\ //
N\ Ve
\ Ve
\ /7
N\ Ve
\ /7
N\ Ve
\N /7
A
Ve \
Ve \
// \\ .
Cer1 = 0(fe) © cp + e O kyvy el TN ciy1 = 0(ft) O +e* Oz
nip1 = o(fr) ©ng + et O ky VLSTM sLSTM ner1 = o(fe) ©ng + e
i Ct+1
q: Ct+1 h _ U(O ) 0
hy , =0(0)® \ / t+1 t
" QI”tH N1
XLSTM

JXU 29



The competitions:
Outline of the Experiments



Three competitions: BL, CL & DFB-Pokal

* Language Modelling

* Synthetic Tasks
° Motivated by H3, Hyena, Chomsky Hierarchy

* | ong Range Modelling Capability
° Long Range Arena Benchmark

JXU
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Language Modelling - Planned Experiments

Datasets Models
* SlimPajama * Variants:
o 627B tokens o XLSTM, VvLSTM, sLSTM
o Cleaned and deduplicated version ° _GPT2/3
of RedPajama * Sizes:
(Dataset to reproduce Llama?2) ° All: 125M, 350M, 760M, 1.3B

o Best: as big as possible

* Subset of SlimPajama * Variants:
° Single epoch or online training ° Sarne a; abeVel

° + all other baselines:
(H3, Hyena, RWKV4, Linear
Attention, Retention, etc.)

* Wikitext103

° 100M tokens from Wikipedia articles _
o Multiple epochs * Sizes:

o all one size (e.g. 350M)
JXU

Metrics

Perplexity,
EleutherAl
Eval Harness

Perplexity
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Three competitions:

BL, CL & DFB-Pokal

JXU
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